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PREFACE 


$ 

In  this  book  we  have  attempted  to  give  an  analytical,  thorough  account  of  the 
progress  that  has  been  made  in  the  field  of  Endochronic  Plasticity*  during  the  the 
last  sixteen  years  since  its  inception.  We  believe  that  anyone  with  advanced 
knowledge  in  the  field  of  solid  mechanics  will  have  little  difficulty  following  the 
analytical  exposition.  rOften  we  have  given  simple  worked  examples  to  aid  the  reader, 
even  though  we  suspect  that  at  times  we  may  have  been  somewhat  concise. 

It  is  our  hope  that  the  large  number  of  applications  to  real  material  behavior 
and  the  copious  instances  of  favorable  comparison  with  experiment  presented  herein 
will  convince,  even  the  most  casual  reader  that  the  theory  has  indeed  a  ”  natural" 
basic  and  intrinsic  capability  for  describing  remarkably  well  the  plastic  behavior  of 
materials.  Furthermore  it  is  a  theory  that  can  be  taught  in  the  classroom  in  a 
rational  and  sequential  manner,  particularly  since  the  material  functions  can  be 
determined  from  well-defined  experiments.  Furthermore*,  it  also  contains  classical  von 
Mises  plasticity  as  a  special  case. 

We  do  not  doubt  that  there  exist  cases  —  and  more  will  be  found  —  where  the 
theory  will  not  describe  the  observed  behavior  with  the  kind  of  accuracy  presented 
here.  For  instance,  hardening  of  face-centered  cubic  metals  in  cyclic  paths  in  more 
than  one  dimension  may  be  one  such  case.  We  believe  that  what  will  be  called  for 
here  is  not  a  new  theory  but  a  modification  of  the  hardening  function,  possibly  from 
scalar  to  tensorial.  Thus  the  fundamental  constructs  of  the  theory  will  remain 
unchanged. 

Throughout  the  evolution  and  development  of  the  theory  we  have  tried  to  retain 
a  central  unity,  simplicity  and  an  economy  of  form  whereby  various  manifestations  of 
the  mechanical  response  of  a  material  are  merely  "projections"  of  the  constitutive 
equation  on  that  "response  plane".  We  have,  in  fact,  refrained  from  "dichotomies" 
whereby  one  form  of  a  constitutive  equation  of  a  material  would  be  applicable  to  one 
class  of  strain  histories  and  another  form  to  another.  The  benefit  of  this  approach, 
apart  from  its  esthetic  value,  is  that  if  a  constitutive  equation  has  a  broad  validity 
then  it  must  be  representative  of  physical  reality  and  can  form  a  basis  for  the 
understanding  of  the  internal  physical  processes  that  underlie  the  observed  phenomena. 
We  feel  that  the  examples  presented  in  this  book,  to  illustrate  the  application  of  the 


*  The  term  "Endochronic"  was  coined  by  Valanis  from  the  Greek  language  and 
means  internal  (endo)  time  (chronos). 
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theory,  provide  strong  support  for  this  approach. 

There  are  a  number  of  interesting  topics  pertinent  to  the  endochronic  theory  that 
have  not  been  discussed  in  this  book.  These  include  large  deformations,  rate- 
dependence  and  creep,  damage  and  fracture,  dilatancy.  and  numerical  methods  for 
treating  endochronic  models  in  large  finite  element  or  finite  difference  computer  codes. 
These  topics  will  be  covered  in  an  upcoming  second  volume  of  Endochronic  Plasticity 
by  the  same  co-authors. 
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1.  INTRODUCTION. 


1.1  Plasticity  and  Thermodynamics. 

In  1970.  the  year  when  the  first  two  papers  [1.1.  1.2]  on  endochronic  plasticity 
a  were  actually  conceived,  the  foundations  of  the  existing  theory  of  plasticity,  which  is  a 

mathematical  theory  for  rate-indifferent  behavior,  were  basically  mechanical.  The 
fundamental  hypothesis  upon  which  this  theory  rested  was.  and  still  is.  that  there 
exists  a  yield  surface  in  stress  space  which  determines  whether  a  change  in  the  stress 
state  in  a  material  neighborhood  will  (a)  give  or  (b)  not  give  rise  to  a  plastic 
deformation  of  that  neighborhood.  See.  for  instance  Fung  [1.3]  for  the  climate  of 
thought  at  that  time. 

It  was  further  postulated  that,  in  the  event  that  (a)  is  true,  the  increment  in 
plastic  strain  is  normal  to  a  potential  surface  in  stress  space.  In  the  "associated  flow 
'  rule"  theories  the  yield  surface  and  the  potential  surface  are  identical.  The  shape  and 

size  of  these  surfaces  is  generally  assumed  to  depend  on  the  state  of  stress,  the 
temperature  and  the  history  of  plastic  deformation.  The  precise  nature  of  this 
dependence  was  a  matter  of  conjecture  and  simple  models  such  as  "isotropic"  or 
"linear  kinematic"  hardening,  or  combinations  thereof  were  introduced  in  the  literature 
|  in  the  course  of  time. 

Experimental  programs  undertaken  by  a  number  of  investigators  to  resolve  this 
question  revealed  that  different  definitions  of  yield  give  rise  to  differing  modes  of  the 
manner  in  which  the  topology  of  the  yield  surface  changes  with  deformation.  Since 
A  the  onset  of  yield  is  not  a  well-defined  physical  phenomenon  and  depends  a  great  deal 

on  the  sensitivity  of  experimental  measurement  the  question  must  be  asked  of  whether 
yield  is  an  a  priori  essential  ingredient  in  a  constitutive  formulation  of  the  mechanical 
response  of  metals,  or  merely  a  convenient  a  posteriori  idealization.  Furthermore, 
despite  extensive  experimentation,  notably  by  Phillips,  the  experimental  determination 
of  the  precise  constitutive  dependence  of  the  geometry  of  the  yield  surface  on  the 
history  of  plastic  deformation  remained  unresolved.  (As  it  happens  the  endochronic 
theory  answered  this  question  explicitly  by  determining  that  the  back  stress  is  a  linear 
functional  of  the  plastic  strain  history,  but  more  will  be  said  about  this  later  in 
Chapter  3.) 

From  the  physical  perspective,  experimental  observation  suggests  that  in  the 
presence  of  monotonically  increasing  deformation  at  constant  strain  rate,  the  stress 
response  of  metals  at  room  temperature  shows  little  sensitivity  to  the  actual  value  of 
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the  strain  rate  over  a  fairly  broad  range  (10’5  -  10"1  sec"1).  Under  these  conditions 
plasticity  appears  to  be  an  appropriate  theory  insofar  as  rate  insensitivity  is  concerned. 

On  the  other  hand,  as  the  temperature  increases  strain  rate  sensitivity  becomes 
more  pronounced  to  the  point  where  viscoelasticity  (without  yield  and  albeit  non¬ 
linear)  appeared  to  experimenters  to  be  a  more  appropriate  theory  for  the  mechanical 
behavior  of  metals.  Seemingly,  temperature  appears  to  play  an  important  role  in 
determining  whether  "yield"  is  an  essential  constitutive  ingredient  in  a  theoretical 
formulation  of  metal  behavior.  Moreover  there  was  the  nagging  question  as  to  why 
thermodynamics  could  not  play  a  more  central  role  in  the  formulation  of  a  constitutive 
theory  for  metal  plasticity. 

The  decade  of  the  sixties  saw  a  rapid  development  of  the  theory  of  irreversible 
thermodynamics  of  internal  variables  as  a  rigorous  branch  of  phenomenological  science 
pertaining  to  the  deformation  of  materials,  even  though  its  impact  was  not  realized 
until  a  decade  later.  See  typically  Refs.  [1.4]  to  [1.11].  Until  then,  irreversible 
thermodynamics  remained  an  obscure  field  of  science  where  the  "equilibrium  state" 
played  a  basic  role  and  irreversibility  was  understood  only  as  a  small  deviation  from 
this  state.  So  long  as  a  system  (or  process,  or  both)  was  near  equilibrium, 
thermodynamic  equilibrium  relations  applied,  approximately  (but  not  otherwise). 

At  the  beginning  the  internal  variable  theory  was  developed  in  conjunction  with 
linear  systems  (linear  rate  equations)  with  the  implicit  assumption  that  this  was  a 
theory  of  irreversible  systems  near  equilibrium  (see  Refs.  [1.4]  to  [1.8]).  Even  after 
the  removal  of  this  limitation  by  Valanis  and  Coleman  [1.9.  1.10,  1.11]  there  was  still 
not  a  clear  distinction  between  an  equilibrium  state  and  a  thermodynamic  state  and  a 
recognition  that  in  the  new  context,  a  thermodynamic  state  is  not  necessarily  an 
equilibrium  state  or  a  near-equilibrium  state.  This  was  probably  due  to  the  fact  that 
the  existence  of  entropy  for  systems  far  for  equilibrium  was  still  open  to  doubt  and 
was  accepted  grudgingly  only  for  systems  (or  processes)  near  equilibrium.  Insofar  as 
plasticity  of  metals  was  concerned  the  internal  variable  theory  was  still  regarded  as  an 
approximation  at  best  [1.12]. 

From  an  historical  perspective  Coleman  [1.13],  in  developing  his  functional 
thermodynamics,  must  be  credited  for  taking  the  bold  step  in  assuming  without  proof 
that  an  entropy  function  exists  for  systems  far  from  equilibrium.  The  question  of 
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existence  of  entropy,  however,  still  remained.  In  1971.  Valanis  [1.14]  published  a 
proof  of  existence  of  entropy  for  systems  far  from  equilibrium  making  use  of 
Caratheodory's  axiom  of  inaccessibility  of  thermodynamic  states  along  reversible  paths 
[1.15].  In  1981  a  more  rigorous  proof  along  similar  lines  was  given  by  Valanis  [1.16] 
with  a  clear  physical  justification  for  the  axiom  of  inaccessibility.  The  way  was  now 
clear  to  apply  the  theory  of  irreversible  thermodynamics  of  internal  variables  to 
material  systems  far  from  equilbrium. 

1.2  The  Concept  of  Intrinsic  Time. 

Time  is  a  measure  of  change.  A  change  in  the  position  of  a  pendulum  from 
one  extreme  to  the  other  measures  half  a  period.  If  the  period  of  oscillation  is  one 
second,  then  half  a  second  is  a  measure  of  change  in  the  above  positions.  In  an 
ideal  pendulum  the  period  is  invariant,  i.e..  the  temporal  distance  between  two  specific 
events  (in  this  case  the  two  extreme  positions)  is  always  constant.  If  now  one 
marks  off  on  the  real  line  points  corresponding  to  the  ends  of  half  periods  (or 
periods)  these  points  are  all  equidistant.  A  continuous  time  scale  is  now  created  by 
assuming  that  the  density  of  events  between  any  two  points  is.  in  fact,  constant.  As 
it  happens  the  motion  of  the  pendulum  relative  to  its  own  time  scale  satisfies 
Newton's  second  law  of  motion. 

Consider  now  another  system  which  is  not  cognizant  of  a  Newtonian  time  scale. 
A  metal  whose  stress  response  is  strain  rate  insensitive  is  such  a  system.  The 
internal  changes  that  determine  the  stress  state  begin  at  the  onset  of  deformation  and 
end  when  the  deformation  stops.  No  further  internal  changes  will  take  place  unless 
the  state  of  deformation  changes. 

This  is  another  instance  in  which  time  is  a  measure  of  change.  In  this  case, 
however,  if  there  is  no  internal  change  there  is  no  time  change.  Since  the  stress  is. 
inevitably,  determined  by  the  history  of  internal  change,  it  is  obvious  that  this  history 
cannot  be  defined  with  respect  to  the  Newtonian  time  scale  but  by  one  that  is 
determined  by  the  internal  material  changes  brought  about  by  the  deformation.  Such 
a  time  scale  is  obviously  intrinsic  to  the  material  at  hand.  Initially,  "internal  change" 
was  regarded  in  the  broadest  possible  terms.  For  instance  an  affine  rearrangement  of 
the  atoms  due  to  deformation  was  considered  an  internal  change. 


1-3 


However,  from  a  strictly  phenomenological  viewpoint,  insofar  as  a  material 
neighborhood  is  concerned,  all  one  can  measure  is  the  state  of  stress  corresponding  to 
the  current  state  of  strain.  More  generally,  and  in  geometric  terms,  to  every  strain 
path  in  a  nine-dimensional  strain  space  (with  an  appropriate  metric),  there  corresponds 
a  stress  path  in  a  nine-dimensional  stress  space.  Thus  if  strain  is  regarded  as  the 
input  then  the  strain  path  would  appear  to  qualify  as  an  appropriate  time  scale  with 
respect  to  which  the  strain  history  (which  determines  the  stress)  could  be  defined. 

This  is  indeed  the  position  that  Valanis  took  in  1970  in  the  work  subsequently 
published  in  Refs.  [1.1]  and  [1.2])  where  he  defined  the  intrinsic  time  measure  df  as 
the  increment  of  distance  along  the  total  strain  path  in  a  strain  space  with  a 
(material)  metric  £.  Thus  for  small  strains 


(d^  =  dg  •  P  •  dfi 


(1-1) 


where  g  is  the  small  strain  tensor.  Of  course  nothing  is  ever  totally  new  under  the 
sun.  H'iushin  [1.17]  broached  the  idea  of  path  dependence  in  terms  of  a  path  s 
where 


ds  =  d£  •  dg 


(1-2) 


and  Pipkin  and  Rivlin  [1.18]  examined  the  mathematics  of  functionals  defined  in  terms 
of  this  path  but  stopped  short  of  testing  the  applicability  of  their  equations  to  real 
systems. 

It  should  be  pointed  out  that  the  ll'iushin  measure  ds  is  a  very  particular  case 
of  d£  when  £  is  isotropic  and  has  the  very  restricted  form 


Pijk2.  =  6\y  6jt 


d-3) 


Therefore  ds  is  not  intrinsic  to  the  material  at  hand  and  is  not  applicable  to  materials 
that  are  compressible  and/or  anisotropic. 
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Subsequent  work  by  Valanis  (1.19]  revealed  that  Eq.  (1-1)  gave  rise  to  one- 
4<mensional  stress-strain  behavior  which,  at  the  onset  of  unloading,  was  not  in 
s.eement  with  observation.  Specifically  in  metals,  the  slope  of  the  uniaxial  stress- 
strain  curve  at  the  onset  of  unloading  was  higher  than  the  elastic  slope,  observed  in 
experiment.  Also  small  hysteresis  loops  in  the  first  quadrant  of  the  uniaxial  stress- 
strain  space  did  not  close  as  is  invariably  observed. 

These  inadequacies  of  the  theory  were  removed  by  Valanis  [1.20.  1.21]  upon 
defining  the  intrinsic  time  measure  in  terms  of  the  increment  in  plastic  strain.  Thus 

ds2  -  d£p  •  e  •  (1-4) 

For  an  extensive  discussion  of  this  issue  see  Section  2.3. 

1.3  Endochronic  Plasticity  and  Experiment. 

The  definition  of  intrinsic  time  given  in  Eq.  (1-4).  in  conjunction  with  plastic 
incompressibility  and  a  weakly  singular  deviatoric  memory  kernel,  gives  rise  to 
theoretically  predicted  behavior  of  metals  that  matches  closely  that  which  is  observed 
in  experiment.  For  instance  the  continuous  transition  from  elastic  to  plastic  behavior 
that  one  observes  in  most  metals  (one  exception  is  mild  steel  at  slow  strain  rates)  is 
now  given  by  the  theory  by  virtue  of  the  continuity  of  the  (deviatoric)  memory  kernel 
at  all  2  except  z  =  0.  The  singularity  of  the  kernel  at  z  =  0  ensures  that  the  slope 
of  the  uniaxial  (or  shear)  stress-strain  curve  at  the  onset  of  unloading  or  reloading  is 
elastic. 

No  yield  surface  exists  and.  as  a  result,  no  experiments  need  be  done  to 
determine  such  a  surface  and  its  wanderings  in  stress  space.  The  two  fundamental 
and  only  material  functions  i.e..  the  deviatoric  memory  kernel  p{ z)  and  the  hardening 
function  Fs($)  --  that  determine  completely,  in  any  number  of  dimensions,  the  stress 
response  of  isotropic  plastically  incompressible  materials  --  can  be  found  by  means  of 
a  uniaxial  test,  or  shear  test  for  that  matter.  If  a  yield  point,  i.e..  a  sharp  transition 
between  elastic  and  plastic  behavior  exists,  this  can  be  accounted  for  by  the  presence 
of  a  delta  function  in  the  memory  kernel  at  z  =  0.  The  strength  of  the  delta 
function  is  the  yield  stress.  The  continuous  part  of  the  kernel  then  determines  the 
evolution  of  the  back  stress.  These  points  are  discussed  extensively  in  Chapter  3. 
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1.4  The  Book. 

The  book  consists  of  ten  chapters.  Chapter  1  being  the  Introduction. 

Chapter  2  deals  with  the  constitutive  development  of  the  endochronic  theory. 
Section  2.1  deals  with  the  basic  thermodynamics  of  the  endochronic  theory, 
particularly  with  the  concepts  that  underlie  the  irreversible  thermodynamics  of  internal 
variables,  and  the  derivation  of  constitutive  equations  for  isotropic,  plastically 
compressible  solids,  in  isothermal  small  strain  fields.  Section  2.2  deals  with  the 
concept  of  intrinsic  time  and  the  necessity  and  sufficiency  of  its  definition  in  terms  of 
Eq.  (1-4). 


Chapter  3  is  devoted  to  the  treatment  of  plastically  incompressible  bodies.  To 
begin,  a  simple  worked  example  is  given  in  Section  3.2.  In  the  same  section  the 
properties  of  the  deviatoric  memory  kernel  and  specifically  the  weak  singularity  in  its 
functional  form  are  dealt  with  in  some  detail.  Section  3.3  deals  with  the  analysis  of 
the  stress  response  to  complex  uniaxial  strain  paths  involving  arbitrary  sequential 
segments  of  loading  and  unloading.  Extensive  comparison  with  experimental  data  is 
made  in  the  case  where  the  memory  kernel  is  given  by  a  simple  weakly  singular 
power  form  and  remarkable  agreement  is  demonstrated  for  a  number  of  very  complex 
such  paths.  Section  3.4  deals  with  the  very  important  question  of  the  experimental 
determination  of  the  two  basic  material  functions  of  plastically  incompressible  bodies: 
the  memory  function  p(z)  and  the  hardening  function  FJ^).  It  is  shown  that  both 
these  functions  can  be  determined  from  a  uniaxial  (or  pure  shear)  experiment. 
Section  3.5  deals  with  applications  of  the  theory  in  more  than  one  dimension. 
Experimental  evidence  of  the  predictive  capability  of  the  theory  is  demonstrated  in 
heterogeneous  two-dimensional  strain  fields,  created  in  a  plate  with  two  symmetrically 
placed  edge  cracks,  by  pulling  in  the  axial  direction,  pulling  and  unloading,  then 
compressing,  unloading  and  pulling  and  so  on.  Also  in  this  section  the  ability  of  the 
theory  to  predict  the  experimentally  observed  stress  in  the  case  of  a  number  of 
nonproportional  strain  paths  in  two  dimensions,  specifically  tension-torsion,  is  clearly 
demonstrated.  Section  3.6  is  devoted  to  endochronic  plasticity  with  a  yield  surface. 
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This  is  an  important  section  where  it  is  demonstrated  that  if  the  memory  kernel  p(z) 
contains  a  delta  function  (as  it  must  when  the  number  of  internal  variables  is  finite! 
[1.2]),  then  the  endochronic  theory  takes  the  special  form  of  a  von  Mises  yield  surface 
theory  with  non-linear  kinematic-cum-isotropic  hardening.  Furthermore  the  theory  gives 
as  a  derived  result,  and  for  the  first  time  in  the  history  of  plasticity,  that  the  "back 
stress"  is  a  linear  functional  of  the  history  of  plastic  strain.  This  result  was  obtained 
by  Valanis  in  1980.  See  Ref.  [1.21]. 

At  the  1984  symposium  on  plasticity  in  Udine  (see  Ref.  [1 .22])  E.  H.  Lee  made 
an  argument,  later  published  as  a  discussion  in  the  proceedings  of  the  symposium, 
p.  175.  that  "the  back  stress  must  be  a  function  of  the  plastic  strain"  and  merely 
referenced  himself  [1.23],  A  study  of  this  reference,  however,  failed  to  reveal  a 
demonstration  that  the  back  stress  is  a  functional  of  the  history  of  plastic  strain. 

Chapter  4  is  devoted  to  the  theory  of  compressible  plastic  isotropic  solids,  such 
as  soils  and  concrete.  The  full  constitutive  equation  is  reviewed  and  the  various 
consequences  of  plastic  compressibility  are  illustrated.  There  are  now  four  basic 
material  functions  to  be  determined:  the  deviatoric  and  hydrostatic  memory  functions 
p  and  ft.  respectively,  and  the  deviatoric  and  hydrostatic  hardening  functions  F$  and 
Fh.  A  straightforward  experimental  technique  for  their  determination  is  given.  It 
must  be  noted  that  this  particular  constitutive  equation  does  not  account  for  dilatancy 
but  a  more  general  equation  with  dilatant  capability  has  been  derived  recently  by 
Valanis  and  Peters  [1.24]  and  applied  to  soils  by  Peters  [1.25]  and  Valanis  and 
Read  [1.26]. 

Chapter  5  deals  with  some  general  topics  of  central  interest  to  plasticity.  The 
results,  by  Valanis.  are  totally  new  and  have  not  appeared  previously  in  the  literature. 
Section  5.1  treats  the  problem  of  history  induced  anisotropy.  It  is  demonstrated  that 
in  the  case  of  a  plastically  incompressible  solid,  any  plastic  strain  history  with  a 
terminal  zero  stress  will  give  rise  to  anisotropy,  if  the  terminal  state  is  regarded  as  a 
reference  state  of  a  subsequent  plastic  strain  history.  Sections  5.2  and  5.3  are 
devoted  to  the  Drucker  and  ll'iushin  postulates.  Contrary  to  accepted  opinion,  it  is 
proved  that  both  of  these  postulates  have  a  thermodynamic  origin  and  are.  in  fact, 
variants  of  one  and  the  same  postulate  to  the  effect  that: 
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The  irreversible  entropy  production  during  an  isothermal 
cycle,  closed  either  with  respect  to  stress  or  strain,  is 
greater  than  the  free  energy  release  at  the  end  of  the  cycle. 

Section  5.4  examines  the  question  of  uniqueness  of  the  solution  of  the  initial  and 
boundary  value  problems  of  plastically  incompressible  bodies.  It  is  shown  in  this 
section  that  the  solutions  of  the  above  problems  are  unique  when  the  constitutive 
equation  given  in  Chapter  2  governs  the  material  behavior  of  the  continuum  —  with  or 
without  a  yield  surface. 

Chapter  6  gives  an  overall  discussion  of  the  flow  rules  of  endochronic  plasticity 
in  the  presence  of  plastic  incompressibility.  The  essence  of  a  "flow  rule"  is  contained 
in  the  following  question: 

Given  an  increment  of  stress  or  strain,  what  is  the 
corresponding  increment  of  plastic  strain? 

In  a  strict  sense,  the  flow  rules  of  endochronic  plasticity  are  implicit  in  that  the 
plastic  strain  increment,  corresponding  to  a  stress  or  strain  increment,  can  be 
calculated  directly  from  the  constitutive  equation.  However,  further  analysis  reveals 
that  simple  rules  exist  -  known  as  "flow  rules"  -  which  give  the  information  on  the 
magnitude  and  direction  of  the  plastic  strain  increment,  without  the  need  for  a 
computation  involving  the  endochronic  constitutive  equation.  These  bear  resemblance 
—  but  are  not  identical  --  to  the  flow  rules  of  classical  plasticity  and  are  a  direct 
consequence  of  the  singularity  of  the  deviatoric  memory  kernel. 

Chapters  7  and  8  give  two  different  analyses  for  determining  the  flow  rules  of 
endochronic  plasticity  --  in  the  presence  of  plastic  incompressibility.  The  reasons 
behind  the  two  analyses  are  historical,  as  explained  below.  At  the  time  the  writing 
of  this  book  began,  the  flow  rules  in  existence  were  those  derived  by  Murakami  and 
Read  in  Refs.  [1.27]  and  [1.28].  They  considered  the  case  of  an  arbitrary  change  in 
the  direction  of  a  stress  path  which  was  previously  smooth.  The  explicit  orientation 
of  the  plastic  strain  increment  relative  to  the  stress  increment,  however,  was  not 
determined.  The  analysis  by  Murakami  and  Read,  which  also  gives  the  orientation  of 
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the  plastic  strain  increment  relative  to  the  ultimate  surface,  is  given  in  Chapter  8. 

In  the  course  of  writing  Chapter  5.  Valanis  saw  the  possibility  of  an  analysis 
which  determines  the  flow  rules  in  general  situations  and  proves  that  the  plastic  strain 
path  is  continuous  and  has  a  continuous  derivative  at  "loading"  points  but  a 
discontinuous  derivative  at  "unloading"  points.  This  analysis  is  given  in  Chapter  7. 
Because  the  methods  of  derivation  are  fundamentally  different  we  felt  that  the  reader 
will  benefit  from  both  expositions.  Needless  to  say.  the  results  by  both  methods 
agree  when  the  appropriate  conditions  apply. 

Chapter  9  pertains  to  the  application  of  the  endochronic  theory  of  plastically 
compressible  solids  to  plain  concrete.  This  work  became  possible  by  virtue  of  some 
excellent  three-dimensional  experiments  carried  out  at  the  University  of  Colorado  [1 .29]. 
In  spite  of  the  susceptibility  of  plain  concrete  to  cracking,  the  material  at  hand,  and 
the  nature  of  the  experiments,  were  such  that  no  significant  damage  to  the  concrete 
was  observed.  The  extremely  complex  behavior  of  this  material  notwithstanding,  it  is 
demonstrated  in  this  chapter  that  the  theory  has  a  remarkable  capability  for  predicting 
the  observed  response  in  cases  of  intricate,  non-proportional  three-dimensional  stress 
paths.  In  particular  the  phenomenon  of  shear-induced  densification  in  the  presence  of 
constant  pressure  is  predicted,  with  great  analytical  economy,  in  closed  form. 

Finally.  Chapter  10  deals  briefly  with  analytical  techniques  for  integrating 
numerically  the  constitutive  equation  in  the  presence  of  arbitrary  stress  or  strain 
paths. 

Before  closing  we  would  like  to  beg  the  indulgence  of  the  many  other 
contributors  to  the  endochronic  theory,  namely.  Professor  Han  Chin  Wu.  Dr.  H.  C. 
Lin,  Dr.  M.  C.  Yip.  Professor  Z.  P.  Bazant  and  more  recently.  Professor  S.  N.  Atluri. 
to  name  a  few.  whose  contributions  are  now  part  of  the  technical  literature.  Pressure 
of  time  has  prevented  us  from  discussing  their  work  in  this  volume. 
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2.  THEORETICAL  FOUNDATIONS  OF  THE  THEORY 


2.1  Basic  Thermodynamics. 

F'om  a  thermodynamic  standpoint  materials  are  divided  into  two  basic  and 
distinct  classes:  reversible  and  irreversible  (or  dissipative).  In  reversible  materials  the 
work  done  during  homogeneous  deformation  and  temperature  is  completely  recoverable 
and  in  a  cycle  of  such  thermomechanical  process  the  material  returns  to  its  initial 
state.  Thus  if  temperature  and  strain  denote  the  thermodynamic  state  of  the  system 
then  the  internal  energy  and  stress  are  "functions  of  state"  in  the  sense  that  they  are 
determined  by  the  current  values  of  temperature  and  strain. 

In  this  book,  however,  we  shall  deal  with  thermodynamics  of  dissipative 
materials.  The  word  "dissipative"  is  meant  to  denote  that  class  of  materials  with  the 
following  property:  the  work  done  during  homogeneous  deformation  and  temperature 
is  not  completely  recoverable  in  the  sense  that  a  measurable  portion  of  it  is  converted 
into  "heat",  i.e.,  random  vibrational  energy  of  the  constituent  atoms  of  the  material. 
Because  the  loss  of  recoverable  energy  is  a  function  of  the  strain  (stress)  and 
temperature  histories,  the  material  response  is  also  a  function  of  the  strain  (stress) 
and  temperature  histories.  The  above  statement  is  tantamount  to  saying  that  the 
stress  (strain)  at  time  t  is  not  determined  by  the  value  of  the  strain  (stress)  and 
temperature  at  time  t. 

In  thermodynamic  language,  the  stress  (strain)  in  dissipative  materials  is  not  a 
state  function  of  strain  (stress)  and  temperature  and  similarly  other  thermodynamic 
functions  such  as  internal  energy  and  free  energy  are  not  either.  Note  that  in  the 
above  discussion  strain  and  stress  are  used  interchangeably  depending  on  which  is 
regarded  as  the  independent  thermodynamic  variable. 

In  the  theory  of  irreversible  thermodynamics  of  internal  variables  "dissipative" 
behavior  is  accounted  for  by  introducing  additional  thermodynamic  variables  which  are 
not  macroscopically  measurable  but  whose  physical  existence  is  necessary  for  the 
description  of  the  observed  physical  phenomena.  These  variables  are  called  internal 
variables  or  internal  state  variables  and  are  denoted  by  qf.  In  the  present  treatment 
they  will  be  regarded  as  second  order  symmetric  tensors.  Their  number  will  depend 
on  the  complexity  of  the  material  in  question  and  on  the  degree  of  accuracy  with 
which  one  wishes  to  describe  the  material  response. 
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In  a  descriptive  sense  they  could  signify  conformations  of  dislocations  as  would 
be  the  case  in  metals  or.  more  generally,  non-affine  motions  of  atoms  and  internal 
flaws.  Of  significance  is  the  observation  that  the  internal  variables  cannot  be 
functions  of  state,  otherwise  their  introduction  would  be  redundant.  As  we  shall 
show  they  are  in  fact  functions  of  the  history  of  strain  (stress)  and  temperature  as 
well,  but  we  shall  not  be  concerned  with  thermal  effects  in  this  book,  even  though 
the  general  equations  will  be  derived  in  the  presence  of  a  temperature  field. 

2.1.1  First  Law  of  Thermodynamics. 

The  first  law  of  thermodynamics  is.  in  essence,  a  statement  of  conservation  of 
energy  of  a  material  system.  The  global  form  of  the  law  concerns  large  material 
systems  whereas  the  local  form  pertains  to  infinitesimally  small  systems.  The  latter 
is  less  general  than  the  former  in  that  it  may  be  derived  from  it  when  conditions  of 
continuity  and  differentiability  apply. 

Given  a  finite  material  domain  the  First  Law  is  a  statement  to  the  fact  that: 

The  Rate  of  Change  of  Internal  Energy  +  The  Rate  of  Change  of  Kinetic 
Energy  =  The  Rate  of  Work  Done  by  the  Surface  Forces  +  The  Rate  of 
Work  Done  by  the  Body  Forces  +  The  Rate  of  Heat  Supply  by 
Conduction.  Radiation  and  Internal  Heat  Sources. 

It  is  shown  in  standard  textbooks  on  continuum  mechanics  (see  [2.1].  for 
example)  that  when  the  First  Law  is  applied  to  an  infinitesimal  system,  the  rate  of 

work  done  by  the  forces  on  the  system  by  virtue  of  its  rigid  body  motion,  is  exactly 

equal  to  the  rate  of  change  of  its  kinetic  energy  so  that  the  local  form  is  now  the 
following: 

The  Rate  of  Change  of  Internal  Energy  =  The  Rate  of  Work  Done  by  the 
Stresses  by  Virtue  of  the  Velocity  Gradients  +  The  Rate  of  Heat  Supply 
by  Conduction.  Radiation,  and  Heat  Sources. 

The  appropriate  analytical  expression  for  the  local  form  in  the  presence  of  a 
small  strain  field  is.  then,  the  following: 

e  s  <7.  .  e..  -  h. , .  ♦  q  (2-1) 

i  j  i  j  i '  i  ^  ' 
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where  e  is  the  internal  energy  per  unit  undeformed  volume,  a.,  the  stress  tensor,  e. 
the  small  strain  tensor,  h.  the  heat  flux  vector,  q  the  heat  supply  per  unit  undeformecj 
volume  and  a  dot  over  a  quantity  denotes  differentiation  with  respect  to  time.  One 
may  now  proceed  to  define  a  quantity  Q  such  that  $  is  the  rate  of  total  heat  supply 
to  the  system  by  means  of  conduction  and  internal  heat  sources,  that  is 


-  h.,. 

i '  i 


(2-2) 


so  that  the  First  Law  now  becomes 

i..  ♦  t  . 

ij  ij 


(2-3) 


2.1.2  Second  Law  of  Thermodynamics  -  Entropy. 

Reversible  Systems. 

A  fundamental  issue  of  thermodynamics  has  been  the  question  of  existence  of 
entropy  as  a  state  function.  This,  of  course,  is  a  vast  subject  and  we  cannot  do  it 
justice  in  this  book,  whose  scope  and  purposes  are  different.  We  felt,  however,  that 
a  short  discussion  will  be  of  value  to  the  reader. 


In  reversible  systems,  entropy  has  not  been  in  doubt  ever  since  Caratheodory 
[2.2]  argued  its  existence  on  the  basis  of  inaccessibility  of  thermodynamic  states 
during  quasistatic  changes  of  state.  Valanis  [2  3,2.4]  showed  that  in  the  case  of 
reversible  systems  entropy  exists  for  the  thermodynamic  changes  of  state  that  are  not 
necessarily  quasistatic  on  the  basis  of  the  physical  observation  that  in  a  reversible 
system  under  adiabatic  conditions  the  temperature  is  a  function  of  strain.  Under 
these  conditions  and  on  the  basis  that  the  internal  energy  e  and  the  stress  g  are 
state  functions  of  strain  £  and  temperature  T.  "the  First  Law  is  integrable"  in  the 
sense  that  if  one  writes  Eq.  (2-1)  in  the  form 


(2-4) 


there  exists  an  integrating  denominator  9.  (a  generalized  temperature)  such  that 


=  7 


(2-5a) 
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L, 
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or 


(2— 5b) 


where  rj.  the  ENTROPY,  is  a  state  function  of  strain  and  temperature.  Thus,  in 
view  of  Eqs.  (2-4)  and  (2-5). 


or  0fj  =  $ 


(2-6) 


■ 


Equation  (2-6)  is  known  as  the  Second  Law  of  Thermodynamics. 

Irreversible  System*. 

In  the  case  of  irreversible  systems  e  and  g  are  functions  of  strain,  temperature 

and  n  internal  variables  g  .  i.e.. 

r 

•  =  •(cj,ar)  »  2  s  (£»T«ar)  •  (2-7a,b) 


It  has  been  shown  by  Valanis  (2. 3. 2. 4],  that  in  irreversible  systems  also,  an  entropy 
function  rj  exists,  by  virtue  of  Caratheodory's  theorem  of  inaccessibility  of  states  and 
the  First  Law.  In  this  case  ij  is  related  to  other  thermodynamic  quantities  by  means 
of  the  following  relation: 


q 


•  • 

a.  .e. .  *■  6rj 
ij  ij  ’  q 


(2-8) 


where  8  is  a  generalized  temperature  and  the  subscript  q  denotes  the  variation  of  a 
quantity  while  the  internal  variables  are  kept  constant.  Of  importance  is  the  fact  that 
now  rj  is  a  function  of  g,  T  (or  8)  and 

V  *  °r  V  =  yfe^£tq  \rJ  (2-9a,b) 


We  point  out  the  essential  difference  between  Eqs.  (2-5a)  and  (2-8).  In  the  case  of 
the  former  the  rate  of  change  of  internal  energy  is  equal  to  the  rate  of  work  plus  the 
temperature  times  the  rate  of  change  of  entropy.  In  the  case  of  the  latter,  the  rate 
of  change  on  internal  energy  at  constant  is  equal  to  the  rate  of  work  plus  the 
temperature  times  the  rate  of  change  of  entropy  at  constant  As  we  shall  see 


4 


* 


» 
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later  this  difference  is  going  to  make  itself  felt  upon  substitution  of  Eq.  (2-8)  in  the 
first  law  of  thermodynamics.  See  Ref.[2.3], 


If  now  one  substitutes  Eqs.  (2-7)  and  (2-9)  in  Eq.  (2-8).  relations  (2-10)  follow: 


a. . 

ij 

=  de.  .  1 T, q  ' 

ij 

(2-10) 

$ 

de 

,  =  3T 

/ 

(2-11) 

where  subscripts  to  the  right  of  a  vertical  bar  imply  differentiation  with  the 
corresponding  quantities  held  constant. 

Simpler  results  follow  if  one  introduces  the  transformation 

9  *  0(T)  (2-12) 


and  use  6  as  an  independent  variable  in  Eqs.  (2-10)  and  (2-11).  In  this  case. 


a 

3e.  . 

U 


(e  -  Or,) 


(2-13) 


3e 
=  99 


(2-14) 


Equation  (2-13)  suggests  a  new  thermodynamic  function  ^  (the  Helmholtz  free  energy) 
where 

*  *  ®  (2-15) 

When  use  is  made  of  this  last  relation  in  Eqs.  (2-13)  and  (2-14).  one  finds  the 
"standard"  thermodynamic  equations: 


I 


6  s 


(2-17) 


which,  insofar  as  solids  are  concerned,  first  appeared  in  the  work  of  Biot  [2.5.  2.6. 
2.7.  2.8]  and  later  Schapery  [2.9]  in  the  narrower  context  of  6  =  T.  their  derivation 
differing  in  that  the  existence  of  entropy  was  assumed.  In  the  form  given  above, 
they  first  appeared  in  the  work  of  Valanis  [2.3.  2.4]  on  the  proof  of  existence  of 
entropy  in  irreversible  systems. 

The  Clausius  -  Duhcm  Inequality. 

Substitution  of  Eqs.  (2-15).  (2-16)  and  (2-17)  into  the  First  Law,  Eq.  (2-3). 
gives  the  following  result  which  is  fundamental  to  the  behavior  of  irreversible  systems: 


61} 


aSr 


(2-18) 


Note  the  difference  between  Eqs.  (2-6).  for  reversible  systems,  and  Eq.  (2-18)  for 
irreversible  systems,  particularly  as  they  relate  the  rate  of  increase  of  entropy  to  the 
rate  of  heat  supply.  In  the  case  of  irreversible  systems  there  is  an  extra  term: 
d^/dg  •  gf.  The  algebraic  sign  of  this  term  is  of  central  significance  to  irreversible 
behavior. 

We  note  that 


/ 


(2-19) 


In  other  words,  the  left-hand  side  of  Eq.  (2-19)  i.e.,  the  "extra  term”,  is  equal  to  the 
rate  of  change  of  the  free  energy  under  constant  temperature  and  fixed  strain.  The 
constancy  of  temperature  implies  that  no  heat  is  being  added  to  the  system  while  the 
fixed  strain  precludes  work  from  being  done  on  the  system.  Under  these  conditions 
the  free  energy  cannot  increase  since  this  "spontaneous"  increase  would  imply  an 
increased  capability  to  do  work  and  the  system  would  then  serve  as  a  continuous 
source  of  mechanical  energy,  in  the  absence  of  external  interference.  Since  such 
systems  are  not  observed  in  nature,  we  are  forced  to  conclude  that 


f 


4 


4 


« 
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so  long  as  Mg  II  t  0.  an  inequality  which  is  characteristic  of  thermodynamically 
stable  systems.  Use  of  inequality  (2-20)  in  Eq.  (2-18)  gives  rise  to  a  second 
inequality,  more  commonly  quoted. 

&V  >  $  (2-21) 

when  1 1 ar 1 1  t  0.  which  is  the  Clausius-Duhem  inequality,  that  applies  to  irreversible 
systems. 

2.1.3  Evolution  Equation*  for  the  Internal  Variables. 

One  of  the  central  consequences  of  Ineq.  (2-20)  and  the  associated  Eq.  (2-19)  is 
the  following  inequality: 

(2-22) 

for  all  gr  such  that  llg^ll  *  0.  This,  of  course,  is  because  gf  are  independent 
variables,  in  which  case,  a  specific  g^  may  be  varied  while  the  remaining  may  be  kept 
constant.  The  implications  of  Ineq.  (2-22)  are  profound.  One  main  conclusion  is 
that  -  <ty/dg  .  on  one  hand,  and  gr<  on  the  other,  must  be  functionally  related. 
otherwise  they  could  be  varied  independently  so  as  to  violate  Ineq.  (2-22).  This 
observation  was  made  by  Vafanis  [2.10.  2.11]  who  proceeded  to  suggest  a  general  set 
of  evolution  equations  for  gr  of  the  type 

flr  35  £r(£iflr)  ,  (r  a  1,2  ...  n)  (2-23) 


9*_ 

9Sr 


9r 


>  0 


(r  not  summed) 


where  £  is  a  deformation  measure  (Right  Cauchy  -  Green  tensor)  not  necessarily 
pertaining  to  small  deformation.  These  equations  are  commonly  referred  to  in  the 
literature  as  the  "Coleman"  equations,  because  Coleman  and  Gurtin  also  proposed 
them  in  Ref.  [2.12].  However,  they  point  out  in  that  reference  that  while  their 
manuscript  was  in  progress  Valanis  had  already  proposed  Eqs.  (2-23)  in  Ref.  [2.10] . 
We  feel  that  we  should  make  this  comment  so  that  the  record  can  be  corrected. 


Of  course  the  form  of  Eqs.  (2-23)  cannot  be  arbitrary  but  must  satisfy  the 
following  inequality: 


(2-24) 


If  one  is  dealing  with  a  small  deformation  theory  as  is  the  case  here.  Eqs.  (2-23) 
become 


ar  -  ir(£.9r) 


(2-25) 


where  £  is  the  small  strain  tensor. 


A  slightly  different  approach  suggests  itself  if  one  recognizes  that  -  i ty/dgr  are 
internal  thermodynamic  forces  associated  with  the  internal  mechanism  r  and  seeks  a 
direct  relationship  between  and  -  9fl/3gr.  In  this  case  one  may  set 


flr  s  -  £r 


ffjLl 


SJ 


(2-26) 


The  negative  sign  has  been  chosen  for  convenience  so  that  the  functions  £r  satisfy 
the  inequalities: 

If;  •  ir  >  0  •  <2-27> 


2.1.4  The  Intrinsic  Time  Scale. 

The  concept  of  intrinsic  time  and  its  role  in  the  constitutive  theory  of  solids 
and.  later  liquids,  was  introduced  in  conjunction  with  the  plasticity  theory  of  metals 
by  Valanis  [2.13].  The  basis  of  the  concept  lies  in  the  proposition  that  a  material 
senses  rates  of  change  associated  with  its  constitution,  not  with  respect  to  the 
Newtonian  time  t  but  an  intrinsic  time  z.  which  is  a  property  of  the  material  at 
hand.  Related  ideas  have  stemmed  from  the  observation  that  in  certain  cases  the 
constitutive  response  of  a  material  is  most  precisely  and  elegantly  formulated  by  not 
using  the  actual  time  but  a  "reduced”  time  in  the  formulation.  For  instance  this  is 
the  case  in  the  "WLF  equation"  in  polymers  [2.15]  where  the  "reduced”  time  £  is 
related  to  the  Newtonian  time  t  by  the  relation 
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He  _  dt 

£  ‘  *T  ' 


(2-28) 


where  aT  is  a  function  of  temperature.  The  term  "reduced"  was  actually  introduced 
by  Schapery  [2.16]  who  used  it  in  relation  to  a  definition  of  d£  given  in  one 
dimension  by  the  expression: 


dc  * 


dt 


»0>,e) 


(2-29) 


■ 


where  a  is  the  stress  and  e  the  strain  rate.  However,  the  very  philosophy  of 
Eq.  (2-29)  suggests  an  effect  of  the  field  (temperature,  stress  or  strain  rate  field)  on 
the  time  scale  rather  than  a  material  time  per  se.  i.e..  an  intrinsic  time  which  is  a 
material  property  of  the  substance  at  hand. 


The  subject  will  be  discussed  again  at  much  greater  length  in  Section  2.3  where 

a  derivation  of  the  intrinsic  time  scale  is  given.  The  significance  of  the  proposition  in 

so  far  as  thermodynamics  of  evolution  equations  for  is  concerned  is  that  in 

Eq.  (2-26)  the  rate  of  change  of  gr  is  with  regard  to  the  intrinsic  time  z.  so  that  the 

evolution  equation  for  g  now  becomes 

r 


(2-30) 


Of  particular  interest  in  the  linear  form  of  Eqs.  (2-30)  which  will  be  the  basis  of  the 
theory  presented  in  this  book.  This  form  is  obtained  on  the  basis  of  the  proposition 
of  classical  irreversible  thermodynamics,  whereby  the  "internal  forces"  are 

proportional  to  the  "fluxes",  in  this  case  the  rates  of  the  internal  variables  g  .  and  is 
given  by  the  equations: 


(2-31) 


Here  b^  is  a  fourth-order  tensor,  symmetric,  and  positive  definite,  the  last  property 
being  necessary  to  satisfy  the  Clausius-Duhem  inequality  (2-22).  The  tensor  b'r'  is 
called  the  "dissipation",  or  resistance  tensor  for  obvious  reasons. 
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2.1.5  Recapitulation. 

The  thermodynamic  formulation  of  constitutive  equations  of  dissipative  materials 
consists  of  the  following  steps. 

(i)  Specifying  the  form  of  the  Helmholtz  free  energy  f  where 

t  =  *[i,0,2r)  (2-32) 

Insofar  as  small  strain  theory  is  concerned  the  form  of  Eq.  (2-32) 
is  discussed  at  length  in  subsequent  sections. 

(ii)  Using  Eqs.  (2-16)  and  (2-17)  to  determine  the  stress  and  the 
entropy  in  terms  of  £,  6  and  gf. 

(iii)  Solving  Eq.  (2-31)  to  obtain  the  gf  as  a  function  of  the  history 
of  strain  and  temperature  relative  to  the  intrinsic  time  scale  z. 

(iv)  Determining  the  intrinsic  time  scale.  This  last  step  will  be 
discussed  in  Section  2.3  for  the  case  of  rate  independent 
materials. 

2.2  Formulation  of  the  Theory  for  Isothermal  Small  Strain  Problems. 

2.2.1  Basic  Equations. 

In  the  presence  of  small  strain  and  uniform  temperature  fields  we  write  the  free 
energy  density  j  in  the  quadratic  form  given  below  with  the  upper  index  of 
summation  left  unspecified. 

*  =  5  z(s  -  9r)'«r,(s  -  ar)  •  (2-33) 

r 

where  g  are  the  internal  variables  of  the  material  system.  £  is  the  strain  tensor  and 
Ar  is  the  elastic  stiffness  tensor  associated  with  the  mechanism  r.  The  physics  of 
Eq.  (2-33)  become  apparent  upon  the  following  observations. 
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Let  internal  constraints  be  applied  to  the  system  so  that  the  quantities  (g  -  gr) 
vanish  for  all  r  except  when  r  =  n.  In  this  case 

f  -  iU  ~  aj*$n*{£  -  aj  (2-m) 


Since  at  constant  temperature  the  Helmholtz  free  energy  has  the  physical  significance 
of  the  elastic  (recoverable)  energy,  it  follows  that  £n  is  the  elastic  stiffness  tensor 
associated  with  the  deformation  of  mechanism  n  and 


£  “  fln  ~  ^n 


(2-35) 


where  e*  is  the  elastic  strain  of  the  material  system  when  only  the  nth  mechanism  is 
operative.  Thus  Eq.  (2-34)  becomes 


*  “  2  £n  A  £n  ' 


(2-36) 


so  that  f  in  Eq.  (2-36)  is  the  strain  energy  associated  with  the  deformation  related  to 
the  mechanism  n.  In  conventional  plasticity  terms.  gn  is  the  plastic  strain  associated 
with  mechanism  n  since  indeed  by  definition 


(2-37) 


the  strain  g  being  common  to  all  mechanisms. 

The  basic  thermodynamic  relations  of  interest  are: 

l  =  ||  =  Z  «r*  (s  -  ar]  (2-38) 


(2-39) 


and  thus  in  view  of  Eq.  (2-33)  we  have: 
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$r*(£-*r)  *br-5T  -  »-«» 

where  z  is  an  intrinsic  time  scale,  which  for  the  moment  we  leave  undefined,  and  b 
is  the  resistance  (or  dissipation)  tensor  associated  with  mechanism  r. 

It  may  be  shown  straightfowardly  that  if  both  £r  and  )jr  have  isotropic  forms  for 
all  r.  then  Eqs.  (2-38)  and  (2-40)  uncouple  into  hydrostatic  and  deviatoric  forms  in 


the  following  fashion: 

2  * 

2  ♦  °l  <  £  =  2 

♦ 

.  2  s  9  ♦  9l 

(2-41a,b,c) 

♦  « 

(2-42) 

'5  Z>r||s-s, 

■II2. 

rH  •  \  »r|.  -  <r|2 

r 

(2-43a , b) 

(2-44a , b) 

5  ■ 

as  '  “at 

a*D 

p  98r 

a*H 

9q 

.  r  *r 

(2-45a,b) 

09r 

•feJaT'0  ■ 

H 

♦  b  5 —  =  0 

0  oz 

wher« 

A  =  A^  5.  .5ld  ♦ 

ijk £.  1  ij  kt 

A25i 

kSj£. 

(2-46) 

br..,0  *  br  6.  .6.0  * 

i  j  k£.  1  i  j  k£. 

b2«il, 

V 

(2-47) 

•-*2  ,  Kr  =  Aj 

*2 

*  r 

(2-48a,b) 
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(2-49) 


L 


kr  Kr  d2 

bo  *  bi  *  r 

(2-49) 

If  at  this  juncture,  one  defines  internal  forces  by  the  relations 

d*s  d*H 

flr  =  ~  9gr  »  9qr  ' 

(2-50a,b) 

the  evolution  equations  (2-45a.b).  in  conjunction  with  the  energy 
give  rise  to  the  following  "rate"  equations  for  the  internal  forces: 

relations  (2-43a.b). 

/V  _  d«r  dS 

.  r  ®r  +  dz  “  dz 

bl 

(2-51) 

K  dQ  , 

-L  n  ♦  _  K  41 

r  dz  r  dz  ’ 

o 

(2-52) 

while  Eqs.  (2-44a.b)  become: 

3=  Z  Ar 

r 

(2-53) 

a  -  H  Ar 

(2-54) 

r 


Thus  following  the  above  analysis,  the  constitutive  response  of  the  material  system  is 
completely  defined  by  Eqs.  (2-51).  (2-52),  (2-53)  and  (2-54). 

In  general  the  resistance  coefficients  b^  and  b^  are  not  constant  but  depend  on 
the  stress  field  and/or  the  strain  field  and  the  temperature  field  histories  in  a  fashion 
which  for  the  time  being  we  leave  unspecified.  However,  we  introduce  this 
dependence  by  means  of  the  functions  F.  and  Fu  which  are  such  that 

5  n 

bl  =  b10FS  '  b0  =  b00PH'  (2-55a,b) 
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and  introduce  the  notation 


(2-56a,b) 


_ dz 


(2-57a,b) 


where  bJQ.  K^.  b^j  and  k  are  positive  material  constants.  The  significance  of  the 
constant  k  will  be  discussed  in  Chapter  4.  In  terms  of  the  above  notation 
Eqs.  (2-51)  and  (2-52)  are  now  linear  and  have  the  forms 


d8r  _  <%_ 

dz  “  dz 

s  s 


(2-58) 


X  q  ♦  *  K  4L. 

r  t  dz^  rdz^ 


(2-59) 


Equations  (2-58)  and  (2-59)  may  be  integrated  and  the  results  substituted  in 
Eqs.  (2-53)  and  (2-54)  respectively,  to  obtain  constitutive  equations  in  explicit  integral 
form,  which  relate  the  current  stress  to  the  history  of  strain. 

Insofar  as  the  internal  forces  jjr  and  Qr  are  concerned,  they  are  given  by 
Eqs.  (2-60)  and  (2-61)  where  it  is  shown  that  and  are  linear  functionals  of  the 
deviatoric  and  hydrostatic  strain  histories,  respectively.  The  memory  kernels  are 
positive  decaying  exponential  functions  which  endow  these  forces  with  the 
characteristic  of  fading  memory. 


8r  =  *r 


-a  (z  -z')  de 
rv  s  ' 


dz 


~  dz 


' 0 


(2-60) 
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rzH 


=  K 


-Xr<ZH  ’  2> 


de 

dz 


r  dz 


(2-61) 


Substitution  of  Eqs.  (2-60)  and  (2-61)  in  Eqs.  (2-53)  and  (2-54)  respectively  gives  the 
explicit  constitutive  representation  of  the  stress  response  in  terms  of  Eqs.  (2-62)  and 
(2-63)  where  on  one  hand  the  deviatoric  stress  g  is  a  linear  functional  of  the  history 
of  the  deviatoric  strain  while  on  the  other,  the  hydrostatic  stress  a  is  a  linear 
functional  of  the  history  of  hydrostatic  (volumetric)  strain. 


2 


2 


ydS 

■)l?  dz' 


'0 


(2-62) 


a 


(2-63) 


The  corresponding  kernels  /i(zj  and  K(zH)  are  given  in  terms  of  sums  of  positive 
decaying  exponentials  (Dirichlet  series)  according  to  the  following  equations: 


z>r 


-a  z 
r  s 


e 


(2-64) 


k(2h) 


rzH 


(2-65) 


The  set  of  Eqs.  (2-53).  (2-54).  (2-58)  and  (2-59)  as  well  as  the  set  of 
Eqs.  (2-62),  (2-63).  (2-64)  and  (2-65)  constitute  alternative  representations  of  the 
stress  response  to  a  history  of  strain  with  respect  to  the  intrinsic  time  scale  z.  which 
is  still  undefined.  See  Refs.  [2.17.  2.18.  2.19]. 
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2.2.2  Plastic  Strain  as  an  Independent  Variable. 


The  definition  of  plastic  strain,  (already  used  in  Eq.  (2-37)  when  only  one 
mechanism  was  operative),  is  given  by  the  expressions: 

*"**-*•  (2-66*) 

ep  =  e  -  e®  (2-66b) 

where 


dg®  =  ~  ,  de®  =  (2-67a,b) 

“o  o 

and  n  and  K  are.  respectively,  the  elastic  shear  and  elastic  bulk  moduli.  At  this 
point  we  make  certain  observations.  If.  as  is  customary,  we  define  2/iq  as  the  initial 
slope  of  the  shear  stress-strain  curve,  then  it  follows  from  Eq.  (2-62)  that 

fiQ  *  ^(0)  ,  (2-68) 


since  at  vanishingly  small  2 s< 

2  =  2/i(0)g  .  (2-69) 

Simi larly, 

Kc  *  K(0)  ,  (2-70) 

on  the  basis  of  Eq.  (2-63).  Thus  in  that  which  follows,  and  without  further 
comment,  we  take  no  —  ^i(O)  and  Kq  =  K(0). 

With  specific  reference  to  the  shear  response,  it  is  shown  in  Ref.  [2.14]  that  if 
one  substitutes  for  g  in  Eq.  (2-62)  using  Eq.  (2-61a)  one  obtains  the  shear  response, 
as  an  explicit  linear  functional  of  the  plastic  deviatoric  strain  history,  in  the  following 
form: 


2  *  />(zs  “  z')~Lr  dz'  » 
JQ  Jdz 


where  p(z^j  is  related  to  /*(zs)  by  the  integral  equation  given  below: 


(2-71) 


Hzs)  -  r  ■ 


Mzs) 


(2-72) 


Here  p(zg)  is  given  in  series  form  by  Eq.  (2-64).  Without  solving  for  p(z  )  explicitly, 
it  is  important  to  consider  the  effect  on  the  functional  form  of  p(z  )  of  the  constraint 


=  m 


(2-73) 


In  view  of  the  fact  that  /*(zs)  consists  of  a  series  of  decaying  exponential  terms  it 
may  be  written  in  the  form 


'•W  *  ',(0)  H(zs)  *  '"(2J 


(2-74) 


where  H(zs)  is  the  Heaviside  unit  step  function  and  p*  is  differentiable  at  the  origin, 
i.e..  dp*l<iz s  at  z$  =  0  is  finite.  Substitution  of  Eq  (2-74H)  in  Eq  (2-72)  yields  the 
result: 


Thus  at  zg  =  0  , 


*  "(zs) 


(2-75) 


P(0)  -  ^  0(0)  =  0(0) 

*0 


(2-76) 
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or 


p(  0)  = 


(2-77) 


In  view  of  the  constraint  (2-73a),  it  follows  that 
P  (0)  «  - 


(2-78) 


In  Ref.  [2.14]  Eq.  (2-72)  was  solved  explicitly  when  the  number  of  terms  on  the 
right-hand  side  of  Eq.  (2-64)  is  finite  and  equal  to  n  (i.e.,  when  the  number  of 
internal  variables  is  finite).  It  was  then  shown  that  />(zs)  is  given  by  the  expression: 


Zs)  = 


^(zs) 


n-1 

z 

r=l 


V 


-fir* 


(2-79) 


where  r Q.p  and  are  all  positive.  In  other  words,  the  memory  kernel  p(z  )  consists 
of  a  singular  par/  which  contains  the  Dirac  delta  function,  and  a  wel1  be/aved  part, 
which  is  the  sum  of  a  finite  number  of  positive,  decaying  exponential  terms.  Note 
that  the  above  result  is  independent  of  the  definition  of  the  time  scale  zs  which,  in 
special  cases,  could  be  identical  to  the  ordinary  time  t.  as  in  viscoelasticity,  for 
instance. 


Substitution  of  Eq.  (2-79)  in  Eq.  (2-71)  gives  the  explicit  result 

d."  fs  d.p 

i  =  r*  'its  -  O  3 ~dz'  ■ 

s 

J0 


(2-80) 


1 


where 


n-1  z 

P,W  =  Z  Pre  r 

1  r=l 


(2-81) 
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The  same  argument  applies  also  to  the  hydrostatic  response.  Specifically,  when  the 
number  of  hydrostatic  internal  variables  is  finite,  we  can  write: 


„  ,  dep 

°  dzH 


1  H 


^1  (ZH  -  z')dT  dz' 


(2-82) 


In  other  words  there  exists  a  function  ^(zH)  such  that 


"(zh)  -  Wh)  *  (zh)  • 


(2-83) 


where  is  positive  and  ^(zH)  consists  of  a  sum  of  positive  decaying  exponentials, 
i.e.. 


B 


Mzh) 


Z 


-frJ 


(2-84) 


The  function  ^(zH)  is  related  to  the  function  K(zH)  (Eq.  (2-65))  by  the  integral 
equation 


"(zh) 


z')fr  dz'  *  k(zh) 


(2-85) 


A  significant  characteristic  of  Eq.  (2-80)  (or,  Eq.  (2-82))  is  that  the  stress  $  is 

non-zero  at  the  onset  of  deformation,  i.e.,  at  z  =  0  we  have: 

s 


«sp 

S  PQ  <j2 

S 


0 


(2-86) 


where  the  right-hand  side  of  this  equation  has  the  significance  of  a  yield  stress. 
Thus  the  shear  stress-plastic  strain  curve  is  discontinuous  and  has  an  infinite  slope  at 
the  origin  of  plastic  deformation.  Similar  conclusions  also  apply  to  the  hydrostatic 
stress-plastic  strain  curve. 
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2.2.3  Discussion  of  the  Above  Results. 


Let  us  now  examine  the  physical,  mathematical  and  thermodynamic  significance 
of  the  above  results.  The  physical  significance  is  illustrated  in  the  mechanical  model 
of  Figure  2.1. 

The  strain  g  admits  the  decomposition  shown  in  Eq.  (2-66a)  provided  that  the 
elastic  stiffness  2p  of  the  spring  is  also  the  elastic  stiffness  of  the  entire  system, 
and  the  plastic  solid,  in  series  with  the  spring,  is  a  rigid-plastic  solid,  in  the  sense 
that  the  slope  of  its  stress-plastic  strain  curve  is  infinite  at  the  onset  of  deformation. 
In  this  event  the  stress  response  of  the  rigid-plastic  solid  is  given  solely  in  terms  of 
the  history  of  the  plastic  strain.  gp. 

In  mathematical  terms,  given  the  constitutive  equation  (2-62)  which  relates  the 
stress  to  the  history  of  total  strain  in  terms  of  a  kernel  p( zj.  given  by  Eq.  (2-64). 
there  exists  an  equivalent  set  of  constitutive  equations  (2-66a).  (2-67a)  and 
Eq.  (2-71).  which  relates  the  stress  to  the  history  of  plastic  strain  through  another 
kernel  p(z  )  such  that  p(o)  =  ».  The  two  kernels  p  and  p  are  related  by  means  of 
Eq.  (2-72f.  Of  importance  is  the  fact  that  one  need  not  begin  with  Eq.  (2-62)  but 
with  Eq.  (2-71)  and  the  kernel  p(zs)  of  the  rigid-plastic  solid  and  obtain  ^(zj.  which 
pertains  to  the  entire  system,  upon  use  of  Eq.  (2-72). 

The  thermodynamic  significance  is  equally  important.  The  rigid-plastic  body  may 
now  be  treated  as  a  separate  thermodynamic  system,  whose  strain  state  is 
represented  by  the  deviatoric  plastic  strain  tensor  gp.  Thus  the  thermodynamic 
treatment  developed  in  this  chapter  beginning  with  Eq.  (2-33)  applies  to  the  rigid- 
plastic  body,  except  that  £  is  replaced  by  £P.  Thus  equations  analogous  to 
Eqs.  (2-62)  and  (2-63)  are  derived,  following  the  indicated  procedure,  which  now  have 
the  form 


dsp 

Id F  dz 


(2-87) 
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Rigid-Plastic 

Solid 


Figure  2.1  Appropriate  physical  model. 


^dep  .  . 
2)dF  d2 


(2-88) 


the  only  condition  being  that  p( 0)  =  ^(0)  =  *.  Of  course  p(zj  and  ^(zH)  must  be 
integrable  over  any  finite  domain  to  ensure  that  g  and  a  are  bounded.  The  necessary 
and  sufficient  condition  that  this  should  be  the  case,  is 


/>(*')  <  • 


for  all  finite  z  and  zu. 

s  H 


*(z')dz' 


as  will  be  shown  in  the  following  section. 


(2-89) 


It  was  shown  earlier  in  this  chapter  that  the  rigid-plastic  solid  can  be  treated  as 
a  separate  thermodynamic  entity  whose  strain  state  is  given  by  the  plastic  strain 
tensor.  For  the  sake  of  discussion  we  consider  the  case  of  the  deviatoric  response 
given  by  Eq.  (2-71).  The  deviatoric  thermodynamic  state  of  the  system  may  be 
described  by  the  deviatoric  plastic  strain  tensor  and  n  internal  variables,  the  number 
of  which  may  be  finite  or  infinite.  We  shall  show  that  the  choice  has  significant 
effect  on  the  form  of  the  kernel  function  p(zs)-  However,  in  any  event,  the  function 
p  will  consist  of  a  series  of  decaying  exponential  terms,  the  number  of  which  we 
leave  unspecified  for  the  time  being.  In  effect 


'(2,)  *  2ZRr« 


(2-90) 


We  now  investigate  the  constraints  on  the  form  of  the  exponential  terms  imposed  by 
the  infinite  value  of  p  at  z  =0.  We  first  examine  the  case  where  the  number  of 

S 

internal  variables,  i.e..  the  number  of  terms  in  the  series  is  finite.  We  recall  that  the 
analysis  in  Section  2.2.2  demands  that  l(z$)  must,  in  this  case,  contain  a  delta 
function.  Thus  one  of  the  terms  in  the  series  (2-90)  must  be  a  delta  function.  This 
does  not  pose  a  difficulty  since  a  delta  function  is  the  asymptotic  representation  of  an 
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exponential  function  Rfe'^rz.  whose  amplitude  Rf  and  exponent  tend  to  infinity 
simultaneously  while  their  ratio  remains  constant.  This  ratio  is  in  fact  the  strength 
of  the  delta  function. 

Thus  in  the  case  of  a  finite  number  of  internal  variables  one  satisfies  the 
condition  p(o)  =  «.  by  letting  at  least  one  member  of  the  series  become  a  delta 
function  by  means  of  the  asymptotic  process  discussed  above.  In  fact,  this  is  the 
only  possible  avenue  since  if  all  Rr  are  finite  then  p(o)(=ERr)  is  also  finite.  We  note 
again  that  in  this  case  the  stress-plastic  strain  curve  is  discontinuous  at  the  origin  of 
plastic  strain.  In  other  words,  the  rigid-plastic  solid  with  a  finite  number  of  internal 
variables  will  always  exhibit  a  yield  stress. 

The  case  of  an  infinite  number  of  terms  in  the  series  offers  different  possibilities 
in  the  sense  that  one.  now.  has  a  choice.  To  satisfy  the  condition  p(o)  =  *  one 
may  again  set  one  (or  more)  exponential  terms  equal  to  a  delta  function,  as  in  the 
case  of  the  finite  number  of  terms,  but  now  there  is  another  choice,  since  one  may 
set 


pm  «  z  k  •  • 

r=l 


(2-91) 


by  requiring  that  the  series  in  Eq.  (2-91)  diverge.  In  addition,  the  boundedness  of 
the  stress  response  must  be  considered.  To  this  end  let  s  be  a  typical  component  of 
g  and  ep  the  corresponding  component  of  gp.  Then,  from  Eq.  (2-71).  we  have: 


s  s 


W  o  w 6z 


(2-92) 


Consider  the  class  of  histories  for  which  dep/dz  is  a  constant  and  equal  to  6.  In  the 
absence  of  hydrostatic  stress  a  monotonic  constant  strain  rate  history  would  be  a 
member  of  this  class.  Then  in  view  of  Eq.  (2-92) 
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5  =  0 


p(zs-  z)  dz" 


=  0 


P( 2')dz‘ 


(2-93) 


Thus  boundedness  of  stress  response  necessitates  that 


/j(z')dz'  <  •  ,  z  <  •  (2-94) 

5 

J0 


To  prove  sufficiency  for  general  strain  histories  we  recall  Eq.  (2-71)  and  note  the 
integral  inequality,  which  is  a  direct  consequence  of  the  triangle  inequality. 


■ 


(2-95) 


Thus,  in  view  of  Ineq.  (2-94)  llgll  will  be  bounded  for  all  bounded  lldgp/dz  II.  In 
conclusion,  the  necessary  and  sufficient  condition  that  g  be  bounded  for  all  bounded 
strain  histories  —  in  the  sense  that  ltdgp/dz  II  <  •  —  is  that  Ineq.  (2-94)  is 
satisfied,  for  all  kernels  p(z  )  that  satisfy  the  Ineq.  (2-94).  Returning  to  Eq.  (2-90) 
the  corresponding  constraint  on  and  Pf  is  that 


-  R 

£  f< 

r=l  rr 


(2-96) 


One  can  verify  that  the  conditions  (2-91).  (2-96)  are  satisfied  for  a  general  class  of 
functions  />(zs)  such  that 


Rr  =  ^?T  (0  <  a  <  1) 


(2-97) 
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and 


! 


1.  - 


Pr  *  P0ir  ♦  K) 


(2-98) 


where  pQ  is  a  positive  constant  and  K  a  positive  integer.  Thus. 


-kd  z  » 
ro  sr' 
»  2- 
r=l 


(2-99) 


The  importance  of  this  class  of  kernels  lies  in  the  fact  that  the  stress  is  zero  at 
the  onset  of  plastic  deformation.  This  may  be  seen  directly  from  Ineq.  (2-95)  which 
shows  that 

| |S(0) | |  *  0  ,  (2-100) 


since,  at  =  0.  the  integral  on  the  right-hand  side  of  the  inequality  vanishes.  Thus 

kernels  of  this  type  apply  to  materials  that  do  not  exhibit  an  abrupt  transition  from 

elastic  to  plastic  behavior,  i.e..  do  not  exhibit  a  finite  yield  stress.  Instead,  plastic 

effects  take  place  immediately  upon  deformation  and  there  is  gradual  transition  from  a 

predominantly  elastic  to  predominantly  plastic  behavior. 

The  above  cases  are  summarized  in  the  following  form  of  the  kernel  p: 

Hu)  *  UHU)  ♦  (2-I01> 

Case  (i):  pQ  t  0,  Pj( 0)  <  - 


In  this  case  a  yield  stress  exists  and  the  slope  of  the  stress-strain  curve  at  the 
onset  of  plastic  strain  is  finite.  Thus  there  exists  a  "kink"  in  the  stress-strain  curve 
at  the  yield  point  as  shown  in  Figure  2.2. 

Case  (ii):  p^  i  0.  pt  (0)  =  « 

A  yield  stress  exists  and  the  slope  of  the  stress-plastic  strain  curve  is  infinite  at 
the  onset  of  plastic  strain.  Thus  the  stress-strain  curve  at  the  onset  of  yield  is 
continuous. 
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Figure  2.2  Stress-strain  curve  with  a  kink  at  the  yield  point. 
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Case  (iii):  P0  —  0  .  /iJO)  =  * 

A  yield  stress  does  not  exist.  There  is  a  gradual  transition  from  predominantly 
elastic  to  predominantly  plastic  behavior. 

2.2.4  Integral  Representation  of  the  Memory  Kernels. 

With  reference  to  p(zj  consider  the  representation  of  this  kernel  by  an  infinite 
number  of  terms,  i.e..  let 


■  <2-I02> 
Furthermore,  let  R(r)  and  Pr  =  pj.  Then  Eq.  (2-102)  becomes 

"  £  foR{l>or)‘P°rZS  ■  (2-103) 


Let  the  exponentials  be  "very  closely  packed"  in  the  sense  that  Pq  is  a  small  quantity 
which  we  denote  by  Ax.  Then  Eq.  (2-103)  becomes 

*  -rAxz 

p[2'\  =  X  AxR(rAx)e  s  .  (2-104) 

J  r=l 


But 


•  -rAxz 

I im  X  AxR(rAx)e 
Ax*o  r=l 


R(x)e  Sdx 

•’o 


(2-105) 


whenever  the  integral  exists. 


Thus  in  the  limit  of  vanishingly  small  PQ  i.e..  infinitely  closely  packed  exponential 
terms  p(zs)  is  given  by  an  integral,  i.e,. 
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Thus  p(z  )  is  the  Laplace  transform  of  R(r).  the  latter  being  the  spectrum  of  the 
memory  function  />(zs). 

We  give  a  number  of  examples  below  to  illustrate  the  structure  of  the  integral 
representation  given  by  Eq.  (2-106).  To  fix  ideas  let 

R(r)  *  Rq  6{r  -  rj  (2-107) 

i.e..  the  distribution  R(r)  is  given  by  a  6-function  of  strength  Rq  and  located  at 
r  =  r  .  In  this  case  Eq.  (2-106)  gives 

P[zs)  =  R0«  (2-108) 


i.e..  />(zs)  is  given  by  a  single  exponential. 

Now  let  R(r)  have  the  "power  form"  representation 


R(r)  * 


0  ,  r  $  r. 


R  (r  -  r  )a_1, 
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o  <  a  <  1 
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Then 
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Let  r  -  r  =  x .  Then 
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Thus, 
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where  T(a)  is  the  complete  Gamma  function.  The  form  on  the  right-hand  side  of 
Eq.  (2-111)  is  an  excellent  analytical  representation  of  the  deviatoric  and  hydrostatic 
memory  kernels  in  metals,  soils  and  concrete. 

2.3  The  Concept  of  Intrinsic  Time. 

2.3.1  Strain  Rate  Indifference.  Elasticity  at  Reversal  Points. 

There  are  two  essential  features  of  the  mechanical  response  of  metals  at  room 
temperature  and  in  a  range  of  strain  rates  of  about  10*  to  10  sec  .  which  impose 
useful  constraints  on  the  form  of  the  intrinsic  time  z.  In  an  idealized  form  (in  the 
sense  that  small  deviations  from  this  form  are  observed)  these  are: 

(a)  Strain  rate  indifference. 

(b)  Elastic  behavior  at  reversal  (unloading-reloading)  points  in  a  one¬ 
dimensional  stress-strain  path  as  well  as  in  other  paths  associated 
with  proportional  straining  histories. 

Strain-rate  Indifference.  When  the  history  of  strain  is  given  by  the  relation 
e  =  ^(t)  let  the  stress  response  a  be  given  by  the  function  g(t).  Elimination  of  the 
parameter  t  leads  to  the  relation 

^  =  G^(e)  ,  (2-112) 


where  the  response  function  G.  depends  obviously  on  the  history  of  strain  ^(t).  Note 
that  G,  need  not  be  a  singre-valued  function.  For  instance  in  a  uniaxial  cyclic 
loading^G .  will  be  a  multivalued  function  and  will  give  the  various  levels  of  cyclic 
stress  at  the  same  strain  level  e. 


Definition.  Rate  indifference  is  the  invariance  of  the  function  G  .  under  the 
transformation  t  ■*  F(t):f  >  0.  We  note  in  passing  that  in  elastic  materials.  G.  =G 
for  all  l. 

Elasticity  at  Reversal  Points.  This  material  property  can  be  discussed  simply 
and  meaningfully  in  the  context  of  strain  rate  indifference. 
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In  one  dimension,  the  physical  phenomenon  is  depicted  in  Figure  2.3  where  a 
uniaxial  stress-strain  test  is  shown  in  schematic  form.  The  slope  of  the  stress-strain 
diagram  at  0.  the  point  of  initiation  of  the  loading,  is  Eq.  The  stress-strain  curve 
need  not  contain  a  finite  elastic  region.  The  points  A  and  B  are  reversal  points. 
What  is  meant  by  elasticity  at  reversal  points  is  that  the  slope  of  the  stress-strain 
diagram  of  point  A  and  B  is  Eq.  i.e., 

da 
de 


da 

de 


da 

de 


-  E 


(2-113) 


where  reversal  points  (such  as  A  and  B)  are  defined  by  the  property  that  at  such 
points  the  ratio,  de/ldel.  charges  discontinuously  from  +1  to  -1  or  vice-versa. 

In  three  dimensions  the  situation  is  similar.  Let  e..(t)  be  a  strain  history  and  t 
the  time  of  occurrence  of  a  reversal  point.  Denote  by  JtQ  the  time  that  precedes  t 
by  a  vanishingly  small  time  increment  and  _t  the  time  that  succeeds  tQ  also  by  a 
vanishingly  small  time  increment.  A  point  on  the  strain  path  in  a  nine-dimensional 
strain  space  at  time  t  is  said  to  be  a  reversal  point  if: 
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where  double  bars  denote  the  norm  in  the  usual  fashion.  In  three  dimensions, 
elasticity  at  reversal  points  implies  that  at  such  points 

=  cijkidek«.  • 

where  C..^  is  the  elasticity  tensor.  In  the  specific  case  where  the  material  is 
elastically  isotropic  Eq.  (2-115)  has  the  more  particular  form 

do..  =  X  5. -de, ,  ♦  2u  de..  (2-116) 

ij  o  ij  kk  ro  ij  v  J 


or.  the  alternative  uncoupled  form 


9 


(2-117) 


^kk  =  3Kodekk 


ds. .  =  2u  de. • 
Ij  ro  IJ 


(2-118) 


in  the  usual  notation  g  and  g  being  the  stress  and  strain  deviators  respectively. 

2.3.2  The  Intrinsic  Time  Scale. 


The  concept  of  the  intrinsic  time  scale  was  developed  on  physical  and 
mathematical  grounds  which  we  proceed  to  summarize.  In  metals  such  as  aluminum, 
copper,  high  tensile  steels,  etc.,  where  plastic  effects  appear  immediately  upon  loading, 
the  onset  of  yield  is  difficult  to  define.  Such  a  concept  may  even  be  inappropriate 
for  such  materials,  except  possibly  as  an  approximation. 

Classical  theories,  where  the  yield  surface  is  used  as  an  essential  constitutive 
element,  lie  outside  the  domain  of  functional  theories,  that  are  used  in  the 
mathematical  representation  of  the  constitutive  response  of  other  materials.  On  the 
other  hand,  at  higher  temperatures  where  metals  evince  strain  rate  effects,  functional 
theories  are  used  for  the  representation  of  their  mechanical  behavior.  One  cannot  but 
conclude  that  "yield"  may  not  be  an  essential  element  in  the  formulation  of 
constitutive  equations  for  metals. 

Thus  within  the  domain  of  rate  indifferent  yet  history  dependent,  where  the 
stress  response  is  a  function  of  the  strain  path,  the  definition  of  the  appropriate  path, 
seems  to  be  a  more  fundamental  physical  task  than  the  definition  of  yield  point. 
Thoughts  along  these  lines,  although  less  specific,  can  be  found  in  the  literature.  In 
1954,  iriushin  [2.20]  introduced  such  a  path  s.  where  ds  was  defined  as  the  norm  of 
the  increment  of  the  strain  tensor,  i.e. 


*•11*11 


(2-119) 


as  "useful"  in  describing  plasticity  phenomena.  Pipkin  and  Rivlin  [2.21]  constructed 
an  elaborate  mathematical  theory  using  that  path  in  1964.  The  relation  of  their 
theory  to  the  observed  behavior  of  metals,  however,  was  not  pursued. 
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In  1971  Valanis  [2.13]  introduced  the  concept  of  endochronic  plasticity  by  means 
of  the  intrinsic  time  measure  df  such  that 


M 


(2-120) 


where  £  is  a  fourth  order  material  tensor. 

One  can  see  immediately  that  there  are  substantial  conceptual  differences 
between  the  ll'iushin  concept  and  the  endochronic  theory.  In  the  ll’iushin  appioach 
the  path  cannot  accommodate  material  symmetries  --  isotropy,  orthotropy.  etc.  In  the 
endochronic  theory,  however,  the  material  symmetries  must  be  reflected  in  P.  In 
other  words  an  isotropic  material  requires  an  isotropic  tensor  P.  an  orthotropic 
material  similarly  requires  that  P  be  orthotropic  and  so  on. 

An  intrinsic  time  scale  z  was  then  defined  by  the  relation 


dz 


(2-121) 


where  in  physical  terms  f(^)  plays  the  role  of  a  hardening  function. 

In  one  dimension  (in  a  pure  shear  test  say)  Eq.  (2-120).  within  an  arbitrary 
multiplicative  constant,  assumes  the  form 

d£  =  Idjl  (2-122) 


where  7  is  the  shear  strain.  One  may  use  Eqs.  (2-121)  and  (2-122)  in  conjunction 
with  Eq.  (2-115)  to  predict  theoretically  the  stress-strain  response  in  shear  to  a  strain 
history  including  loading,  unloading,  and  reloading.  The  predicted  response  is  shown 
schematically  in  Figure  2.4. 

Some  features  of  the  theoretically  predicted  response  are  worth  pointing  out. 
The  slope  at  the  unloading  point  A  is  not  equal  to  Eq  but  to  2Eq  -  Et.  where  E(  is 
the  tangent  modulus  at  A.  Upon  reloading  at  8  one  obtains  an  open  hysteresis  loop, 
because  the  slope  of  the  reloading  curve  BC  at  B  is  less  than  the  slope  of  unloading 
curve  AB  at  B.  While  these  features  are  not  in  themselves  disturbing  and  may  be 


n 
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qualitatively  characteristic  of  granular  materials,  they  certainly  do  not  pertain  to  the 
behavior  of  materials  which  unload  elastically  in  the  sense  of  Section  2.2.  Evidently 
the  definition  of  intrinsic  time  given  by  Eq.  (2-120)  is  not  characteristic  of  metals. 
We  also  point  out  that  a  definition  of  intrinsic  time  in  terms  of  the  stress  tensor 
such  as 

*£  s  <te’S (2-123) 


leads  to  similar  difficulties. 

The  problem  of  defining  the  intrinsic  time  was  resolved  in  Ref.  [2.22]  where  it 
was  demonstrated  that  the  appropriate  endochronic  time  measure  is  equal  to  an 
increment  in  length  of  the  plastic  strain  path  in  plastic  strain  space.  In  that  which 
follows,  we  give  the  analysis  in  detail. 

2.3.3  The  Intrinsic  Time  in  One  Dimension. 

We  shall  discuss  the  question  in  some  detail  in  one  dimension.  The  resolution 
of  the  problem  in  three  dimensions  follows  similar  lines.  The  philosophical  problem 
that  poses  itself  is  the  following:  We  have  a  (material)  system  that  has  no 
cognizance  of  Newtonian  time.  Moreover,  given  a  sequence  of  strain  states  the 
system  will  "respond”  in  terms  of  a  sequence  of  stress  states.  However,  insofar  as 
the  material  response  is  concerned,  the  distance  between  two  strain  events  cannot  be 
defined  in  terms  of  |d7|  by  means  of  Eq.  (2-120)  and  similarly  the  distance  between 
two  stress  events  cannot  be  defined  in  terms  of  |dr|  by  means  of  Eq.  (2-123).  In 
other  words,  neither  the  stress  history  (stress  path)  nor  the  strain  history  (strain 
path)  lie  in  their  own  space,  in  the  sense  that  neither  Eq.  (2-120)  nor  Eq.  (2-123) 
are  appropriate  for  the  definition  of  intrinsic  time.  Since  neither  a  path  in  (one 
dimensional)  strain-  nor  stress-space  seems  appropriate,  we  proceed  to  explore  the 
possibilities  of  a  path  in  the  co-joint  stress-strain  space  (r. 7).  Specifically  in  one 
dimension  let  f  stand  for  a  strain  component  and  g  for  a  corresponding  stress 
component.  We  define  the  intrinsic  time  scale  z  by  the  relationship 

dz^  =  adf^  -  2j?dgdf  ♦  7dg^  (2-124) 

Evidently  z  is  a  path  in  co-joint  space  (g,f)  with  the  non-negative  metric 
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at 


f  *  f\ 

Ip  7j  <2-125> 

2 

Of  course  since  dz  cannot  be  negative,  the  following  inequalities  must  hold 

a  >  0.  7  >  0  (2-126) 

/J2  <  (2-127) 

Let  the  functional  relationship  between  g  and  f  be 


9  = 


X(z  - 


-,df 

2  >5 - 


dz 


(2-128) 


where  X  is  the  appropriate  kernel  (2 ft  if  g  is  deviatoric.  K  if  hydrostatic,  as  per 
Eqs.  (2-62)  and  (2-63). 

It  follows  from  Eq.  (2-128)  that 


dg  = 


X  df 
o 


♦  dz 


X'(z  - 


2>SF  d2 


(2-129) 


where  =  X(0)  (the  initial  slope  of  the  f-g  diagram)  and  X'(z)  =  dX/dz.  Elastic 
response  at  reversal  points  demands  that  at  such  points 

dg  =  XQdf.  (2-130) 

It  follows  from  Eq.  (2-121)  that  at  such  points 

dz  =  0.  (2-131) 

Thus.  Eq.  (2-130)  is  true  whenever  dz  =  0  and  vice-versa.  When  use  of  this 
condition  is  made  in  Eq.  (2-124)  the  following  relation  is  obtained 
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(2-132) 


I 


a  -  2Bfk  *  7X2  =  0 
o  o 

However.  X  must  be  real  and  positive  for  all  choices  of  a.  p  and  7.  Hence,  in 
addition  to  Ineqs.  (2-126)  and  (2-127).  the  following  inequalities  must  hold 

p 2  *  a7  (2-133) 

P  >  0  .  (2-134) 

We  now  observe  that  Ineqs.  (2-127)and  (2-133)  can  be  satisfied  simultaneously,  if  and 
only  if 

p*  =  a 7  .  (2-135) 

in  which  case,  when  use  is  made  of  Equation  (2-135)  in  Equation  (2-124).  one  finds 
that. 


(2-136) 


Note  that  the  term  in  the  bracket  on  the  right-hand  side  of  Eq.  (2-136)  is  the 
"plastic  strain"  increment  dfp  corresponding  to  the  strain  increment  df.  Thus 

dz  =  Jal£)*dS  (2-137) 

=  |dfp|  (2-138) 


since,  in  general,  a  may  depend  on  £. 

Conclusion: 

On  the  basis  of  Eq.  (2-124).  the  requirement  of  elastic  response  at  reversal 
points  in  one  dimension  leads  to  a  definition  of  intrinsic  time  in  terms  of  the  plastic 
strain. 
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2.3.4  Generalization  to  Three  Oimeneions. 

We  apply  the  analysis  to  initially  isotropic  compressible  non-dilatant  materials  of 
the  type  discussed  in  Section  2.2.  The  relevant  constitutive  equations  are 
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and 
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(2-139) 


(2-140) 


Following  the  procedure  adopted  in  the  one-dimensional  case  we  wrote  the  above 
equations  in  incremental  form  whereupon 


dg  =  2p  (0)  dg  ♦  2dz, 


5  ^ 

','(zs  *  Z')5T  dz' 


r* 


H 


da  =  K  (0)  de  ♦  dzH 


(2-141) 


(2-142) 


'0 


If  the  material  is  to  behave  elastically  at  reversal  points  the  following  conditions  must 
apply: 

dzs  =  dzH  =  0  (2-143) 


and  /»(0)  and  K(0)  must  be  elastic  shear  and  bulk  modulus,  respectively.  However, 
given  the  fact  that 


dz  -<£- 
'  dzH  "  kFH 


(2-144a,b) 


the  condition  (2-143)  is  satisfied  if  df  =  0. 


The  three-dimensional  counterpart  of  Eq.  (2-124)  is 
d*2  ■  d£*g*dg  -  2dg«£*dg  ♦  dg'jdg 


(2-145) 


In  the  case  of  isotropic  materials,  of  interest  here,  the  right-hand  side  of  Eq.  (2-145) 
reduces  to  the  form 


d£2  s  "  2/Jjdg#dg  ♦  Tidg’dg) 

♦  (a2de2  -  2p2dad€  ♦  72d^2)  » 


(2-146) 


in  the  previous  notation  where  the  right-hand  side  of  Eq.  (2-146)  is  the  addition  of  a 
deviatoric  and  a  hydrostatic  term  in  brackets.  Since  the  previous  "one-dimensional" 
argument  may  apply  either  to  the  hydrostatic  or  deviatoric  case,  it  follows  readily  that 
elastic  unloading  in  both  hydrostatic  and  deviatoric  histories  demands  that 


(2-147) 


where 


D  * 

dS  =  dS  -  5T- 


-  de  -  f 
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(2-148) 


(2-149) 


where  2/t  and  K  are.  respectively,  the  initial  slope  of  the  monotonic,  shear  stress  — 
(tensoriaf)  shear  °strain  and  the  hydrostatic  stress  --  volumetric  strain,  constitutive 
response  curves,  and  a.  and  a2  are  functions  of  f.  A  more  detailed  proof  of  the 
above  result  is  given  below. 

Since  the  deviatoric  deformation  is  assumed  to  be  independent  of  its  hydrostatic 
counterpart  and  vice-versa,  both  brackets  in  Eq.  (2-146)  must  be  positive  semi-definite 
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flj  dg*dg  -  2  px  dg*dg  ♦  dg«dg  >  0 


(2-150a) 


a2  de2  -  2fi2  dedc  *  j2  da2  l  0  .  (2-150b) 

Because  the  hydrostatic  response  is  one-dimensional  it  need  not  be  discussed  again  as 
it  was  dealt  with  previously.  It  remains,  therefore,  to  consider  the  deviatoric 
response,  i.e..  Ineq.  (2-150a).  To  this  end  let 

dS#d2  *  ||d8||  1 1  d2 1 1  (2-151) 


where  in  a  nine-dimensional  vector  space  9  is  the  angle  between  the  incremental 
vectors  dg  and  dg. 

Also  for  simplicity  of  notation  let  ||dg||  =  ds  and  ||dg||  =  de.  Then  Ineq.  (2-150a) 
becomes 

a 2  de2  -  2 p^  cosd  deds  *  7jds2  l  0  (2-152) 


for  all  positive  ds  and  de.  Obviously  the  discriminant  of  the  quadratic  on  the  left- 
hand  side  of  Eq.  (2-152)  cannot  be  positive  in  which  case 


Vi 


cos  9  0 


(2-153) 


for  all  6.  The  worst  case  is  9  =  0.  in  which  case  the  necessary  condition  that 
Ineq.  (2-152)  not  be  violated  is 

?[  S  al7l  (2-154) 

which  is  precisely  analogous  to  the  one-dimensional  relation  (2-127). 

Consider  now  a  reversal  point  under  deviatoric  strain  conditions.  In  this  case 
dzs  =  0  and  because  of  Eq.  (2-141) 
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dg  =  2/i  (0)  dg 


(2-155a) 


ds  =  2/i(0)de 


(2-155b) 


Thus  at  reversal  points  we  require  that  0  =  0.  in  view  of  Eq.  (2-155a).  Furthermore 
the  equality  sign  in  Ineq.  (2-152)  must  apply.  Thus  letting  /i(0)  =  hq.  the  following 
relation  between  and  the  constants  a®,  f}^  and  is  obtained: 


iik)2  -  Vi  W  ♦  -i  * 0 


(2-156) 


Thus, 


2flo  ~ 


h  *  -  Vl 

h 


(2-157) 


However,  must  be  real  and  positive.  Thus  the  following  inequalities  must  hold. 


(2-158a) 


Pi  >  0 


(2-158b) 


Inequalities  (2-154)  and  (2-158a)  can  be  satisfied  simultaneously  if  and  only  if 


(2-159) 


Furthermore,  in  view  of  Eqs.  (2-157)  and  (2-159) 


*2  =  a272 


P_2  fi 


(2-160) 


(2-161) 


Thus,  Eqs.  (2-147).  (2-148)  and  (2-149)  follow. 
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3.  THEORY  OF  INCOMPRESSIBLE  PLASTIC  ISOTROPIC  SOLIDS 


In  this  chapter,  we  consider  the  special  form  that  the  general  theory  presented  in 
Chapter  2  reduces  to  for  solids  which  are  plastically  incompressible,  i.e.,  their 
hydrostatic  behavior  is  purely  elastic.  After  a  brief  summary  of  the  basic  equations  of 
the  general  theory,  some  basic  features  of  the  governing  equations  for  plastically 
incompressible  solids  are  discussed,  after  which  the  equations  governing  uniaxial 
loading  are  developed  and  applied  to  cyclic  and  complex  strain  histories.  Procedures 
for  determining  the  material  functions  p(z)  and  Fs(z)  are  given.  To  illustrate  the 
application  and  predictive  capability  of  the  theory  in  more  than  one  dimension,  two 
multi-dimensional  problems  are  considered,  namely,  a  flat  plate  with  two  edge  cracks 
under  uniformly  applied  tension  and  a  cylindrical  tube  subjected  to  a  homogeneous, 
two-dimensional,  non-proportional  stress  field.  In  both  cases,  comparisons  between 
predictions  based  on  the  theory  and  corresponding  experimental  data  are  given. 
Finally,  the  version  of  the  theory  which  exhibits  a  yield  surface  and  was  introduced 
earlier  in  Chapter  2  is  considered  in  greater  detail,  particularly  for  the  case  of 
plastically  incompressible  solids. 

3.1  Summary  of  Basic  Equations  for  Compressible  Plastic  Solids. 

The  equations  that  describe  the  behavior  of  compressible  plastic  solids  (without 
dilatant  capability)  were  given  in  the  previous  section.  Here  we  recall  these  relations 
for  reference.  They  consist  of  (i)  the  shear  and  volumetric  constitutive  response 
Eqs.  (3-1)  and  (3-2)  —  previously  Eqs.  (2-87)  and  (2-88): 


5  = 


de* 


't2*  -  l')iT  d2' 


(3-1) 
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(3-2) 


3-1 


-«! 


subject  to  the  constraints: 

P( o)  =  ^ (o)  =  »  (3-3) 

and 


rzH 

p(z')dz‘  <  «  ,  ^(z')dz'  <  • 

o  o 


(3-4) 


for  all  finite  z  and  z^:  (ii)  the  equations  relating  the  increment  in  the  plastic  strain 
tensor  to  the  increment  of  the  total  strain  tensor  —  previously  Eqs.  (2-66a).  (2-66b) 
and  (2-67a.b): 

dgP  =  de  -  dg/2/*o  (3-5) 

dep  =  de  -  d(7/KQ  (3-6) 


where  u  is  the  elastic  shear  modulus  and  K  the  elastic  bulk  modulus,  both  of  which 
o  ,  o 

need  not  be  constant:  (iii)  the  definition  of  intrinsic  time  for  rate  independent, 
isotropic,  materials  --  previously  Eq.  (2-147)  --  which  we  write  in  the  form: 


2 

♦ 


(3-7) 


* 

where  was  set  equal  to  unity  and  a  =  k:  and.  (iv)  the  equations  defining  the 
intrinsic  time  scales  zs  and  zH  --  previously  Eqs.  (2-57a.b): 


dz 


_  dz 
dzH  "  kF 


H 


(3-8a,b) 


The  presence  of  k  in  Eq.  (3-8b)  insures  that  the  hydrostatic  response  is  independent 
of  the  value  of  k. 


-  i 

*  Setting  Aj  equal  to  unity  merely  defines  the  unit  of  intrinsic  time,  just  as  the 
"second"  defines  the  unit  of  time  in  the  Newtonian  time  scale. 
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3.2  Equations  for  incompressible  Plastic  Isotropic  Solids. 

3.2.1  General  Considerations. ' 

These  solids  are  idealizations  of  reaiity  in  the  sense  that  they  are  infinitely 
resistant  to  hydrostatic  plastic  deformation.  They  provide  a  good  representation  of 
the  hydrostatic  response  of  metals.  Thus  they  are  characterized  by  the  property 

ep  =  0  (3-9) 


and 


*(2h)  *  " 


(3.10) 


The  integral  on  the  right-hand  side  of  Eq.  (3-2).  therefore,  becomes  indeterminate  and 
a  is  determined  from  the  elastic  hydrostatic  response,  which  is  given  in  Eq.  (3-6).  by 
setting  dep  =  0.  i.e.. 

da  =  Kode  (3-11) 


Also  the  hydrostatic  time  scale  zH  becomes  redundant  and  Eqs.  (3-1)  to  (3-8)  simplify 
considerably  into  the  form  of  Eqs.  (3-12)  to  (3-16): 
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s  dep 

c(l.  -  O  w  iz' 


(3-12) 


da  =  K  de 
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dz  = 


(3-15) 


dzg  =  dz/Fg 


(3-16) 
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Certain  observations  are  in  order.  Equations  (3-13)  and  (3-14)  allow  for  non¬ 
linear  (albeit  elastic)  shear  and/or  hydrostatic  response  in  that  and  Kq  may  be 
functions  of  the  invariants  of  the  elastic  strain  tensor.  In  metals,  to  which  the  above 
equations  are  applied  most  frequently  /*  and  Kq  are  considered  constants.  In  the 
case  of  elastic-plastic  interaction  /*  and  Kq  may  also  depend  on  other  quantities 
associated  with  plastic  deformation,  the  only  constraint  being  that  they  should  remain 
invariant  with  a  rotation  of  the  material  frame  of  reference  to  satisfy  the  condition  of 
isotropy  in  the  reference  configuration. 

Equation  (3-16)  allows  for  hardening  and/or  dependence  of  the  shear  response  on 
the  hydrostatic  stress.  This  is  done  simply  by  setting 

Fs  =  Fs(«,z)  .  (3-17) 


In  the  case  of  metals,  the  shear  response  is  virtually  independent  of  the  current 
hydrostatic  stress  particularly  for  small  levels  of  the  latter,  so  that  with  good  accuracy 
one  can  set 

Fs  =  Fs(z)  .  (3-18) 

The  above  comments  pertaining  to  metals  can  be  summarized  by  the  following 
three  realistic  hypotheses  which  are  generally  adopted  in  theories  of  plasticity  of 
metals: 

(i)  Under  moderate  hydrostatic  stress  (of  the  order  of  the  yield  stress 
in  tension)  the  hydrostatic  response  of  metals  is  elastic.  Thus  in 
constitutive  terms: 

a  =  function  of  invariants  of  e. 

In  the  literature,  Eq.  (3-13)  is  usually  adopted  where  Kq  is  a 
constant. 

(ii)  A  moderate  hydrostatic  stress  does  not  affect  the  mechanical 
response  in  shear.  Thus: 

F  is  not  a  function  of  a. 


I  « 
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(iii)  Shearing  at  constant  hydrostatic  stress  does  not  cause  a  change  in 
the  hydrostatic  strain.  Again  in  constitutive  terms,  this  is  a 
consequence  of  the  fact  that 

dz  =  | |dep| |  (3-19) 

so  that  the  shear  response  is  completely  autonomous  and 
independent  of  the  hydrostatic  deformation. 

In  reality  the  above  idealizations  are  only  approximately  true.  For  instance,  it  is 
found  that  in  the  case  of  metals,  the  shear  stress  response  is  affected  somewhat  by 
the  presence  of  a  compressive  hydrostatic  stress  in  the  sense  that  the  yield  stress  in 
shear  is  raised  [].  In  endochromc  plasticity  terms  the  implication  is  that  the  entire 
monotonic  shear  stress-strain  curve  is  "elevated".  On  the  other  hand,  we  have  found 
F  to  be  a  slowly  varying  function  of  z.  Under  monotonic  loading  conditions  the 
curvature  and  shape  of  the  shear  (or  axial)  stress-strain  curve  are  almost  entirely  due 
to  the  form  of  the  kernel  function  ^(z).  and  are  affected  to  a  lesser  degree  by  the 
hardening  function  F  .  The  conclusion  is  that  under  monotonic  loading  conditions  one 
may.  as  a  first  approximation,  consider  F$  to  be  independent  of  z. 

3.2.2  An  Illustrative  Example:  Pure  Shear. 

In  view  of  the  above  observation  for  metals,  let  us  apply  Eqs.  (3-12)  -  (3-16)  to 
the  case  of  monotonic  loading  in  pure  shear  under  a  constant  compressive  stress. 
Thus  we  consider  the  shear  response  of  a  metal  in  the  presence  of  constant  o  and 
set: 

Fs  =  Fs(»)  (3-20) 

In  this  case 


0  d7P/2  0 

dep  =  d7P/2  0  Q  (3-21) 

.0  0  0. 
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Thus,  in  view  of  Eq.  (3-15),  it  follows  that 


dz  =  J|"c 


(3-22) 


Also  the  stress  tensor  g  is 


fO  r  0) 


s  =  r  0  0  , 


(3-23) 


lO  0  OJ 


so  that,  in  view  of  Eq.  (3-12)  and  (3-21).  we  find 


-i  n 


2)d^ dz 


(3-24) 


Hence,  the  use  of  Eq.  (3-16)  and  Eq.  (3-22)  in  Eq.  (3-24)  leads  to  the  result: 


-  z'ldz" 


(3-25) 


Let  M(zg)  be  given  by  the  expression: 


M(zs)  *  P(z') dz 


(3-26) 


Then  a  simple  change  of  variable  in  Eq.  (3-25)  gives 


T  ■  II  %M(2s)  • 


(3-27) 


where  in  view  of  Eqs.  (3-16)  and  (3-22) 
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(3-28) 


By  combining  Eqs.  (3-27)  and  (3-28).  we  find 


r  = 


i.  p  u 
2  s  M 


1  7P 

2  7 


(3-29) 


Equation  (3-29)  illustrates  the  way  in  which  the  hydrostatic  stress  affects  the  shear 
response  through  the  fur  tion  F  .  Specifically,  in  the  particular  case  where  r  tends  to 
a  constant  rw  as  7  tends  to  infinity,  it  follows  from  Eq.  (3-29)  that 


r  = 


-  F  M 
2  s 


(3-30) 


B 


Equation  (3-30)  demonstrates  how  the  functional  form  of  Fs(o)  may  be  determined 

from  shear  stress-strain  tests  which  reveal  the  manner  in  which  r  varies  with  o. 

00 

Equation  (3-29)  provides  an  illustration  of  the  way  in  which  the  endochronic 
theory  predicts  the  form  of  the  monotonic  shear  stress-plastic  strain  curve.  For 
instance  let  F  s=  1  at  some  reference  value  of  the  hydrostatic  stress.  Then 
Eq.  (3-29)  becomes 


(3-31) 


The  function  M  describes  the  form  of  the  stress-strain  curve  in  a  general  way  which 
does  not  pre-empt  the  existence  or  otherwise  of  a  yield  point.  We  note,  in  regard  to 
Eq.  (3-26).  that  a  yield  point  (or  surface)  will  exist  if  p{z)  contains  a  delta  function, 
as  discussed  earlier  in  Chapter  2  (see  Eq.  (2-101)).  Thus  while  the  theory  does  not 
depend  on  the  yield  point  or.  more  generally,  on  the  yield  surface  for  its  existence  it 
can  accommodate  such  material  models  without  difficulty. 

3.2.3  Cautionary  Comments. 

The  above  derivation  leading  to  Eq.  (3-31)  is  predicated  on  two  conditions  which 
we  wish  to  discuss.  The  first  has  already  been  discussed  and  has  to  do  with  taking 
Fs  to  be  independent  of  z.  This  is  an  approximation  that  has  been  used  only  for  the 


3-7 


sole  purpose  of  obtaining  a  closed  form  solution  to  a  specific  example.  F^  is  a  slowly 
varying  function  but  its  role  is  essential  and  becomes  more  so  under  cyclic  conditions 
leading  to  large  values  of  z.  For  instance  cross-hardening,  which  is  defined  as 
hardening  in  shear  due  to  previously  applied  plastic  tensile  strain  (or  vice  versa)  is 
due  to  the  dependence  of  Fg  on  z. 

The  second  condition  has  to  do  with  material  prehistory,  i.e..  the  strain  history 
to  which  the  material  has  been  subjected  prior  to  its  present  state.  If  the  material 
prehistory  is  null  then  one  is  justified  in  setting  z  equal  to  zero  at  the  initiation  of 
the  deformation  and  the  above  analysis  is  valid.  If  not.  the  prehistory  must  be 
known  otherwise  the  integral  on  the  right-hand  side  of  Eq.  (3-26)  cannot  be 

evaluated.  These  questions  will  be  addressed  in  greater  detail  later  in  Chapter  5. 

where  history-induced  anisotropy  is  discussed. 

3.2.4  The  Kernel  Function  />(z). 

At  this  stage  the  reader  may  be  wondering  how  one  can  determine  the  form  of 
M  or.  in  a  more  basic  sense  the  form  of  p(z).  Again  this  question  will  be  answered 
in  its  generality  in  Section  3.3.  However,  to  satisfy  the  reader's  curiosity  at  this 
stage  we  note,  that  when  the  above  conditions  do  apply.  Eq.  (3-26)  may  be  used  to 
determine  the  kernel  function  p[z)  by  simple  differentiation.  To  this  end  we  set 
zs  =  z  when  F?  =  1.  Then  it  follows  from  Eq.  (3-26)  that 

pW  =  fj  •  (3-32) 

In  a  monotonic  pure  shear  experiment  t{jp)  is  determined  and  known.  Thus  dr/d7P 
is  also  a  known  function  of  7P.  say  R(7P).  If  we  now  make  use  of  Eqs.  (3-22)  and 
(3-27).  it  follows  that 

dM  _  1  R(p]  (3-33) 

dz  ”2  1 

or 
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Thus,  upon  use  of  Eq.  (3-32): 


p( 2)  =  |r(/2  2) 


(3-34) 


3.2.5  Special  Form  of  p( z):  The  Ramberg-Osgood  Relation. 

The  stress-plastic  strain  curve  of  annealed  metals  (be  it  shear  or  axial)  has  been 
observed  (Ramberg-Osgood)  to  obey  a  power  law  which,  though  empirical,  seems  to 
be  valid  over  a  substantial  range  of  strain,  the  actual  domain  of  plastic  strain  being  a 
function  of  the  particular  metal  at  hand.  Thus  with  specific  reference  to  the  case  of 
shear,  the  reaction  between  r  and  'f  is  of  the  form: 


r  = 


(3-35) 


where  and  a  are  material  constants.  Moreover  a  is  always  less  than  unity  (to 
satisfy  convexity)  and  equal  to  about  0.85  for  most  metals. 

It  is  easy  to  demonstrate  that  Eq.  (3-35)  is  a  consequence  of  a  special  form  of 
p(z  ).  given  in  Chapter  2.  obtained  from  Eq.  (2-111)  by  setting  r  =  0.  This  form  is 
given  by  Eq.  (3-26): 

P(*J  =  Vs“  i  0  <  fl  <  1  (3-36) 


Thus,  using  Eqs.  (3-26)  to  (3-28) 


M 


1-a 

z 
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and 


r 


Ffl 


(3-37) 


(3-38) 


which  is.  of  course,  the  Ramberg-Osgood  relation  where 


In  the  above  derivation  a  was  assumed  constant  and  F$  was  taken  to  be  independent 
of  z  which  is  a  reasonable  approximation  over  the  range  of  validity  of  the  Ramberg- 
Osgood  relation. 

We  point  out  that  Eq.  (3-35)  cannot  be  true  of  metals  which  exhibit  an  ultimate 
stress  as  7P  becomes  large  since 


I  im  (y*5] 1-0  =  «  . 

<yP-MO 


(3-40) 


The  basic  question  of  materials  which  exhibit  an  ultimate  stress  (or  ultimate  surface) 
is  taken  up  in  the  next  subsection. 

3.2.6  Materials  with  Ultimate  Stress. 

The  question  of  ultimate  stress  will  be  examined  first  in  the  context  of  a  one¬ 
dimensional  stress  response  in  the  presence  of  constant  hydrostatic  stress.  In  the 
case  of  metals  the  effect  of  the  hydrostatic  stress  on  the  response  is  really  a  moot 
one  for  moderate  a,  since  this  effect  is  weak.  In  any  event,  we  shall  set  Fs  =  Fs(z) 
in  which  case 


z 

s 


dz' 

%<z>  ' 


(3-41) 


With  specific  reference  to  shear  response,  the  constitutive  equation  of  interest  is 
Eq.  (3-24).  Under  monotonic  loading  conditions  equations  (3-24)  and  (3-41)  combine 
to  give 


o 


(3-42) 


s  i  nee  now 


Fs<z>  ■  Fs!z(zs)]  *  W 


(3-43) 


In  view  of  Eq.  (3-42)  the  existence  of  an  ultimate  stress  depends  upon  whether  or 
not  the  integral  on  the  right-hand  side  of  Eq.  (3-42)  approaches  a  limit  as  ■*  ». 
Here  we  shall  consider  hardening  functions  that  have  an  upper  bound  in  the  sense 
that 
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(3-44) 


1  im 
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Although  this  is  a  mathematical  limitation  on  F  ,  it  is  one  which  is  justified  on  the 
basis  of  the  physics  of  hardening  in  metals,  hardening  is  directly  related  to  the 
density  of  dislocations  and  to  the  effect  of  the  activation  energies  of  the  motion  of 
these.  Since  the  saturation  density  of  dislocations  is  finite  and  the  activation  energies 
associated  with  their  motion  are  also  finite  the  saturation  value  of  the  hardening 
function  must  also  be  finite. 

Regarding  the  kernel  p(z  ).  we  have  already  imposed  the  condition  that  p(z  )  be 
integrable  for  all  finite  zg  toSensure  boundedness  of  the  stress  response  for  finite 
strains,  i.e.. 


p(z')dz'  <  « 


(3-45) 


Returning  to  Eq.  (3-42).  and  in  view  of  the  fact  that  p(zj  is  a  positive  integrable 
function  and  Fs  is  positive  and  bounded  from  above,  it  follows  that 


r  i 


/>(z')dz' 


o 


(3-46) 


where  the  relation 


(0(z')dz‘ 


(3-47) 


was  used.  It  follows,  therefore,  from  Eq.  (3-45)  that  the  existence  of  an  ultimate 

stress  r  .  where 
00 

rw  =  I im  r(zsJ  ,  (3-48) 

z 
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requ i res  that 


I  im  /j(z')dz'  <  » 


(3-49) 


Note  that  the  form  given  by  Eq.  (3-46)  does  not  satisfy  this  condition 
form  of  p  given  by  Eq.  (2-111)  of  Chapter  2  does.  To  wit.  the  form: 


!  However  the 


-k  z 
os  -a 

P  =  PS  K 


(3-50) 


where  pQ.  kQ  and  a  are  material  functions,  gives  rise  to  an  ultimate  stress,  since 


(  k 

f(z') dz'  =  PQe  °  (z')"adz  =  Pq 

k 

o  Jo 


(3-51) 


where  T  is  the  complete  Gamma  function.  Thus  in  view  of  Eq.  (3-46) : 


T  <  [i  F  p  ^  ^ 

•  -  \2  r«  P0  ,1  -a 


(3-52) 


and  an  ultimate  stress  exists.  In  fact  one  can  show  that 


r  a  [I  F  p 

T»  "  42  «  po  ,1-a 


(3-53) 


3.2.7  Constitutive  Equation  for  Uniaxial  Loading. 

Under  conditions  of  uniaxial  loading,  the  stress  and  plastic  strain  tensors  are 
given  by  the  following  expressions: 


k  o  o] 


0  0 


<7=0  o  o,g=  oc;  o 


(3-54a,b) 


0  0  0 


0  0  e 
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where  the  condition  of  isotropy  has  been  used  to  define  the  plastic  strain  field  in 
Eq.  (3-54b).  Furthermore  the  condition  of  plastic  incompressibility  must  be  satisfied, 
so  that 


(3-55) 


t 


The  deviatoric  stress  and  the  deviatoric  plastic  strain  tensors  are.  therefore,  given  by 
the  following  expressions: 


(3-56) 


■ 


(3-57) 


Use  of  Eqs.  (3-56)  and  (3-57)  in  Eq.  (3-12)  gives  the  following  "uniaxial"  constitutive 
equation: 


o 


dz ' 


(3-58) 


where 


(3-59) 


and  dz  and  dz?  by  virtue  of  Eqs.  (3-15)  and  (3-16)  are  given  by  Eqs.  (3-60)  and 
(3-61).  respectively. 
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dz 


dz 

»  *  Fs(z) 


(3-61) 


Thus  in  the  case  of  incompressible  plastic  solids,  knowledge  of  the  shear 
response  (kernel  function  p(z  )  and  hardening  function  F  (z))  is  sufficient  to  determine 
the  constitutive  response  unrfer  conditions  of  axial  stressS. 

3.3  Uniaxial  Constitutive  Response  to  Complex  Strain  Histories. 

3.3.1  Simple  Unloading. 


In  classical  plasticity  theories  the  problem  of  unloading  requires  special  attention. 
Though  more  will  be  said  about  this  later  in  the  book,  we*  deal  with  the  problem 
briefly  in  this  section  so  that  the  reader  can  appreciate  the  basic  differences  between 
the  endochronic  theory  without  a  yield  surface,  and  classical  plasticity  which  is 
founded  on  the  notion  of  a  yield  surface. 

Let  a  yield  surface  be  given  by  Eq.  (3-62)  in  the  six-dimensional  stress  space  g 
for  fixed  values  of  g  and  k: 

f(jj,jj,k)  =  0  (3-62) 

where  g  and  k  are  internal  structure  parameters,  i.e.,  internal  variables.  The  outward 
normal  q  to  the  yield  surface  is  given  by  the  expression: 


D  * 


9f 

"  u 
a2 


(3-63) 


An  increment  in  stress  dg  is  said  to  constitute  "loading",  in  the  sense  of  producing  a 
plastic  strain  increment  dgp.  if 

fl  •  dg  >  0  .  (3-64) 

•4 
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Conversely,  the  response  is  said  to  be  elastic  if 


fl  •  d£  <  0 


(3-65) 


In  colloquial  geometric  language,  loading  takes  place  when  the  stress  increment  vector 
points  outwards  relative  to  the  yield  surface,  while  unloading  occurs  when  dg  points 
inward.  Neutral  action  —  but  still  elastic  response  —  occurs  when  dg  is  in  the 
tangent  plane  passing  through  the  point  of  origin  of  dg. 

M 

In  endochronic  plasticity  without  a  yield  surface.  such  rules  are  unnecessary. 
In  the  case  of  one  dimension,  which  is  of  interest  in  this  section,  two  possibilities 
exist:  either  dep  is  positive  or  negative.  Using  Eq.  (3-60)  we  find  that  in  the 
former  case  dep/az  =  -+-J2/3  while  in  the  latter  case  dep/d2  =  2/ 3 .  However, 

and  dep  have  tne  same  sign.  Thus  we  have  the  following  conditions: 

d6l  [2 

> 0  •  sr  -  *  If 

(3-66a,b) 

d£l  [2 

d£l  <  °  ;  dz  =  "  J3  • 


To  fix  ideas  consider  the  case  of  uniaxial  loading  in  which  the  strain  is  increased 
from  zero  to  a  positive  value  e*  and  subsequently  decreased  continuously  to  its 
current  value  Simultaneously  the  plastic  strain  is  increased  from  zero  to  a  value 
epA  and  subsequently  decreased  to  its  current  value  ep.  To  keep  the  analysis  simple 
we  set  Fs  =  1.  so  that  zs  =  z.  Then,  using  Eq.  (3-58)  and  Eqs.  (3-66a,b),  we 
obtain  the  following  result. 


An  exception  is  the  perfectly  plastic  body  with  a  stationary  yield  surface.  In 
this  case  neutral  loading  produces  changes  in  the  plastic  strain  tensor. 

A  version  of  the  theory  with  a  yield  surface  is  admissible  and  will  be  discussed 
later  in  Section  3.6. 
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ZA 

ffl  =  - 

2 

3 

E(z  -  z')dz'  -  J| 

• 

o 

E(z  -  z')dz' 


(3-67) 


At  this  point  we  recall  Eqs.  (3-26)  and  (3-59)  whereby 


fZ 

E(z')dz'  =  |  M(z) 
o 


(3-68) 


Use  of  Eq.  (3-68)  in  Eq.  (3-67)  gives  the  following  explicit  relation  for  a  : 


§  (m(z)  -  2M(z  -  zj] 


(3-69) 


At  this  juncture  it  is  instructive  to  give  the  relation  between  and  z.  This  is 

obtained  simply  by  integrating  Eqs.  (3-66a.b).  In  the  range.  0  <  e p  <  epA; 
dfj/dz  =  +  ve  and  ep  is  given  by  the  expression. 


e 


P 

1 


(3-70) 


while  in  the  range:  ep  <  epA:  dep/dz  =  -  ve.  and  ep  is  given  by  the  expression 


_  ,pA  _ 

■  4  V  «  • 


§  (« 


(3-71) 


where 


€PA  .  2 
i  h  za 


(3-72) 


The  range  of  interest  here  is  the  one  governed  by  Eq.  (3-71). 

Thus  using  Eqs.  (3-71)  and  (3-72)  in  Eq.  (3-69)  we  find  the  following  relation 
between  and  ep: 
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- 11  Hu  KA  -  4  -  Hl^  -  <?)]) 


(3-73) 


More  simply,  if  we  set  a  =  /2/3  o ^  ep 
simple  relation: 


=  f3/2  ep.  then  Eq.  (3-73)  becomes  the 


*  M(2^  -  - »(' 


?A-i 


(3-74) 


a  plot  of  rrji  cj  versus  z  is  shown  in  Figure  3.1  and  correspondingly  a  plot  of 
4  2 /3  a1  versus  J  3/2  ep  is  shown  in  Figure  3.2  for  the  case  in  which 


E(z)  =  -2  ;  a  =  0.864  ;  E  =  260  ksi 
a  o 

z 


(3-75) 


Experimental  data  by  Halford  and  Morrow  (3.1j  are  also  shown  for  comparison. 

Of  particular  interest  is  the  case  when  is  so  large  that  Mfe^)  is  virtually 
saturated  and  equal  to  M^.  In  this  case  M(2e£  -  e£)  remains  practically  constant 
during  unloading  and  subsequent  compression  and  almost  equal  to  M#.  Under  these 
conditions  Eq.  (3-74)  becomes 


»  -  M„  -  2M(?J  -  ?]  . 


(3-76a) 


Specifically  if  one  regards  point  A  as  the  new  origin,  and  a*  and  ep  are  values 
of  stress  and  plastic  strain  measured  from  A,  then 


■'  * »(«!) 


(3-77) 


i.e..  for  a  certain  strain  measured  from  A,  the  stress  measured  from  A  is  equal  to 
twice  the  stress  obtained  during  the  monotonic  testing  for  the  same  value  of  the 
strain.  This  is  an  important  feature  of  the  theory. 
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Figure  3.2. 


Loading-unloading  stress-plastic  strain  curve. 
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3.3.2  General  Uniaxial  Histories. 


The  most  general  uniaxial  history  consists  of  a  set  of  unloadings  and  reloadings 
ad  infinitum.  The  time  interval  [O.z)  consists  of  subintervals  [O.z.).  •••[z  ,z  ) 


•••.[z^.z).  If  the  initial  loading  is  tensile  then 


~  =  ♦  1  ;  0  <  i  <  Zj 


and,  in  general,  we  can  write 


,-p 

dT  =  "  1  ;  2r-l  *  2  <  zr  '  r  even 


z  .  <  z  <  z  ,  r  odd 
r-1  r' 


Thus,  in  a  generic  interval  z^  <  z  <  Zf  the  following  relation  will  always  apply 


signum 


(3-78) 


Again,  if  F  =1  (no  hardening),  one  uses  Eqs.  (3-58)  and  (3-78)  to  obtain  the 
following  relation  between  o  and  the  history  of  ep: 


o  =  M(z)  -  2M£z  -  z^  ♦  2M£z  -  Zg)  -  ••• 


'  ♦  2M(z 
-  2M(z 


z^j ,  n  odd 


z^J ,  n  even 


3.3.3  Stress  Response  to  Uniaxial  Cyclic  Histories. 


(3-79) 


in  recent  years,  cyclic  plasticity,  which  deals  with  the  rate-independent  inelastic 
response  of  materials  (metals)  to  cyclic  stress  or  strain  histories,  has  become  an 
important  subject  of  research  in  applied  mechanics  and  engineering  design  Past 
experimental  work,  theoretical  studies,  and  engineering  analysis  are  well  documented  in 
the  literature.  For  details  see,  typically,  references  [3 . 1  j  to  [3.6J. 
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On  the  basis  of  existing  experimental  results,  one  concludes  that  generally,  when 
subjected  to  symmetric  stress  or  strain  cycles,  annealed  or  soft  materials  will  harden 
and  will  tend  to  a  stable  response,  while  cold-worked  or  hard  materials  will  soften. 
When  a  stable  response  is  reached,  hysteresis  loops  in  the  stress-strain  space  become 
stable,  closed,  and  symmetric.  This  has  led  to  the  definition  of  a  cyclic  stress-strain 
curve  which  is  the  locus  of  the  tips  of  stable  hysteresis  loops. 

Also,  in  the  presence  of  a  history  of  unsymmetric  stress  cycles,  the  material 
response  involves  a  progressive  increase  of  plastic  strain,  the  direction  of  which  is 
determined  by  the  algebraic  sign  of  the  mean  stress.  This  phenomenon  is  called 
cyclic  "ratcheting".  On  the  other  hand,  a  history  of  symmetric  cyclic  straining 
relative  to  a  nonzero  mean  strain  will  result  in  "cyclic  relaxation”  toward  ze.o  mean 
stress.  Both  phenomena  occur  whether  or  not  the  material  response  has  been 
stabilized  prior  to  these  specific  tests(3.7]. 

Under  variable  amplitude  cycling,  metals  have  a  strong  memory  of  their  most 
recent  point  of  load  reversal.  As  the  number  of  cycles  increases,  effects  of  prior 
plastic  history  tend  to  disappear.  More  precisely  a  material  has  a  "fading"  memory, 
in  terms  of  the  intrinsic  time  scale  z.  of  the  history  of  plastic  deformation  that 
preceded  the  cyclic  history  [3.8],  as  the  latter  progresses. 

In  this  section  we  shall  show  that  the  endochronic  theory  predicts  the  above 
response  characteristics  in  a  simple  and  consistent  fashion.  The  theory  will  also  be 
validated  in  a  broader  sense  by  means  of  demonstrated  agreement  with  the  observed 
cyclic  response  of  (i)  normalized  mild  steel  to  variable  uniaxial  strain  amplitude 
histories,  and  (ii)  Grade  60  steel  to  a  random  strain  history. 

Analysis. 

We  begin  with  Eq.  (3-58).  i.e.. 


“i  * 


E(i 


d2' 


O 


(3-80) 
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where  in  the  remainder  of  this  section  we  will  substitute  z  for  z$  and  f  for  z  to 
simplify  the  notation.  Recall  that 


dz  =  fjw 


(3-81a , b) 


Before  proceeding  with  the  application  of  Eq.  (3-80)  to  the  histories  of  interest,  we 
make  certain  general  observations  which  have  particular  application  to  metals  such  as 
mild-steel. 

There  are  basically  two  items  of  concern:  (i)  the  prehistory,  i.e.,  the  strain 
history  to  which  the  specimen  has  been  subjected  prior  to  the  uniaxial  test  and 
(ii)  the  hardening  function  Fs(z).  Item  (i)  is  unknown  and  item  (ii)  can  be 
determined  experimentally  as  discussed  in  Section  3.4.2.  The  histories  of  interest  are: 
the  prehistory  H  .  the  cyclic  strain  history  (at  constant  amplitude  and  zero  mean 
strain),  and  the  post-cyclic  history  H2  (following  a  saturated  response).  In  general 
the  prehistory  Hq  is  not  known  but  this  is  one  case  where  it  can  be  treated 
rigorously.  Thus  we  write  Eq.  (3-80)  in  the  form: 


= 


rzo  deP 

E(z  -  z)  ^  dz' 

f2i  r 

♦ 

E(z  -  z')  ^  dz'  ♦ 

• 

E(z  -  z) 


i !i 

dz' 


dz' 


(3-82) 

where  z  =  0  is  the  temporal  origin  of  the  prehistory,  zq  is  the  "time"  of  initiation  of 

the  uniaxial  test  and  z ^  is  the  time  of  termination  of  tne  cyclic  test  at  which  steady- 

state  response  has  been  observed.  Of  course  e*(z)  in  the  interval  0  <  z  <  zo>  is  not 

known.  Also  not  known  is  whether  F  has  reached  saturation  at  or  before  z  .  or  not 

s  o 

at  all.  For  this  reason  we  define  an  intrinsic  time  z*  at  which  Fs  becomes  essentially 
constant,  i.e.. 

Fs(z)  =  Fs(z*)  (3-83) 


for  all  z  >  z*.  Equation  (3-83)  can  now  be  written  in  the  form 


-  dz' 


-  z')t^  dz' 


2'>dF  d2 


(3-84) 


We  emphasize  that  Fs  =  constant  =  1  (say)  for  z  >  z*. 

Consider  now  the  first  integral  on  the  right-hand  side  of  Eq.  (3-84).  and  let 


z)  177  dz 


Evidently  since  Fs  is  monotonically  increasing 


r2*  d£? 

I0<Fs(z.)  E(z  -  z  )  dz- 


But  since  Fs(z*)  =  1  and  Ide^/dz'l  =  J 2/3.  it  follows  that 


Io  <  Jf  E(z  -  z)  dz' 


or,  recalling  Eq.  (3-68), 


(3-85) 


(3-86) 


(3-87) 


IQ  <  J|[M(z)  -  M(z  -  z*)] 


(3-88) 


It  wil!  be  shown  later  in  Section  3.4.1  that  because  M(z)  is  convex  (see 
Eq.  (3-149)): 


I im  {M(z  )  -  M(z  -  z*)}  =  0 

2+  oo 


(3-89) 


We  presume  that  zt  must  be  very  large  for  the  response  to  reach  steady  state  and 
since  z  >  z^  the  contribution  of  Iq  to  a  can  be  ignored.  In  fact,  Eq.  (3-89)  is  the 
mathematical  statement  of  "fading  memory"  in  the  sense  that  the  effect  of  the 
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prehistory  "fades"  with  time  and  asymptotically  vanishes,  thus  having  negligible  effect 
on  the  steady  response. 

Thus,  Eq.  (3-84)  becomes 


= 


E(z  - 


*')dT  dz'  * 


Z* 


d£l 

E(z  -  z')^4  dz 


(3-90) 


where  now 


Fs  =  1  ;  dz  =  d£  = 


(3-91) 


Moreover  because  of  Eq.  (3-91)  the  origin  of  the  time  scale  can  be  shifted  at  will,  so 
that  we  may  take  z*  =  0.  in  which  event 


fZl 


a,  = 


E(z  - 


Oj4  dZ- 


E(z  - 


Z')j4  dz- 


(3-92) 


The  time  of  initiation  of  the  post-cyclic  history  is  the  time  z 1  above,  which  is  always 
assumed  to  be  sufficiently  large  for  a  steady  response  to  have  been  reached. 


Uniaxial  Cyclic  Strain  History  at  Constant  Amplitude. 


Let  us  now  consider  the  class  of  metals  whose  asymptotic  stress  response  to 
sustained  cyclic  strain  histories  at  constant  strain  amplitude  is  a  periodic  stress 
history  with  constant  amplitude  A  a  In  other  words,  there  exists  a  z#  and 

characteristic  values  z  of  z  such  that 


a 


1 


lZr 


(3-93) 


for  all  zf  >  zw.  Thus  in  a  uniaxial  test  of  this  type,  and  for  z  >  zM.  the  axial 
plastic  strain  amplitude  Ae^  is  also  constant  and  given  by  the  following  equation: 

A  o. 

Ael  =  Ael  ’  E  (3'94) 


ft 


ft 


ft 
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where  E  is  the  elastic  Young's  modulus.  This  observation  is  central  in  calculating  the 
asymptotic  stress  response  to  cyclic  strain  histories  at  constant  amplitude.  In 
consequence,  we  may  regard  the  post-cyclic  history  in  Eq.  (3-92)  as  a  cyclic  history 
with  constant  plastic  strain  amplitude  and  thus  set  =  z^.  We  now  observe  that 
the  first  integral  on  the  right-hand  side  of  this  equation  has  the  same  properties  as 
the  integral  in  Eq.  (3-85).  Thus  following  the  same  procedure  we  find 


E(z  - 


2>  5T  d2' 


[IN  -  M(2  -  *.)] 


(3-95) 


Hence  we  utilize  Eq.  (3-89)  and  observe  that  the  integral  on  the  left-hand  side  of 
Eq.  (3-95)  goes  to  zero  as  z  tends  to  infinity.  Thus  for  z  >>  zw  (i.e..  in  an 
asymptotic  sense) 


a,  - 


E(z  - 


«■«? 

2'>  dz 


(3-96) 


with  the  important  qualification  that  the  history  in  the  above  equation  is  one  in  which 
the  plastic  strain  amplitude  is  constant.  Again  since  F  =  1  we  may  reset  the  origin 
of  integration  to  zero  so  that 


I  im  z+« 


where  AeJ  is  constant  and  given  by  Eq.  (3-94). 

The  following  relation  is  obtained  by  virtue  of  Eqs.  (3-78)  and  (3-97) 

I 


i 


del 

E(z  -  z')  gjr  dz' 


(3-97) 
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*1  = 


I  im 
n-»* 


n 

z 

i=l 


E(z  -  z * )  dz' 


fZ 

-  (-l)n 

|  E(z  -  z')dz' 

* 

Zn  j 

(3-98) 


where  z  =  0 . 
o 


Application  to  Normalized  Mild  Steel. 

It  was  found  that  in  the  case  of  normalized  mild  steel,  the  appropriate  form  of 
the  kernel  E(z)  is: 


E(z)  =  Eq 


(3-99) 


The  manner  in  which  E  and  a  were  determined  will  be  discussed  in  that  which 
follows.  In  view  of  Eq.  f3-99).  Eq.  (3-98)  becomes 


I  im 

z  -*« 
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E 
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1-a 


z1-a  ♦ 


2  Z  (-D'fz 

i=l  V 


(3-100) 


Use  of  Eq.  (3-78)  together  with  the  fact  that  z  =  £  leads  to  the  following  expression 
for  z: 


(3-101) 


where  the  minus  sign  is  used  for  n  odd  and  the  plus  sign  for  n  even.  In  particular. 


z 

n 


[§  (2n  -  1)  AeJ 


(3-102) 


At  this  point  we  use  Eqs.  (3-100).  (3-101)  and  (3-102)  to  find  the  following  closed 
form  solution  for  a  : 
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r  (l)“/2r^s 

n 


where: 


x  = 


and 


(3-103) 


(3-104) 


i  n  •  i 

F  (a,x)  =  (2n  *  x)l~a  ♦  2^1  (-1)  '  (2n  -  2i  ♦  1  ±  x)1-®  (3-105) 

i  =1 

where,  as  above,  the  minus  sign  applies  to  n  odd  and  the  plus  sign  to  n  even. 

The  algebraic  value  A of  the  peak  stress  is  found  by  setting  x  =  1  for  n  odd 
or  x  =  -1  for  n  even  in  Eq.  (3-105),  and  letting  n  -*■  ».  Thus: 


(2) 0/2  Eo 

ISJ  1  -  a 


(3-106) 


where 


I  ft 
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im 

n+<* 


Fn(a) 


(3-107) 


It  can  be  shown  (3.8]  that  Fn(a)  tends  to  a  constant  F00(a)  as  n  tends  to  infinity, 
the  constant  depending  on  the  value  of  a.  Eq.  (3-106)  is  the  theoretical  form  of  the 
"cyclic"  stress-plastic  strain  curve  which  is  basically  a  plot  of  the  asymptotic  peak 
stress  Ao^  versus  the  amplitude  of  plastic  strain  Ae^. 

At  this  point  we  test  the  theory  vis-3-vis  experimental  data  on  normalized  mild 
steel  [3.7].  In  reference  [3.7],  a  set  of  stable  uniaxial  hysteresis  loops  corresponding 
to  various  constant  strain  amplitudes  was  presented  in  the  uniaxial  stress-strain  space. 
These  data  appear  in  Figure  3.3  where  triangles  denote  experimental  points.  A  propos 
of  the  ensuing  theoretical  predictions  we  note  that  the  geometric  shape  of  the  loops  is 
given  by  Eq.  (3-103).  whereas  the  peak  stresses  are  given  by  Eq.  (3-106).  We  also 
note  that  there  are  only  two  undetermined  parameters  in  these  equations:  a  and  E^. 


3-27 


The  foim  of  Eq.  (3-106)  is  corroborated  by  means  of  a  plot  of  the  experimental 
values  of  log  A versus  log  Ae£.  This  plot  gives  rise  to  a  straight  line  as  shown  in 
Figure  3.4  and  thereby  determines  the  constants  a  and  E  which  were  found  to  be 
0.864  and  107.6  MPa  (15.61  ksi).  respectively. 

These  values  were  then  used  in  Eq.  (3-103)  to  give  the  shape  of  the  stable 
hysteresis  loops  for  large  n  (say  n  >  25).  Agreement  between  theory  and  experiment 
is  shown  in  Figure  3.3  for  all  experimental  amplitudes  Ae^  One  observed  that  the 
agreement  between  theory  and  experiment  is  remarkable. 

Regarding  these  results,  we  will  note  that  two  constants  are  sufficient  to 
determine  the  cyclic  stress-(plastic)  strain  response  as  well  as  the  hysteretic  cyclic 
behavior  of  normalized  mild  steel.  It  is  also  pertinent  to  mention  that  the  analytical 
expressions  involved.  Eqs.  (3-103)  and  (3-106).  are  closed-form  solutions  derived  from 
a  general  constitutive  equation  pertaining  to  three-dimensional  histories.  Also  of 
importance  is  that  the  prediction  of  unloading  and  reloading  behavior  did  not 
necessitate  special  memory  or  loading-unloading  rules  but  was  dealt  with  routinely,  as 
part  of  the  total  experimental  history  of  interest.  Specifically,  the  celebrated 
Bauschinger  effect  is  predicted  quantitatively  and  correctly  from  one  and  the  same 
constitutive  equation. 

We  make,  in  passing,  an  observation  of  historical  interest.,  Equation  (3-106) 
agrees  with  the  following  empirical  relationship  proposed  by  Landgraf  [3.9]  for  steels, 
i.e. 

Aa~ (Aep) 1_a  ,  (3-108) 

where  1-a  ranges  from  0.12  to  0.17.  In  the  case  of  normalized  mild  steel.  1- 
a  =  0.136. 

3.3.4  Variable  Uniaxial  Strain  Amplitudes. 

To  extend  the  experimentally  verified  domain  of  validity  of  the  theory,  we  test  it 
under  conditions  of  variable  uniaxial  strain  amplitude  histories.  These  histories  fall 
into  two  distinct  types.  The  first  type  is  one  where  the  specimen  is  subjected  to  a 
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Figure  3.4.  Determination  of  a  and  E^. 
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constant  strain  amplitude  history  (until  a  periodic  response  is  attained)  which  is  then 
followed  by  another  (different)  type  of  history.  The  material  that  we  will  consider  is 
normalized  mild  steel  and  the  experiments  were  reported  in  Ref.  [3.7].  The  second 
type  is  a  random  uniaxial  strain  history  [3.10]  and  the  material  is  Grade  60  steel. 

Histories  of  the  First  Type. 

The  appropriate  equation  for  this  case  is  Eq.  (3-92)  where  the  first  integral  on 
the  right-hand  side  is  used  for  the  cyclic  history  and  the  second  for  the  post-cyclic 
history  Recall  that  Fs  =  1  in  both  integrals.  Three  histories  are  treated  and  these 
are  shown  in  Figures  3.5.  3.6  and  3.7.  The  corresponding  experimental  results  are 
also  shown  by  triangles.  Equation  (3-92)  was  integrated  numerically  using  precisely 
the  same  values  of  the  constants  for  normalized  mild  steel  as  found  previously.  The 
theoretical  predictions  are  shown  in  the  figures  by  the  solid  lines.  The  agreement 
between  theory  and  experiment  is  again  remarkable. 

History  of  the  Second  Type. 

This  is  a  random  uniaxial  strain  history  and  is  shown  in  Figure  3.8.  The 
experimental  results  reported  by  Dafalias  and  Popov  in  Ref.  [3.10]  are  also  shown  by 
means  of  triangles,  squares  and  circles.  Here  we  faced  the  difficulty  that  if  a 
prehistory  existed  it  could  not  be  treated  rigorously,  hence  we  assumed  that  it  was 
null.  Also  we  set  Fg  =  1  because  the  method  used  to  calculated  it  gave  that  value 
within  experimental  error.  (See  Eq.  (3-183).)  Equation  (3-79)  was  then  used  to 
predict  the  stress  response  analytically  (since  the  plastic  strain  could  be  calculated 
directly  from  the  experimental  data)  and  is  shown  in  Figure  3.8  by  a  continuous  black 
line.  The  material  parameters  E  and  a  were  determined  by  using  the  procedure  in 
Section  3.4.  (See  Eq.  ( 3- 1  §6)  and  Figure  3.9).  We  found  that  Fg  =  1. 
E  =  264.2  MPa  and  a  =  0.882.  Considering  the  complexity  of  the  history  the 
agreement  between  theory  and  experiment,  shown  in  Figure  3.8,  is  indeed  again  close. 

It  is  worthy  of  note  that  predicted  values  of  the  slopes  of  the  stress-strain  curve 
at  the  onset  of  loading  and  reloading  are  always  equal  to  Young  s  modulus 
(2.06  x  105  MPaJ.  However,  in  Reference[3.10]  those  slopes  were  assigned  a  smaller 
value  (1.64  x  10*  MPa)  than  the  Young’s  modulus  to  account  for  "softening”.  This 
has  not  been  necessary  in  the  present  case. 
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Figure  3.5  Uniaxial  stress  response  of  normalized  mild 
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3.3.5  Cyclic  Relaxation. 


As  a  final  example  we  consider  the  case  where  the  uniaxial  plastic  strain  is 
increased  monotonically  to  a  value  ep.  and  is  followed  by  a  cyclic  uniaxial  strain 
history  with  amplitude  Aep  about  a  mean  value  ep. 

To  calculate  the  stress  response  to  this  specific  class  of  histories  we  use 
Eq.  (3-79).  The  cyclic  strain  history  is  shown  in  Figure  3.10.  With  reference  to  this 
figure,  we  make  the  following  definitions: 

cp  =  ep  ♦  Aep 
♦  o 

(3-109) 

ep  =  ep  -  Aep 
-  o 

(3-110) 

The  value  z.  of  z  at  the  ith  reversal,  is  found  from  Eq.  (3-81b).  Thus 

*5  =  H  [eo  +  <2i  “  ^  Ae1  '  1  *  2> 

(3-111) 

After  n  reversals  have  been  completed,  the  value  of  z  at 

the  current  strain  ep  is 

«  ■  Ji  (*»  *<p  *  <:  ■?} 

(3-112) 

where 

Ip  =  ep  -  ep 

o 

(3-113) 

and  the  minus  and  plus  signs  correspond  to  n  odd  and 
response  after  n  reversals  is  found  upon  using  Eqs. 
Specifically,  we  find  that 

even,  respectively.  The  stress 
(3-58).  (3-111)  and  (3-112). 

/A.  ci/2  E  /  >l~(x 

'■(8  1->£P]  Fn(“'Vx] 

(3-114) 
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o(MPa) 


where 


Fr,(“'V,‘)  *  (2n  *  *o  * x) 


1  -a 


*  2  £  (-1)'  (2n  -  2i  ♦  1  *  x) 
i=l 


1-a 


(3-115) 


and 


x 


o 


(3-116) 


x 


(3-117) 


If  n  is  odd.  x  varies  from  1  to  -1.  while  if  n  is  even,  x  varies  from  -1  to  1.  It  is  x 

O 

which  allows  cyclic  relaxation  to  take  place  even  though  the  material  is  stable,  since 
f(f)  =  1.  The  results  are  shown  in  Figure  3.10  where  the  same  material  constants, 
found  previously,  were  used.  We  notice  that  as  n  becomes  very  large,  the  effect  of 
x  in  Eq.  (3-114)  disappears  as  a  result  of  the  relation  l^rjj  Fn(a.xo>x)  =  F»(a.x). 
T*fie  hysteresis  loops  then  become  stable  and  symmetric  with  respect  to  ep  and  are  of 
exactly  the  same  form  as  those  with  zero  mean  uniaxial  strain. 

3.4  Method  of  Determination  of  the  Material  Functions  p[z)  and  F#(z). 

As  may  be  seen  from  Eqs.  (3-12)  through  (3-16)  two  elastic  constants,  p  and 
Kq.  and  the  two  material  functions,  p{ z)  and  Fs(z),  completely  determine  the 
constitutive  response  of  plastically  incompressible  metals,  within  the  assumptions 
already  discussed  in  the  previous  sections.  Of  these,  2p  is  the  initial  slope  of  a 
monotonic  pure  shear  stress-(tensorial)  strain  curve  and  Kq  is  the  elastic  bulk 
modulus.  The  determination  of  the  functions  p(z)  and  F  (z)  is  more  complex.  Just 
as  in  viscoelasticity,  where  there  is  no  unique  experimental  technique  for  determining 
the  (relaxation  or  creep)  kernel  in  a  constitutive  functional,  so  it  is  in  the  endochronic 
theory.  However  a  standard  test  does  exist  for  this  purpose  although  other 
"equivalent"  tests  may  prove  experimentally  suitable  and  theoretically  satisfactory. 
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The  most  convenient  test  (in  the  sense  of  being  easy  to  perform  experimentally) 
is  the  uniaxial  cyclic  shear-strain  test  under  constant  strain  amplitude  conditions.  In 
the  course  of  such  a  test  with  constant  strain  amplitude  Ae^.  the  material  wili 
normally  harden  (though  materials  with  an  initial  state  of  large  prestrain  may  soften) 
and  the  stress  corresponding  to  the  maximum  strain  AeJ  will  increase  with  the 
number  of  cycles  until  the  material  reaches  a  steady  state.  When  this  happens,  the 
hysteresis  loops  generated  during  the  remainder  of  the  test  will  essentially  retrace 
themselves  and  an  asymptotic  steady  cyclic  hysteresis  loop  will  prevail. 

The  above  test,  although  easy  to  perform  experimentally  does  not  lend  itself 
easily  to  rigorous  analysis.  A  similar  test,  which  however  may  be  more  difficult  to 
perform  experimentally,  but  not  too  much  so.  given  the  presently  available 
experimental  equipment,  is  the  constant  plastic  strain  test.  This  test  is  shown 
schematically  in  Figure  3.11. 

Note  that  once  steady  state  conditions  have  been  reached,  the  constant  plastic 
strain  amplitude  test  performed  at  max  =  A/2  =  OA  =  OB  (in  the  notation  of 
Figure  3.11)  is  equivalent  to  the  constant  strain  amplitude  test  at  ^  =  Ae^  = 
OA'  =  OB'.  Thus  under  steady  state  conditions  the  two  tests  leacf^to  identical 
experimental  results,  in  terms  of  the  steady  hysteresis  loops  such  as  ADBC. 

In  this  section  we  shall  use  the  constant  plastic  strain  amplitude  test  to  discuss 
the  determination  of  the  function  p(z)  because  this  test  does  in  fact  lend  itself  to 
rigorous  theoretical  treatment.  Specifically,  it  will  be  shown  that  the  steady-state 
hysteresis  loop  determines  the  function  p{z). 

3.4.1  The  Kernel  Function  p(z). 

Let  us  begin  with  the  analytical  foundations  for  the  determination  of  the  function 
p{z).  To  this  end  we  recall  Eq.  (3-12).  Then,  under  uniaxial  stress  conditions  and 
in  view  of  the  assumption  of  plastic  incompressibility,  we  can  write 


dz 


(3-118) 


where  is  the  axial  plastic  strain  corresponding  to  the  axial  stress  o  .  However 
because  the  unit  of  intrinsic  time  is  arbitrary  (and  therefore  adjustable)  and  strictly 
for  the  purposes  of  illustrating  how  p  and  Fg  are  determined  from  experiment  we  set 


f 
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Loop 


a 


*  *  ld£il 

which  is  tantamount  to  setting 


We  recall  Eq.  (3-80): 


= 


E(z  - 


z">  3T  d2 


(3-119) 


(3-120) 


(3-121) 


where 


2E(z)  a  3 p(2) 


(3-122) 


fl 


I 


I 


The  function  increases  monotonically  for  continuously  hardening  materials  until 

it  reaches  a  constant  value  F  leading  to  steady  state  conditions.  A  constant  F 
r  s.max  $ 

IS  necessary  tor  a  steady  state  response  as  has  been  shown  analytically.  For  the 

purposes  of  analysis  we  set  F^  =  1  for  z  *  z&  Under  these  conditions  the 

history  of  ep  versus  z  is  shown  in  Figure  3.12.  for  tlie  case  of  a  cyclic  test  from  z 

to  z  followed  continuously  by  a  monotonic  test  from  z  on  z  in  the  notation  of  this 

r  n  n 

figure. 

We  note  that  in  such  a  test  and  given  that  F  =  1,  the  value  of  dep/dz  is 
either  +1  or  -1  depending  on  whether  ep  is  increasfng  or  decreasing  with  z.  We 
write  Eq.  (3-121)  in  the  form 


= 


E(z  - 


d£? 

2  >  d2' 


E(z 


2’>dT  d2 


or 


R(z)  . 


f  E(z  -  z) 


z 

o 


(3-123) 


(3-124) 
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where 


R(z)  * 


>  dej 

E(z  -  z')  ^  dz' 


(3-125) 


The  function  R(z)  enjoys  the  important  property 
I  im  R(z)  =  0  , 


(3-126) 


as  will  be  shown  later  in  this  section. 

The  integral  on  the  right-hand  side  of  Eq.(3-124)  may  now  be  evaluated  exactly 
so  that 

o (z)  =  R(z)  ♦  M(z  -  zq]  -  2M(z  -  zj  ♦  2M(z  -  zj  ... 


•••  .  2M(z  -  zj 


(3-127) 


(n  even) 


where 

M(z) 


tl 

E(z')dz' 

o 


(3-128) 


The  stress  response  to  this  type  of  history  is  shown  schematically  in  Figure  3.11. 

We  note  for  reference  that 

zn  =  (n  -  1)A  ♦  |  ♦  zq  (3-129) 


With  this  in  mind,  one  may  show  by  straightforward  analysis,  using  Eq.  (3-127)  that 
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0 


where 


(3-130) 


R  =  2R(z) 


(3-131) 


K  and 


I im  R(z)  =  0  (3-132) 


as  will  be  shown  presently.  Thus  in  a  steady-state  cyclic  test  (z^®).  it  follows  fro. 
Eq.  (3-130)  that 

2M(z  -  zn)  =  <r(z)  ♦  <7(z  ♦  A)  (3-133) 


■ 


The  meaning  of  o[i)  and  o(z  +  A)  is  shown  in  Figure  3.13.  In  view  of  the  geometry 
of  this  figure  it  follows  that  if  we  set 

,Z 

z  -  zn  =  derp  dlf  X  (3-134) 

z 

n 

than 


2M(x)  =  a(x)  «•  o(x  ♦  A) 


(3-135) 


Upon  recalling  the  definition  of  M(x)  from  Eq.  (3-128).  we  infer  from  Eq.  (3-135)  that 


2E(x)  =  .  Mill! 


(3-136) 


The  geometric  meaning  of  this  equation  is  shown  in  Figure  3.13. 

Thus  the  axial  cyclic  strain  test  at  constant  plastic  strain  amplitude  (or  total 
strain  amplitude,  for  that  matter)  provides  a  means  of  direct  determination  of  the 
memory  kernel  E(z)  (and  thus  p(i\)  -  once  steady  state  conditions  have  been  reached. 
Of  course  the  cyclic  shear  strain  test  will  do  just  as  well. 
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Figure  3.13 


Stress-plastic  strain  relation  in  a  steady-state  cyclic  test. 


Shown  in  Figure  3.11  is  the  steady  state  hysteresis  loop  AB  BA  and  its 
extension  BC  generated  by  the  plastic  strain  path  from  z  j  to  z,  as  shown  in 
Figure  3.12.  According  to  Eq.  (3-136)  the  kernel  function  E(x"J  is  determined  by  the 
average  of  the  slopes  of  the  steady  state  hysteresis  loop  at  B'  and  C.  Since  the 
maximum  range  of  x  is  A.  E(x)  is  determined  for  values  of  its  argument  x  between 
zero  and  A. 

Periodicity  and  Symmetry  Characteristics  of  the  Steady  Response. 

Of  interest  is  the  fact  that  if  we  set  z  =  zn  in  Eq.  (3-133)  we  obtain  the 
important  result 

'M  *  -  "(’n  *  S)  <3-137> 


or.  in  the  notation  of  Figure  3.12 

aA  =  -  aB  (3-138) 

i.e..  steady  state  conditions  prevail  and  the  maximum  value  of  the  stress  in  tension  is 
equal  to  that  in  compression.  The  more  general  periodicity  condition 

an(x)  =  an>2(x)  (3'139) 


expressed  in  our  present  notation,  can  also  be  shown  to  hold  as  follows.  In  the  limit 
of  infinitely  large  z  and  as  a  result  of  Eqs.  (3-127)  and  (3-129)  one  finds  that 


o 

n 


(*) 


M 


(n  -  1)A 


-  2M 


(n  -  1)A  ♦ 


x 


(3-140) 


♦  2M[(n  -  2)  A  ♦  x]  -  ...  -  2M(x  ♦  A)  +  2M(x) 


Thus. 


a(x)  _  -  a  (x)  =  R  _ 
v  yn<-2  nv  '  n,n+2 


(3-141) 
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where 


L 


*n  n+2  =  "  +  *)  +  A]  -  M(nA  ♦  x)> 


M^x  ♦  nA  ♦  -  m|^x  ♦  nA  +  |jj  -  a| 


As  we  shall  show  presently 


I  im  R  _  a  0 
n,n+2 

n-«» 


(3-142) 


(3-143) 


T 

I 


■ 


and  hence.  Eq.  (3-139)  is  valid. 

Thus  in  the  limit  of  large  n  the  theory  does  indeed  predict  observed  periodic 
steady  state  hysteresis  loops  with  the  attendant  symmetry  properties  pertaining  to 
tension  and  compression. 

Convexity  of  M(z):  Limit  Properties  of  Series  (3-127)  and  Related  Series. 

The  function  M(z)  is  convex  in  the  sense  that 

M(z  +  a)  -  M(z)  <  aE(z)  (3-144) 

for  all  positive  finite  a  and  all  positive  z.  As  is  easily  shown  upon  use  of 
Eq.  (3-128),  this  is  a  consequence  of  the  fact  that  E(z).  which  is  the  slope  of  M(z). 
has  the  property 

E(z  +  a)  <  E(z)  (3-145) 


Specifically,  it  follows  from  the  definition  of  M(z)  that 


,z+a 


M(z  «•  a)  -  M(z)  = 


E(z')dz' 


z 


(3-146) 


However 

,z+a 

E(z ')dz '  <  aE(z)  (3-147)  j 

z 
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as  a  result  of  Eq.  (3-145).  Hence  condition  (3-144)  follows.  The  function  E(z)  also 
enjoys  the  property 

I im  E(z)  =  0  (3-148) 

z~*m 

It  now  follows  from  Ineq.  (3-144)  that 

lim  {M(z  ♦  a)  -  M(z) >  =  0  (3-149) 

2 -too 


Conditions  (3-145)  to  (3-149)  will  prove  extremely  useful  in  the  subsequent 
analysis.  For  instance  Eq.  (3-133)  is  predicated  on  the  validity  of  Eq.  (3-132).  To 
prove  this  relation  we  first  show  that 

I im  R(z)  =  0  (3-150) 

z-m# 


In  view  of  Eq.  (3-125) 


R(z)  $ 


E(*  -  z')f(z') 


deh 


dz' 


dz 


or 


R(z)  <  Fs(zo) 


E(z  -  z')dz'  , 


(3-151) 


(3-152) 


since  ldep/dz'l  =  1  and  F  (z)  is  a  monotonically  increasing  function  up  to  z  -  z 
and  FJz)  =  FJzJ:  z  >  zq.  S  Thus,  in  view  of  Eq.  (3-152) 


«  Fs(zc){“(z>  -  M(2  -  2o)} 


(3-153) 


where  use  was  made  of  Eq.  (3-128).  We  now  set  z  -  zq  =  y  and  note  that  y  tends 
to  infinity  as  z  tends  to  infinity.  It  follows  from  Eq,  (3-153)  that 


1 


i 


i 


1 


1 
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R(z)  <  Fs(z0){M(y  ♦  <0  -  M(y)} 


(3-154) 


1 


Hence,  in  view  of  Eq.  (3-149) 

I  im  R(z)  =0 
2*® 


If  we  now  write  R  in  the  form 


20  .  S)  -  m[(z  -  Z0  *  a)  -  §]} 
2o  *  2)  -  M(2  -  2o  -  2)} 


it  follows  from  Eqs,  (3-149)  and  (3-155)  that 


(3-155) 


(3-156) 


I  ' 


I 


I im  R  =  0  (3-157) 

2-*® 


Thus  Eq.  (3-133)  has  been  validated. 

A  similar  argument  shows  that  Eq.  (3-143)  is  also  true  and  hence  the  periodicity 
condition  (3-139).  which  establishes  the  existence  of  a  steady  (periodic)  response  for 
infinitely  large  z.  has  also  been  proved. 

We  pointed  out  earlier  in  this  section  that  the  constant  cyclic  strain  amplitude 
test  and  the  constant  plastic  strain  amplitude  test  are  equivalent.  In  the  steady-state, 
either  of  these  tests  is  a  suitable  (standard)  test  for  the  determination  of  the  kernel 
function  p(z). 

3.4.2The  Hardening  Function  F((z). 

Here  we  give  a  rigorous  method  for  determining  the  material  function  FJf)  from 
experimental  data  when  F  ($•)  is  a  slowly  varying  function  in  a  sense  to  be  defined 
subsequently.  Consider,  specifically  .the  uniaxial  test  with  a  loading-unloading  history. 
The  test  is  illustrated  schematically  in  Figure  3.14  where  the  axial  stress  a  is  plotted 
versus  the  axial  strain  e.  The  stress  is  given  by  the  relation 
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2E(z)  =  3p(z) 

(3-159) 

df  =  ldepl 

(3-160) 

dz  *  ■ 

(3-161) 

We  wish  to  calculate  the  stress  at  points  B  and  C  where  Ae^  is  an  increment, 
not  necessarily  infinitesimal,  in  the  plastic  strain.  Then  in  view  of  Eqs.  (3-158). 
(3-160)  and  (3-161). 

fZB 

"lB  =  E(zB  •  *)Fs(z)d2' 

o 

(3-162) 

where  zQ  is  the  value  of  z  at  point  B  and 

F*(z)  =  Fsfc(i)) 

(3-163) 

The  stress  a  at  C  is  calculated  using  again 

Eqs.  (3-158).  (3-160).  (3-161). 

where  use  was  made  of  the  relation  zc  =  zg  +  Azg.  Note  that  in  the  interval 
0  <  z'  <  Zg,  dep/dz'  =  -fl.  whereas  in  the  interval  Zg  <  z'  <  zc,  dep/dz'  =  -1 
It  follows  that 


*1C  = 


B 


e(zb  ♦  Azb  •  z) 


Fs(z')dz' 


/'ZB+  AzB 


e(zb  *  Azb  ■  z')Fs(z')dz' 


(3-165) 


In  regard  to  the  second  term  on  the  right-hand  side  of  Eq.  (3-164).  note  that  in  view 
of  the  mean  value  theorem  we  can  write 

r2B+AzB 

e(zb  *  Azb  -  zWz')dz'  =  f^(zb)m(Azb)  (3“166) 

ZB 

where  the  function  M(z)  is  defined  by  the  integral  (see  Eq.  (3-128)). 


M(z) 


rZ 


rZ 


E(z  -  z')dz 


E(z  ')dz ' 


o 


o 


(3-167) 


and  ;,  <  i,  <  zc. 

Let  us  now  evaluate  the  first  term  on  the  right-hand  side  of  Eq.  (3-165).  First 
we  note  that 
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where  the  physical  meaning  of  a  . 
Eqs.  (3-164).  (3-165).  and  (3-169) 


is  illustrated  in  Figure  3.14.  In  view  of 


*1C  =  2Fs(zb)M(Azb]  • 
Hence : 


(3-170) 


*  —  aiB'~ 

Fs(zb]  =  2M[Azb)  (3-171) 

We  remark  that  this  is  an  exact  result  irrespective  of  the  magnitude  of  Az^.  A 
generalization  of  Eq.  (3-153)  applicable  to  any  reversal  point  is  given  below  without 
proof,  which  we  leave  to  the  reader. 


(3-172) 


We  wish  to  use  the  preceding  equation  for  the  experimental  determination  of  Fs(Zg). 
If  we  let  AzB  be  infinitesimal  and  if  F  (z)  is  a  slowly  varying  function  (see  discussion 
below)  then 


■ 


F;fis) 5  f  1(«b) 


m(4zb)  ;  m[|a.»|/f;(«b3)  . 


^lB  =  alB  ' 


so  that  Eq.  (3-172)  becomes 


FiW  s'w  ’*1C 


2M 


Ac' 


lFs (ZBJ  J 
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(3-174) 

(3-175) 


(3-176) 


Furthermore  since  F*(z_)  —  Fs(£B).  Eq.  (3-176)  determines  the  value  of  the  function 
Fs(f)  at  the  point  B.  i.e..  at  f  =  fg.  The  error  associated  with  these 
approximations  will  be  discussed  below. 

To  solve  for  F*(zg)  it  is  necessary  to  know  the  functional  form  of  M (z).  We 
shall  demonstrate  the  procedure  for  determining  of  the  form  of  the  function  M(z)  in 
the  vicinity  of  z  =  0.  using  the  experimental  data  shown  in  Figure  3.8.  observed  by 
Dafalias  and  Popov  [3.10j  on  grade  60  steel.  In  Figure  3.15  we  show  a  plot,  shown 
in  open  circles,  of  log  -  *  |  versus  log  |Aep|  for  point  1  of  Figure  3.8.  It  shows 
a  linear  relation  between  the  respective  quantities.  Such  a  relation  is  typical  of 
reversal  points. 

On  the  basis  of  this  finding.  M(z)  must  be  a  power  function  of  its  argument  of 
the  form 

M(z)  =  (3-177) 


in  the  vicinity  of  z  =  0.  This  conclusion  follows  directly  from  Eq.  (3-176).  which 
leads  to  the  logarithmic  relation 

lo9(!b  -  V)  *  l09(2f)  *  'og[M(|ieP|/Ff)]  (3-177.) 
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|o8-°c|(M*>«) 


B  B 

where  Fe  is  identically  equal  to  Fe  =  Fc(zB) 


if  the  relation  between 

Pi  i  cB 


Evidently 

log(aJb  an<^  log  I  Aep  I  is  linear.  M  "must  be  a  power  function  of  IAepl/F“. 

Furthermore,  since  the  value  of  the  latter  lies  in  the  vicinity  of  zero.  M  is  thereby 
determined  for  values  of  its  argument  in  the  vicinity  of  zero. 


In  consequence,  and  as  a  result  of  Eq.  (3-167).  E(z)  is  also  a  power  function. 
Specifically 


E(z)  =  Eoz 


-a 


(3-178) 


where  a  =  1  -  p  and  E.  =  (1  -  a)MQ. 

Discussion  of  Solution  of  Equation  (3-176). 

We  discuss  the  solution  of  Eq.  (3-176)  in  the  vicinity  of  z  =  o  when  the 
material  function  E(z)  is  given  by  the  relation  E(z)  =  E  /za>.  In  this  case,  following 
Eq.  (3-172).  (in  the  vicinity  of  z  =  o) 


=  rh  2 


l-a 


(3-179) 


Using  this  expression.  Eq.  (3-176)  may  be  solved  explicitly  for  F*(z0)  to  give 

1/a 


FsB  =  Fs(2b)  =  Fs(?b]  = 


glB~  glC 


WKI)  J 


(3-180) 


More  specifically  using  Eq.  (3-177) 


-a 

'sB 


I<71B  '  aic 


f  2E 

0 

ll  -  aJ 

l-a 

(3-181) 


The  logarithmic  form  of  the  above  equation,  given  below. 


log  <7 


IB 


1C  I 


=  log 


2En  ' 

O  r-CL 

.1  -  a"sB. 

♦  (1  -  a) log 

K 

(3-182) 
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is  useful  in  determining  both  the  parameter  a  and  the  function  of  Fsg  to  within  a 
multiplicative  constant.  In  effect,  a  plot  of  log  |a1B  -  ajcj  versus  logjAe^  gives  a 
straight  line  with  slope  (1  -  a)  and  intercept  log  (2Eq/1  -  a)  at  )Aep)  =  1.  Such  a 
plot  is  shown  in  Figure  3.15  for  various  reversal  points  in  the  case  of  Grade  60  steel. 
Although  not  shown,  there  is  a  great  deal  of  scatter  for  |Aep|  <  7  x  10  4.  However, 
in  the  range  7  x  10'4  <  |Aep|  <  10’2.  the  experimental  points  lie  consistently  close  to 
a  straight  line  with  a  slope  p  =  0.18.  The  fact  that  all  points  lie  virtually  on  the 

same  line  implies  that  Fs  is  a  constant  in  the  range  of  z  covered  by  the  experiment. 

We  finally  make  a  crucial  observation.  If  the  same  value  of  Aep  is  used  at  aM 
reversal  points  chosen  for  the  determination  of  F  .  then  the  denominator  in 
Eq.  (3-181)  is  a  constant.  Thus  if  A is  the  stress  drop  at  any  reversal  point 

following  the  construction  in  Figure  3.14.  then  in  view  of  Eq.  (3-181) 


F,w  -  f,oKw}1/0  ■ 


(3-183) 


where  F  is  a  normalization  constant  to  be  chosen  at  one  s  convenience.  Equation 
(3-183)  gives  a  simple  and  powerful  result  for  determining  the  function  Fs(z). 

Error  Associated  with  Equation  (3-176). 

Here  we  give  an  estimate  of  the  error  associated  with  Eq.  (3-176)  when  M(z)  is 
given  by  Eq.  (3-177).  The  calculation  is  lengthy  but  straightforward.  Basically  the 
relation 


Fs'<2>  -  FsB  ♦  Fs*b(2'  -  2b)  *  °(t2'  -  2)P 


(3-184) 


in  the  range  zQ  <  z'  <  zg  4-  AZg,  and  the  integral  form  of  Eq.  (3-8a)  wherein 


£  =  Fs(Odz'  , 


(3-185) 


1 


are  used  in  Eq.  (3-166)  where 


dF  (z) 

s'-  ' 


The  resulting  relation  for  the  error  e  is 


(1  *  e)F 


alB  *  *1C 


sB 


2M 


l  FsB  J 


(3-186) 


(3-187) 


where 


a  (3  -  a)AF 

e  = - r55  ♦  0 


'sf:b]2 


p* 

1FsB 


(3-188) 


2(2  -  a)FsB 

Thus  e  is  at  most  of  0(AF*B/F*B). 

3.5  Comparison  Between  Theory  and  Experiment  for  Multi- Dimensional  Cases. 
3.5.1  A  Copper  Plate  with  Two  Edge  Cracks. 


The  Experiment. 

The  truly  predictive  capability  of  the  theory  was  put  to  the  test  by  means  of  an 
experiment  which  was  described  in  Refs.  {3.11]  and  [3.12].  but  which  we  shall  discuss 
here,  because  of  its  importance  in  establishing  the  theory  as  a  predictive  instrument  in 
the  mechanical  response  of  metals  at  room  temperature. 


The  experiment  consisted  of  subjecting  a  rectangular  copper  plate  with  two 
symmetrically  placed  edge  cracks  to  reversed  loading  in  a  manner  shown  in 
Figure  3.16.  The  plate  was  machined  from  2.54  cm  thick  OFHC  copper 
(8.12  cm  x  9.14  cm).  Basically  two  tests  were  performed.  In  Test  1  strain  gauges 
were  attached  to  the  specimen  in  the  manner  shown  in  Figure(3.17a)  and  the  strain 
e  (in  the  direction  of  the  applied  load)  was  measured  at  the  indicated  stations  along 
tlie  notch  line.  The  applied  (tensile)  stress  was  increased  from  zero  to  36.8  MPa.  at 
which  point  strain  measurements  were  made.  The  stress  was  then 


Figure  3.16.  Description  of  copper  plate  used  in  experiments. 


(a)  Horizontally  oriented  gages  (b)  Vertically  oriented  gages 

Figure  3.17.  Location  of  strain  gages. 


decreased  to  zero  where  strains  at  this  value  of  applied  stress  were  also  measured 
At  this  point  a  compressive  stress  was  applied,  increasing  from  zero  to  a  value  of 
I  36.8  MPa.  Strain  measurements  were  also  made  at  this  value  of  the  applied  stress 

In  Test  2  the  strain  gauges  were  mounted  in  the  manner  shown  in  Figure( 3. 17b) .  In 
this  case  the  applied  (tensile)  stress  was  increased  from  zero  to  23  MPa.  where  strain 
measurements  were  made.  The  applied  stress  was  then  decreased  to  zero  At  this 
point  a  compressive  stress  was  applied,  increasing  from  zero  to  a  value  of  23  MPa 
i  where  strain  measurements  were  again  made.  The  applied  compressive  stress  was 

then  decreased  to  zero,  whereupon  a  tensile  stress  was  applied,  increasing  from  zero 
to  a  value  of  23  MPa  where  again  strain  measurements  were  made.  Details  of  the 
experimental  procedure  are  given  in  Refs.  [3.11]  and  [3.12]. 

Analysis. 

Strains  at  the  points  of  measurement  were  calculated  using  Eq.  (3-1 2 )  to 
Eq.  (3-16)  in  conjunction  with  a  finite  element  program  which  we  proceed  to  outline 
very  briefly. 

Equations  (3-12)  to  (3-16)  lend  themselves  to  a  differential  relation  between 
stress  and  strain.  Specifically  in  the  case  where  the  infinitely  large  value  p(0)  is 
approximated  by  a  suitably  large  value,  as  is  done  in  this  analysis,  one  may 
I  differentiate  Eq.  (3-12)  to  obtain  the  following  differential  form  of  the  constitutive 

1  equation: 

ds  =  2p (0) dep  ♦  2h(z)dz  (3-189) 


Equation  (3-189).  in  conjunction  with  Eqs.  (3-12)  to  (3-14)  then  gives  the  following 
equations,  suitable  for  a  finite  element  program: 

b(*) 

ds  =  2p  dg  ♦  - dz  (3-190) 


dg  =  3K  de^  g  ♦ 


2M  dg 


_2 JL. 
P(  0) 


b  dz 


(3-191) 


where 


(3-192) 


I 

i 
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Consider  a  materia!  domain  which  is  suitably  divided  into  m  elements  (microdomains) 
giving  rise  to  n  nodes.  The  deformation  field  is  thus  described  by  3n  displacements 
and  the  stress  field  by  3n  forces.  The  strain  field  in  each  element  is  assumed 
uniform,  and  so  is  the  stress  field. 

Equation  (3-191)  may  be  written  for  any  one  particular  element  in  vector  form 
as  follows: 

d{<7>  =  [k]d{e>  *  {h}  dz  (3-193) 

Following  Ref.  (3.13).  the  statically  equivalent  forces  d{p}  at  the  nodes  of  the  element 
are  related  to  d{g}  by  the  relation. 

<Hp}  =  IbfdW  .  (3-194) 

while  the  strains  d{e}  in  the  element  are  related  to  the  displacements  d{u}  at  the 
nodes  of  the  element  by  the  relation: 

d{e>  =  [b]d{u} 

It  follows  from  Eqs.  (3-193)  to  (3-195)  that: 
d{p}  =  |K|4  d{u}  +  H4  dz 

where 

[K|j  =  [b]T  (k|[bj 
and 

[H]4  =  jfc  tb]T{h>  (3-198) 

Here,  the  suffix  A  specifies  a  particular  microdomain.  In  the  case  at  hand  the 
microdomains  are  triangles. 

If  we  now  sum  Eq.  (3-196)  over  all  elements,  the  following  global  relation  is 
obtained: 

d{p}  =  [K]  d{q}  +  [H]d{z}  .  (3-199) 


(3-195) 

(3-196) 

(3-197) 
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where  {p}  are  the  loads  applied  to  the  nodes  of  the  material  domain,  {q}  are  the 
corresponding  displacements  at  the  nodes,  and  d{z}  is  the  vector  of  intrinsic  time 
increments,  each  pertaining  to  the  appropriate  microdomain  in  a  three-dimensional 
domain.  (K]  has  dimensions  (3n  x  3n)  but  { H]  has  dimensions  (3n  x  m).  Thus  dz 
plays  the  role  of  a  plasticity  induced  body  force.  In  a  two-dimensional  domain  of 
interest  here.  [K]  has  dimensions  (2n  x  2n)  but  [H]  has  dimensions  (2n  x  m). 

Solution  of  Eq.  (3-199). 

The  difficulty  in  solving  Eq.  (3-199)  lies  in  the  fact  that  at  each  step  in  the 
incremental  process  the  vector  d{z}  is  not  known.  Equation  (3-199)  is  thus  solved 
through  iteration  by  initially  setting  d{z}n  =  d{z}n  ^  Equation  (3-199)is  now  solved 
in  principle  by  simple  inversion  of  the  matrix  JK],  or  in  practice,  by  solving  the  set  of 
linear  simultaneous  equations  in  d{q}.  giving  the  first  approximation  to  d{q}.  Thus 
d{u}  are  now  known  and  thus  d{e}  and  hence  d$  may  now  be  found  using 

Eq.  (3-195).  Also  d{<x}  and  hence  dg  may  be  found  using  Eq.  (3-193).  Thus  dep  is 

now  known  in  view  of  Eq.  (3-194)  and  thus  the  "new"  dz  for  each  microdomain  may 
be  calculated  using  Eq.  (3-15)  and  (3-14).  The  "new”  values  of  d{z}  are  then  used 
in  Eq.  (3-199)  to  determine  the  second  approximation  to  d{q }  by  solving  Eq.  (3-199) 
anew.  The  procedure  is  continued  until  two  successive  approximations  to  d{q}  differ 
by  an  acceptable  margin.  Exceptions  are  points  of  unloading  (in  the  sense  of  the 

externally  applied  stress)  when  the  initial  values  of  d{z}  are  taken  to  be  equal  to 

zero. 

Comparison  Between  Theory  and  Experiment. 

A  comparison  between  the  measured  and  calculated  values  of  the  strains  is  given 
in  Figures  3.18  to  3.23.  Given  the  complexity  of  the  experiment  and  of  the  inherent 
constitutive  response  and  the  fact  that  the  material  functions  p(z)  and  f(^)  were 
measured  by  an  independent  experiment  in  a  round  rod.  the  agreement  between  theory 
and  experiment  is  truly  remarkable. 


3.5.2  A  Brass  Tube  Subjected  to  a  Homogeneous  Two-Dimensional,  Non 

Proportional  Stress  Field.  The  Ohashi  Experiments. 
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The  Experiment. 

In  a  series  of  studies.  Ohashi  [3.14-3.16]  and  his  collaborators  investigated  the 
stress  response  of  brass  to  non-proportional  strain  paths  in  the  deviatoric  strain 
space  g.  In  Figure  3.19  we  illustrate  a  group  of  experiments  which  are  performed 
along  strain  paths  in  the  (2e1^/f3.e11)  space.  The  generic  history  consists  of 
extending  a  thin  tube  in  the  axial  direction  until  a  certain  value  of  e^  is  reached. 
With  e  held  constant  at  this  value  the  tube  was  then  twisted  until  a  certain  value 
of  the  snear  strain  e^.  was  reached.  With  e12  held  constant  at  this  value  the  tube 
was  then  either  extended  further,  or  the  existing  axial  strain  was  reduced  to  zero. 

The  stress  state  along  these  paths  was  expressed  in  terms  of  a  path  length  <L 
where: 

d l2  =  |  dg  •  de  (3-200) 


l  Precise  measurements  showed  that  the  stress  response  has  a  strong  dependence  on 

the  history  of  the  previous  plastic  deformation.  Specifically,  in  reference  to  the  paths 
D-G,  it  was  found  that  there  is  a  decrease  of  the  equivalent  stress  with 

respect  to  the  length  t.  brought  about  by  a  rapid  decrease  of  the  axial  stress  while 
the  tube  was  twisting  under  constant  axial  strain. 

I 

Ohashi  and  his  associates  regarded  this  phenomenon  as  a  manifestation  of  some 
sort  of  inherent  instability.  In  our  terminology  this  is  stress  relaxation  with  respect 
to  the  intrinsic  time  f.  It  means  that  elastoplastic  materials,  during  specific  strain 
histories,  evince  stress  relaxation  with  respect  to  £  in  very  much  the  same  fashion  as 
■  viscoelastic  materials  do  with  respect  to  Newtonian  time. 

We  shall  show  that  the  constitutive  equation  of  the  functional  type  proposed  in 
Section  2.2.4  is  appropriate  for  describing  material  behavior  in  the  presence  of  complex 
strain  paths  that  cause  strong  history  effects.  The  phenomenon  of  fading  memory 
discussed  in  previous  references  (see  for  instance.  Ref.  [2.19])  is  evident  in  Figure  3.20 
where  the  axial  stress  response  curves  converge  asymptotically  to  a  single  curve  which 
is  independent  of  the  intervening  torsional  strain  history.  Quantitatively  the  degree  of 
fading  memory  is  determined  by  the  rate  of  decay  of  the  kernel  function  p[i). 
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e  3.19.  Map  of  experimental  strain  paths. 
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Because  the  appropriate  cyclic  experiment  for  the  determination  of  the  functions 
/>(z)  and  f(<j)  was  not  performed  by  Ohashi.  these  functions  were  determined  from  the 
|  data  by  an  iterative,  laborious  process  which  we  will  not  describe  here.  Suffice  it  to 

say  that  the  functions  so  found  are  of  the  form: 


r 

'(0  s  t1  *  VJ 

(3-201) 

-kz 

/»<*)  s  PQ  v 

(3-202) 

where 

Po  =  15  ^2  '  a  =  0,7°'  k  =  180 

mm 

c  =  90  ,  d  =  0.26 
o  '  o 


Discussion  of  the  Comparison  Between  Theory  and  Experiment. 

(a)  Paths,  D,  E,  F,  and  G. 

Figures  3.20  and  3.21  show,  respectively,  how  the  axial  stress  a  and  the  shear 
stress  J!  S  vary  with  the  path  length  £,  following  the  first  corner  of  a  strain  path. 
Points  signify  experimental  data  while  solid  lines  depict  calculated  results  based  upon 
the  endochronic  model.  Excellent  representation  of  the  material  response  is 
demonstrated.  The  axial  stress  relaxation  following  shearing  at  constant  axial  strain 
is  predicted  with  remarkable  accuracy. 


(b)  Paths  H,  I,  K  and  L. 

Figures  3.22  and  3.23  show  relations  corresponding  to  the  paths  H  through  L. 
In  these  figures,  the  points  correspond  to  Ohashi's  data  and  the  solid  lines  to 
calculated  results  based  on  the  endochronic  model.  In  Figure  3.22  the  calculated 
stresses  are  in  conformity  with  experimental  observations.  In  Figure  3.23 
corresponding  relations  are  shown  for  the  shear  stress  response.  Agreement  is  again 
good  except  that  the  calculated  stresses  relax  faster  than  their  experimentally  observed 
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counterparts  at  low  values  of  the  stresses.  At  higher  stresses  the  agreement  between 
observed  and  calculated  values  is  again  excellent.  We  suspect  that  the  discrepancies 
are  due  to  the  presence  of  initial  shear  strain.  However,  this  hypothesis  needs  to  be 
investigated  further. 


3.6  Endochronk  Plasticity  with  a  Yield  Surface. 
3.6.1  General  Considerations. 


In  Chapter  2  we  dealt  with  the  case  of  constitutive  equations  which  have  their 
basis  in  irreversible  thermodynamics  with  a  finite  number  of  internal  variables. 
Specifically,  insofar  as  the  deviatoric  response  is  concerned,  the  resulting  constitutive 
relation  was  given  by  Eq.  (2-80).  it  was  pointed  out  at  the  end  of  that  section  that 
this  equation  is.  in  fact,  a  special  case  of  the  more  general  equation: 


S  = 


(3-203) 


where  p  is  of  the  form 

,  =  *„«(*,)  *  Mzs) 


(3-204) 


and  Pj(0)  is  finite.  This  result  was  derived  rigorously  in  Ref.  [2.14].  where  it  was 
shown  that  Eq.  (3-203)  gives  rise  to  a  theory  of  plasticity  with  a  yield  surface.  In 
addition  it  gives,  as  corollary,  the  constitutive  equation  that  governs  the  motion  of  the 
center  of  the  yield  surface  or.  in  other  words,  it  gives  a  law  for  the  evolution  of  the 
back  stress.  In  this  section  we  shall  derive  these  results  beginning  with  Eq.  (2-80) 
which  is  repeated  below  for  completeness: 


o 


(3-205) 


Let  us  also  recall  the  pertinent  relations  that  apply  to  plastically  incompressible  solids: 


d£  = 


(3-206) 


d2s  =  df/Fs(£) 


(3-207) 


At  this  point  let  the  tensor  g  denote  the  integral  on  the  right-hand  side  of 
Eq.  (3-205).  i.e..  let 


s 


a  = 


(3-208) 


Then  Eq.  (3-205)  becomes  simply 


S  -  3  * 


(3-209) 


where  use  was  made  of  Eq.  (3-207).  Upon  taking  norms  of  both  sides  of 
Eq.  (3-208)  and  using  Eq.  (3-206).  it  follows  that: 

II*  -  1||  =  so  FsW  •  (3-21°) 


The  geometric  interpretation  of  Eq.  (3-209)  in  the  five-dimensional  space  of  g  is  a 
hypersphere  with  center  g  and  radius  s q F s :  the  equation  itself  is  the  algebraic 
statement  of  isotropic-cum-kinematic  hardening  of  classical  plasticity  In  the  three- 
dimensional  space  of  the  principal  components  of  g,  this  equation  is  the  algebraic 
representation  of  a  cylinder  normal  to  the  ir-plane  i.e..  with  an  axis  of  symmetry  in 
the  direction  of  the  hydrostatic  axis.  In  this  regard  the  evolution  of  g  with  plastic 
deformation  represents  kinematic  hardening,  in  general  non-linear,  while  the  growth  of 
F  with  plastic  deformation,  through  f.  represents  isotropic  hardening.  A  geometric 
illustration  of  Eq.  (3-209)  in  the  ir-piane  is  given  in  Figure  3.24.  Note  that  the 
increment  in  the  plastic  strain  vector  is  normal  to  the  yield  surface,  in  view  of 
Eq.  (3-209). 


Thus,  endochronic  plasticity  contains  classical  Von  Mises 
plasticity  as  a  special  case  when  the  kernel  function  p 
contains  a  delta-function  in  the  sense  of  Eq.  (3-204). 
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However,  there  is  more  to  these  developments.  One  of  the  most  difficult  and 
basically  unsolved  problems  of  classical  plasticity  is  the  determination  of  the  evolution 
equation  that  governs  the  back  stress,  i.e..  the  migration  of  the  center  of  the  yield 
surface  in  stress  space,  particularly  since  every  material  has  its  own  characteristic 
evolution  equation.  Prager's  rule  of  kinematic  hardening,  given  by  the  expression 

dg  =  C  dgp.  (3-211) 

where  C  is  a  constant,  gives  a  linear  form  of  kinematic  hardening  which  is  not 
characteristic  of  metals  and  is  at  best  a  very  crude  approximation  of  experimentally 
observed  behavior.  In  fact  Mroz's  theory  of  multip.le  yield  surfaces  [3.17]  is  a 
commendable  effort  to  generalize  Prager's  linear  kinematic  hardening  theory  and  is 
tantamount  to  a  piece-wise  linear  kinematic  hardening.  It  can  be  readily  demonstrated 
by  using  Eq.  (3-69)  that  this  is  achieved  by  approximating  py  by  a  piece-wise 
constant  function  of  z  .  However  there  is  no  particular  virtue  in  this  approximation 
and  the  (thermodynamic)  representation  of  p^  by  a  series  of  positive  exponential  terms 
is.  numerically,  a  much  better  alternative  as  we  show  later  in  the  book. 

We  close  this  sub-section  with  a  cautionary  comment.  The  curvature  of  the 
stress-strain  curve  in  simple  tension,  say.  is  due  mainly  to  kinematic  hardening,  i.e., 
the  form  of  the  kernel  (zs).  Attempts  to  model  the  curvature  by  manipulating  the 
isotropic  hardening  function  may  give  good  results  in  simple  loading  but  will  fail  badly 
when  unloading  or  other,  more  complex,  paths  are  involved. 


3.6.2  The  Question  of  Unloading. 

In  endochronic  plasticity  the  question  of  unloading  reduces  to  the  determination 
of  df  given  a  strain  increment  de  or  a  stress  increment  ds.  We  shall  show  how  this 
is  done  in  the  following  analysis. 

We  recall  Eq.  (3-209)  which  we  write  in  the  form 


(3-212) 
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In  view  of  Eq.  (3-206)  it  follows  from  Eq.  (3-212).  or  Eq.  (3-209).  that. 


(*-«)•(*-«)■  <f; 


(3-213) 


Thus,  during  a  plastic  deformation  process,  Eq.  (3-213)  must  always  be  satisfied. 


A  simple  differentiation  of  Eq.  (3-213)  leads  to  the  expression: 


(8  -  2)  *  d§  *  (8  '  8)  *  d2  =  s0FsdFs  ’ 


(3-214) 


At  this  point  we  use  Eq.  (3-209)  to  substitute  for  s 
right-hand  side  of  Eq.  (3-214).  and  thus  obtain 


-  g  in  the  second  term  on  the 


(*  *  *)  •  *  so  Fs  dF  '  d«  *  so  Fs  dFs 


(3-215) 


However  g  is  given  by  Eq.  (3-208).  Thus,  upon  differentiating  this  equation,  we  find 


dg  =  Pl( 0)dep  ♦  h 

s 


(3-216) 


where  use  was  made  of  Eq.  (3-207),  and  the  relations: 


* 1  'i(*.  - *')  w 


(3-217) 


.  _6±k 

^1  dz 


(3-218) 


A  straightforward  analysis  using  of  Eqs.  (3-215)  and  (3-216)  leads  to  the  expression: 
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(3-219) 


(2  -  a) 

s  F 


•  dg  =  H  d£  , 


where 


H  =  0) 


♦  s  F'  ♦ 
o  s 


(S  “  *)•  fc 

-2 


s  F 
0  s 


(3-220) 


Note  that  H  depends  on  the  history  of  ep  up  to  the  present  time  £  but  not  on  d£. 
We  shall  prove  that  H  is  always  positive  if  F'  >  0. 

Discussion  of  Eg.  (3-219). 

Given  a  deviatoric  stress  increment  dg  from  a  point  g  on  the  yield  surface,  we 
observe  that,  relative  to  the  yield  surface,  either  dg  is  pointing  outwards,  is  tangent 
to.  or  pointing  inward.  Thus 


(a  -  a)  *  d§ 


(3-221) 


depending  on  the  respective  circumstance.  However  dc  cannot  be  negative.  Thus, 
presuming  that  H  >  0  (this  will  be  shown  later  in  this  Section),  either 

(g  -  2]  •  d§  >  0  (3-222) 


and  d£  is  positive  and  is  given  by  Eq.  (3-219)  or 

(a  -  a)  •  ds  s  0 


(3-223) 


in  which  case  df  =  0.  and  the  deformation  is  purely  elastic. 

This  result  again  agrees  with  classical  plasticity  in  the  sense  that  the  above 
rules  also  apply.  A  further  result  moreover  is  of  interest.  If  Eq.  (3-209)  is  used  in 
Ineq.  (3-222).  it  follows  that  whenever  dg  gives  rise  to  a  plastic  strain  increment  dep: 
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dg  >  0 


(3-224) 


dep 

S  F  -r~  * 
o  s  df 

or 

dSp  •  dg  >  0  (3-225) 

since  so>  F  and  df  are  all  positive.  Thus  the  theory  satisfies  the  Drucker  stability 
postulate  [J.18]  provided  that  H  >  0. 

Recapitulation. 

(i)  The  necessary  and  sufficient  conditions  for  plastic  deformation  are: 

||2  -  all  -  *0  %  (3-226) 

and 

(g  -  2]  *  dS  >0  (3-227) 

(ii)  The  necessary  and  sufficient  conditions  for  elastic  deformation  are: 

I |s  -  all  <  s„  Fs  (3-228) 

or 

I  Is  -  all  *  s„  Fs  (3‘229a> 

(*-«)•<***  0  (3-229b) 

Calculation  of  dep  for  prescribed  de. 

Let  Eqs.  (3-226)  and  (3-227)  be  satisfied.  Then  df  is  found  from  Eq.  (3-219). 
i.e.. 


(g  -  a)  •  dg 

d<T  =  771 -  (3-230) 
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The  increment  in  plastic  strain  may  now  be  found  upon  use  of  Eq.  (3-212)  or  upon 
use  of  Eqs.  (3-230)  and  (3-212)  whereby 


I  I 


I  B. 


dsP  =  7  "p  V"H  (2  -  2)  x  (*  -  S)  •  d§ 

lso  sJ 


where  the  symbol  x  represents  an  outer  product.  In  indicial  notation: 


(3-231) 


de 


'j  =  Cs  p  12H  ^kg-  ~  #k^ 

l  o  sJ 


ds 


kt 


(3-232) 


In  fact  Eq.  (3-232)  may  be  written  in  terms  of  a  tangent  modulus  i.e 


deij  ■  cijk«.dskt. 


(3-233) 


where 


cP. 

i  ■ 


jM-  fs  F  ')2h  [sij  '  aij)  Csk£. 

I  o  sJ 


(3-234) 


Note  that  CP.^  is  positive  semi-definite  and  symmetric.  Thus  given  any  arbitrary 
tensor  £..  such  that  ||f..||  i  0.  then 


^ i  j k£.  ^ i  j ^kt  ~  Cs  F  )2H  ^S'j  aij^  *  ^ij] 
losJ 


(3-235) 


It  then  follows  that 


Cijte  «ij« 


k  a 


>  o 


(3-236) 


This  result  will  be  central  in  proving  uniqueness  of  the  initial  value  and  boundary 
value  problems  later  in  Section  5.5. 

Calculation  of  dep  for  Prescribed  de. 

In  finite  element  codes  the  driving  input  is  generally  the  increment  in  strain  dg. 
It  is  important,  therefore,  to  give  a  means  of  calculating  dep  given  dg.  Again  let 
conditions  (3-226)  and  (3-227)  be  satisfied.  Then  d£  is  given  by  Eq.  (3-230). 
However,  now  we  may  use  the  relation 
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(3-237) 


<*§  =  2/i  dge  =  2/io  (de  -  dep] 


which  may  be  substituted  into  Eq.  (3-230)  to  give  the  following  relation: 

dS  *  JT H  (*-»)•  (d*  -  dSP) 


(3-238) 


o  s 


At  this  point  we  use  Eq.  (3-212).  substitute  for  dgp  in  Eq.  (3-238)  and  rearrange 
terms  to  obtain  the  following  equation  for  df: 


2  K 


d?  =  s.F.pT*  2/»o)  (S  •  2)  *  dS 


o  s 


(3-239) 


Thus,  given  de.  d^1  may  be  calculated  from  the  above  expression. 
Recapitulation 


We  now  have  the  following  necessary  and  sufficient  conditions  for  the  occurence 
of  plastic  or  elastic  deformation,  given  the  deviatoric  strain  increment  tensor  de: 


(i)  Necessary  and  sufficient  conditions  for  plastic  deformation: 

Is  -  I  = 


(3-240) 


and 


(g  -  a)  •  ds  >  o 


(3-241) 


(ii)  Necessary  and  sufficient  conditions  for  elastic  deformation: 


*  -  *11  <  soFs 


(3-242) 


or 


* 


i 
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s  -  a  =  s  F 

K  K  0  s 


(3-243a) 


I 


(* 


2]  #  dS  *  0 


(3-243b) 


3.6.5  The  Sign  of  H. 

It  is  clear  from  Eq.  (3-220)  that  the  sign  of  H  depends,  in  part,  on  the  sign  of 
F'  i.e..  dFs/df.  It  is  also  clear  from  Eq.  (3-210)  that  if  F '  >  0  the  yield  surface 
continues  to  expand  and  the  material  (plastically  incompressible  in  this  case) 
undergoes  isotropic  hardening,  in  addition  to  kinematic  hardening  which  is  inherent  in 
the  kernel  />(zs).  On  the  other  hand,  if  F'  <0.  isotropic  softening  takes  place,  and 
if  F'  =  0.  hardening  is  only  of  kinematic  character  since  the  radius  of  the  yield 
surface  is  constant  in  this  case. 

With  the  above  in  mind  we  first  examine  the  magnitude  of  the  last  term  on  the 
right-hand  side  of  Eq.  (3-220)  and  show  that 


(s  -  ll  •& 

772  2  f  (ZJ  - 

os 


(3-244) 


The  proof  is  given  below. 

It  follows  from  Eqs.  (3-209).  (3-217).  and  (3-220)  that 


(a  -  2]*fc 

1 

dSP 

s  dep 

M 

c2 
s  F 

0  s 

=  F 

s 

Plizs  "  z  ]  dz'  dz 

0 

(3-245) 


We  note  the  following:  Because  F$  is  monotonically  increasing,  FJz)  <  F 


s' max 


Also. 


<*§f 


s  dep 


,z 

s 

dsp(?)  dsp(z') 

l'i(zs  *  z')l 

✓ 

df  dz' 

j 

o 
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max  J 


''t2s  -  z')l 


dgP(<T)  dgP(<T') 


d<T  d<T 


dz ' 


(3-246) 


But 


<*sp  dSF 


d<T  #  d<T'  '  1 


(3-247) 
ws 

since  dgp/df  is  a  unit  tensor.  In  view  of  the  above  and  Eq.  (3-245).  it  follows  that 
(» • 


s  F  ' 
o  s 


f\ (zs  -  2')l  dz' 


(3-248) 


where  use  was  made  of  Eq.  (3-247)  to  observe  that 


"it2*  -  2 


'll 


dsp  dsp 

<*s  ‘ 


dz'  i 


kl(2s  -  z')ldz' 


(3-249) 


However  P^(zs)  is  a  negative  monotonically  increasing  function.  Thus 


"ii 


2s  -  2')ld2'  * 


filzs  -  z')dz’ 


(3-250) 


Equations  (3-248)  and  (3-250)  now  combine  to  give  the  following  result: 


(s  -  s)*b 

/ 

s  F2 

0  s 

\ 

• 

'i(2,  -  z’)dz 


(3-251) 
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L 


However , 


I 


*  IM*s)  *  <°>  I 


(3-252) 


and  hence 


5  I  M's)  '  />x(°)|  ■  (3-253) 


•y 

Thus  at  worst  (^*a)*!l/s  F  cannot  attain  a  value  smaller  than  (z  )  -  /^(O). 
Making  use  of  this  result  in  feq.  (3-220)  we  find  that 

H  2  MS)  *  soFs  •  <3-2M> 


Hence  H  is  always  positive  for  finite  values  of  zs  so  long  as  F'  >  0. 

B  3.6.6  Determination  of  the  Constant  $o  and  the  Kernel  jr  (*  ). 

As  discussed  previously,  the  form  of  p(z$)  given  in  Eq.  (3-204)  and  repeated 
below: 

■  '(2J  *  V(zs)  *  'iW  ‘3-255> 


is  really  a  degenerate  form  of  the  function  p(z^)  whose  actual  form  has  been  found 
invariably  to  be  of  the  type 


z 

r  s 


I 


(3-256) 


where  one  term  in  the  summed  series  usually  suffices,  and  0  <  a  <  1.  k  >0. 
>  0.  We  remind  the  reader  that  /?(0)  =  »  and  that  in  the  vicinity  of  z  =  6. 


(3-257) 
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Suppose  that  we  want  to  approximate  p(z  )  by  a  series  of  finite  exponential 
terms  in  the  sense  that 

n  ~p  2 

P{zs)  ~  E  Are  r  s  (3-258) 


where  n  is  finite.  We  realize  immediately  that  such  a  representation  cannot  be  valid 
near,  or  at  the  origin  where  ^E  <  •.  in  disagreement  with  the  value  of  p(z  )  at 
zs  =  0.  However  we  can  approximate  />(zs)  as  close  to  the  origin  as  we  wisfi  by 
taking  a  sufficiently  large  number  of  exponential  terms. or  by  using  the  approach 
described  in  Chapter  7.  This  may  be  proved  rigorously,  in  view  of  Eq.  (3-256)  but 
we  omit  the  proof  since  it  is  not  of  direct  consequence  in  what  follows.  Thus  let  us 
say  that  the  function  p^[z).  where 

MZJ  ^  \  (3-259) 

r=l 


is  very  close  to  p(zj  in  the  range  5  <  z  <  •  but  differs  substantially  from  />(zs)  in 

the  range  0  i  z  <  6.  where  6  is  a  suitably  small  number  (say  10'6,  or  the  smallest 

measurable  strain). 

Thus  we  may  write 

'(z.)  *  E(zs)  ♦  Mz,)  (3-260> 


where  the  "error"  e(zs)  is  essentially  zero  outside  the  range  0  <  z  <  <5.  Consider 
now  the  following  expression  for  the  deviatoric  stress  tensor  g: 


s  = 


de^ 

p(z  -  d z' 


(3-261) 


Note  that  in  view  of  Eq.  (3-260).  Eq,  (3-261)  becomes: 


2  = 


!  dSP 

'll2.  -  z')dF  dz' 


's  deH 

£(ZS  -  z')  5T  dz 


(3-262) 


C 
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L 


V 


However,  because  of  the  fact  that  e(z  )  vanishes  outside  the  interval  0  <  z  <  <5. 
Eq.  (3-262)  becomes: 


S  = 


s  dgp 

'it's  -  z')dF  dz'  * 


2s  dgp 

£(zs  - z')  d r dz' 

v* 


(3-263) 


l 


but  the  interval  [d  ]  is  sufficiently  small  to  render  the  tangent  dgp/df  to  the  plastic 
strain  path  constant  in  this  interval.  Thus 


e(*i 


-  z 


de* 


fZ. 


dz'  =  F. 


w  5 r 


z  -d 
s 


e[z_ 


z  -6 
s 


I 


I  E(2-)d2' 


(3-264) 


To  evaluate  the  right-hand  side  of  Eq.  (3-264)  we  note  that  in  the  interval  d  and  in 
view  of  Eq.  (3-257)  and  (3-259) 


(3-265) 


Thus: 


e(z')dz'  =  «1"“-  P^S 

o 


(3-266) 


But  at  zs  =  d,  ^j(d)  =  ^(d)  by  assumption,  and  therefore 

l 


A 
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4.  THEORY  OF  COMPRESSIBLE  PLASTIC  ISOTROPIC  SOLIDS 


4.1  Introduction. 

The  application  of  endochronic  plasticity  to  metals,  discussed  in  the  preceding 
chapter,  is  facilitated  by  three  assumptions  which  are  quite  realistic: 


(1) 

Under  moderate  hydrostatic  stress, 
elastic. 

the  hydrostatic 

response  is 

(2) 

A  constant  moderate  hydrostatic 
mechanical  response  in  shear. 

stress  does  not 

affect  the 

(3) 

Shearing  at  constant  hydrostatic  stress  does  not  induce 
the  hydrostatic  strain. 

a  change  in 

In  the  case  of  compressible  plastic  solids,  such  as  soils,  plain  concrete  and  rock 
for  example,  the  above  assumptions  are  not  realistic. 

In  regard  to  item  (1)  above,  the  typical  hydrostatic  behavior  of  concrete,  rock 
and  porous  rock  in  compression  is  illustrated  in  Figure  4.1.  The  pressure-volumetric 
strain  curve  is  initially  convex,  becoming  concave  and  asymptotically  elastic.  Upon 
unloading  at  A  to  a  point  B  a  significant  amount  of  plastic  strain,  eg,  results.  There 
is  obviously  a  great  deal  of  hardening  taking  place,  which  affects  dramatically  the 
subsequent  loading-unloading-reloading  behavior  as  illustrate  in  the  figure.  While,  for 
metals,  hardening,  in  general,  is  the  result  of  multiplication  of  dislocations,  in  concrete 
and  soils  it  is  very  much  a  function  of  compaction.  In  both  cases  however  the 
sources  of  hardening  are  the  resistance  coefficients  "br"  and  in  this  particular  instance, 
b^  (see  Eq.  (2-50b).  Thus  while  for  metals  one  achieves  hardening  by  letting  b^  be 
an  increasing  function  of  z,  in  concrete  and  soils  to  account  for  the  compaction  effect 
on  the  hydrostatic,  we  set 

br  =  br  F  (ep)  t4'1) 

0  00  J 

where  F,,  is  a  monotonically  increasing  function  of  ep. 

n 


*  Of  the  order  of  the  yield  stress  in  tension. 
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Figure  4.1  Typical  response  of  plain  concrete  soils  and  porous  rock  to  pure 
hydrostatic  compression. 


Figure  4.2  Typical  shear  response  of  plain  concrete,  soil  and  porous  rock  as  a 
function  of  hydrostatic  compression. 


i . 


In  reference  to  item  (2).  the  shear  response  depends  strongly  upon  the  existing 
level  of  hydrostatic  stress.  This  effect  is  illustrated  schematically  in  Figure  4.2  where 
the  shear  stress  is  plotted  versus  the  shear  strain  under  monotonic  loading  conditions 
and  at  various  levels  of  constant  hydrostatic  stress.  To  account  for  this  effect,  the 
deviatoric  resistance  coefficients,  bj  have  all  been  set  proportional  to  a  function  F  of 
the  existing  hydrostatic  stress.  Tnus 

bir  *  bIo  F,(»)  •  (*-J> 


according  to  Eq.  (2-50a). 

It  is  important  to  note,  however,  that  in  the  case  of  cyclic  histories  where  the 
value  z  becomes  large,  then  F$  can  also  be  expected  to  depend  on  z.  The  physical 
reason  for  this  is  that,  in  the  case  of  soils,  for  example,  the  resistance  coefficients 
'  depend  on  the  particle  arrangement  in  the  material.  Since  the  particle  arrangement 

varies  directly  with  the  cumulative  plastic  strain,  represented  by  Zj.  Fs  will  also 
depend  on  z.  Thus  in  general 

Fs  =  Fg(a.z)  (4-3) 

However  for  histories  that  are  not  repetitive,  the  dependence  on  z  can  be  ignored  as  a 
first  approximation. 

In  regard  to  item  3.  the  mechanical  responses  of  concrete,  soil  and  porous  rock 
■  show  strong  shear-hydrostatic  interaction  in  that  shearing  at  constant  hydrostatic 

stress  produces  a  significant  change  in  the  hydrostatic  strain  and  vice  versa.  As  will 
be  shown  subsequently,  endochronic  plasticity  accounts  for  this  effect  through  the 
intrinsic  time  and  specifically  by  virtue  of  the  coupling  constant  k  which  appears  in 
Eq.  (3.1.7).  note  that  in  materials  which  are  plastically  incompressible.  dep  =  0.  In 
such  materials  shear-hydrostatic  interaction  is  absent. 

The  constitutive  equations  that  pertain  to  the  mechanical  behavior  of 
compressible  plastic  solids,  such  as  soils,  porous  rock  and  concrete,  were  derived  in 
Chapter  2  and  summarized  at  the  beginning  of  Chapter  3.  They  are  given,  again, 
here  for  reference. 


o 


(4-4) 
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o 


(4-5) 


p(  o)  =  m  = « 

dep  =  dg  -  ds/2/iQ 
ep  =  de  -  d^/Ko 
dz2  =  ||dep||2  ♦  k2ldepl2 
dzs  =  dz/Fs  ,  dzH  =  dz/kFH 


(4-6) 

(4-7) 

(4-8) 

(4-9) 


(4-lOa.b) 


For  soil,  porous  rock  and  concrete.  Fs  can  be  represented  quite  accurately  over  a 
moderately  wide  range  of  a  by  the  linear  expression: 

Fs  =  co  +  tj,  .  (4-11) 

where  cq  and  denote  positive  material  constants.  In  addition,  the  function  FH  is 
very  closely  given  for  these  materials  by  an  exponential  function  of  the  form 


fh 


(4-12) 


where,  for  convenience,  we  may  normalize  FH  to  unity  at  ep  =  0.  without  loss  of 
generality,  and  therefore  take  F*  =  1. 

We  note  at  this  point  that  the  above  equations  have  the  property  that  the 
application  of  shear  stress  produces  a  change  in  the  plastic  volumetric  strain,  i.e.. 
there  is  shear-volumetric  coupling,  however,  as  we  shall  show  below,  the  shear- 
volumetric  coupling  is  limited  to  densification,  i.e.,  ep  >  0.  To  show  this,  let  us 
invert  Eq.  (4-5),  that  is.  we  express  ep  in  terms  of  the  history  of  o  to  obtain 
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f2H 

l(2h  -  2)3T  d2' 

O 


(4-13) 


where  the  kernel  L  is  related  to  ^  by  the  integral  equation 


•ZH 

-  *1  d2'  *  h(2h)  • 


(4-14) 


and  H(z)  denotes  the  Heaviside  step  function.  If  we  let  z^  =  z*  at  the  termination 
of  the  pure  hydrostatic  compression  phase  (a  =  aj).  then  in  view  of  Eq.  (4-13)  we 
can  write 


1 

'ZH 

l(2h  -  2)ST  d2'  • 


(4-15) 


since  da/dzH  =  0  for  z H  >  z^. 

The  application  of  shear  will  lead  to  a  change  in  z.  by  virtue  of  Eq.  (4-9).  and 
therefore  a  change  in  z  because  of  Eq.  (4-10b).  As  a  result,  the  integral  on  the 
right-hand  side  of  Eq.  (4-15)  will  change  due  to  shearing  and.  hence,  so  will  ep. 
Consequently,  in  the  presence  of  hydrostatic  stress,  dz  is  given  by  Eq.  (4-9)  which 
depends  upon  the  value  of  k.  Finally,  we  note  that,  since  the  integral  on  the  right- 
hand  side  of  Eq.  (4-15)  is  positive,  Eq.  (4-15)  always  predicts  compaction  (ep  >  0) 
during  shearing  at  fixed  hydrostatic  stress. 

To  account  for  dilatancy,  the  hydrostatic  constitutive  Eq.  (4-5)  must  be 
modified.  This  has  been  done  in  a  recent  work  by  Valanis  and  Peters  [4.1]  in  which 
the  hydrostatic  and  deviatoric  evolution  equations  are  coupled.  Two  different  modes 
of  coupling  have  given  rise  to  two  different  hydrostatic  constitutive  equations,  which 
are  given  below  without  derivation: 


a  = 


j 

o 


dz ' 


j 

o 


(4-16) 


4-5 


and 


a  = 


*(ZH 


-  7-1^4 


Jdz' 


dz' 


(ZH  ' 


deP 

*']  *  '  3F  dz' 


(4-17) 


where  r(zH)  is  termed  the  "dilatancy  kernel". 

From  some  initial  applications  to  unsaturated  soils,  it  appears  that  Eq.  (4- 17)  is 
preferable.  This  subject  will  not  be  pursued  in  the  present  volume  as  it  will  be  taken 
up  in  greater  detail  in  a  forthcoming  second  volume  on  Endochronic  Plasticity  by  the 
authors.  We  add  parenthetically  that  Eq.  (4-17)  was  reported  by  Valanis  in  Ref.[4.2]. 

4.2  Hydrostatic  Behavior. 

In  the  preceding  section,  some  of  the  general  features  of  the  hydrostatic  behavior 
of  compressible  plastic  solids,  such  as  soils,  concrete  and  porous  rock,  were  described. 
In  this  section,  several  simple  hydrostatic  models  which  follow  from  the  basic 
Eqs.  (4-5).  (4-6).  (4-8).  (4-9)  and  (4-10b)  and  which  exhibit  the  basic  features 
depicted  in  Figure  4.1  are  developed.  In  addition,  analytical  methods  are  given  for 
determining  0(0  and  FH(ep)  from  experimental  data.  For  further  details  on  the 
representation  of  hydrostatic  stress,  see  Ref.  [4.3j. 

4.2.1  Some  Simple  Hydrostatic  Models. 

Consider,  first  of  all.  the  case  in  which  the  hydrostatic  stress  a  lies  on  the 
concave  portion  of  the  virgin  hydrostat  (see  Figure  4.3).  In  this  instance,  the  kernel 
0(Zj_|)  can  be  represented  by  a  Dirac  delta-function,  i.e.. 

0(zH)  =  (4*18) 

where  0q  is  a  positive  constant.  Substitution  of  this  expression  into  Eq.  (4-5)  leads 
to  the  result 


a 


=  0 


de 
o  dz 


P 

H 


(4-19) 


In  a  purely  hydrostatic  deformation,  Eq.  (4-9)  gives  the  relation 


dz  *  kide^i  , 


(4-20) 


which  for  monotonic  loading  reduces  to  the  expression 


dz  =  k  dcp 


(4-21) 


Upon  combining  Eqs.  (4-10b).  (4-21).  (4-19)  and  (4-12),  we  obtain  the  equation 


0  s  t 


(4-22) 


which  is  exactly  the  form  adopted  in  the  critical  state  theory  of  soils  (4.4).  Note 
that  is  defined  by  the  intersection  of  the  extrapolated  concave  portion  of  the  virgin 
hydrostat  with  the  o-axis.  as  shown  in  Figure  4.3. 

Another  way  of  modeling  the  hydrostatic  response  is  to  represent  ^(z)  by  a 
single  exponential  term,  i.e.. 


i  =  *0® 


(4-23) 


If  one  uses  Eqs.  (4-5).  (4-21).  (4-23)  and  (4-12),  the  following  relation  for  o  is 
obtained: 


a  =  *0e 


'(2h  - z  Vvv 


(4-24) 


The  integral  on  the  right-hand  side  of  Eq.  (4-24)  can  be  evaluated  approximately. 
since  the  function  0(*H)  is  close  to  a  delta  function.  In  effect,  we  can  write 


■  >.* i  1. 


(4-25) 


where 


.  -/>s) 

'  4 


(4-26) 
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in  view  of  Eqs.  (4-21)  and  (4-10b).  Equations  (4-25)  and  (4-26)  give  the  observed 
convexity  of  the  hydrostatic  stress-strain  curve  at  small  values  of  plastic  hydrostatic 
strain,  and  concavity  for  large  values  of  ep.  The  reason  for  this  is  that  at  small 
values  of  ep.  and  in  view  of  Eq.  (4-26).  we  can  write: 

zH  "  eP  (4-27) 

and 


(4-28) 


i 


so  that  Eq.  (4-25)  becomes 


a 


(4-29) 


I 


which  exhibits  convexity.  For  large  values  of  ep.  Eq.  (4-26)  gives  the  asymptotic 
value 


(4-30) 


Thus,  in  view  of  Eq.  (4-25).  we  have 


o 


(4-31) 


i.e..  at  large  ep  the  hydrostatic  response  becomes  exponential  and  therefore  concave. 

4.2.2  Determination  of  the  Functions  0(*H)  and  FH(ep). 

Consider  the  case  of  monotonic  hydrostatic  compression  from  the  natural 
unstrained  state.  In  this  case,  we  have  from  Eqs.  (4-9)  and  (4-10b) 

dzH  =  dep/FH  .  (4-32) 

so  that  Eq.  (4-5)  takes  the  form 


This  equation,  together  with  Eq.  (4-8).  completely  defines  the  monotonic  hydrostatic 
response. 

In  addition  to  the  bulk  modulus.  K.  there  are  two  material  functions  that  are 
necessary  to  define  the  hydrostatic  behavior:  the  kernel  0(zH)  and  the  hardening 
function  FH(ep). 

Consider  first  the  hardening  function  F  ,  which  is  discussed  most  clearly  with 
reference  to  a  typical  hydrostatic  response  curve  for  plain  concrete,  as  depicted  in 
Fig.  4.4.  here,  the  stress  a  is  shown  as  a  function  of  the  plastic  volumetric  strain  ep 
for  the  case  of  monotonic  compression  from  the  virgin  state.  The  curve  ON 
represents  the  response  for  FH  =  1.  In  the  initial  stage  of  loading  (0  <  ep  $  OA), 
Fh  is  essentially  linear.  In  the  stage  OA  <  ep  <  OB.  it  is  basically  hyperbolic.  In 
the  final  stage  (ep  >  OB),  a  *  *  as  ep  ■*  ep.  since  there  is  a  limiting  material 
compaction  beyond  which  the  material  cannot  be  compacted  further,  no  matter  how 
high  a  stress  a  is  applied.  Thus,  it  is  necessary  that  FH  satisfy  the  following 
limiting  condition: 

I  int  Fu  *  *  (4-34) 

w  H 

c 

However,  the  exponential  form  of  F  given  in  Eq.  (4-12)  is  satisfactory  over  a 
substantial  range  of  ep  (say  0.05).  Therefore  the  determination  of  FH  reduces  to  the 
determination  of  the  constant  p.  Furthermore,  the  fact  that  the  integral  of  the  kernel 

saturates  while  Fu  is  still  in  the  linear  range,  suggests  that  for  ep  <  OA 
n  n 

Fh  =  ePe?  ~  1  ♦  pep  ♦  o(ep)2  (4-35) 

Thus,  if  our  attention  is  restricted  to  the  initial  stage  of  response 
(0  <  ep  <  OA).  we  can  write 

FH  =  1  +  /tep  .  (4-36) 

where  p  is  a  positive  constant.  The  linear  representation  of  F  inherent  in  Eq.  (4-36) 
affords  an  explicit  method  for  determining  the  value  of  p  and  tne  kernel  ^(zH).  as  we 
will  show  below. 

With  Fh  given  by  Eq.  (4-36).  and  for  monotonic  hydrostatic  compression,  it 
follows  from  tqs.  (4-9)  and  (4-10b)  that. 
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Figure  4.4  Pressure  versus  plastic  volumetric  strain  for  virgin  hydrostatic 
compression. 


Figure  4.5  General  form  of  the  relationship  between  a  -  o*  and  iu. 


(4-37) 


dzH  =  d€p/(l  +  Pep). 
Hence 

e?  =  (1  IP)  (e^n  -  l]  , 

so  that 


(4-38) 


(4-39) 


To  determine  ^(*H)  we  resort  to  its  (approximate)  representation  by  a  finite 
Dirichlet  series  as  given  below 

*(:„)  =  t  Bre^ZH  .  (4-40) 


where  the  constants  and  p^  are  positive  and  finite. 

Therefore,  upon  substituting  from  Eqs.  (4-39)  and  (4-40)  into  Eq.  (4-33).  we 

find 


B  e 
r 


Iz  iz- 


which  can  be  integrated  to  give 

(Pr+P)*H 
e 

Upon  defining  a  stress  a*  such  that 

*  £_  a 

=  FH  =  1  ♦  ' 


=  y  b 


~P  rJ 


(4-41) 


(4-42) 


(4-43) 
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Eq.  (4-42)  can  be  rewritten  in  the  following  form: 


(4-44) 


To  determine  the  constants  B  .  p  ,  and  p.  we  proceed  as  follows.  The  constant 
P  is  found  from  the  straight  line  portion  of  the  hydrostat  which  is  given  by  the 
relation 


<r  s  afl(l  ♦  pep) 


(4-45) 


where  a  is  the  intercept  shown  in  Fig.  4.4.  The  remaining  constants  are  found  by 
plotting  a  -  a*  versus  zu.  wherein  zu  is  obtained  from  Eq.  (4-38)  as 

o  H  n 


zH  =  jj  log(l  ♦  pep ) 


(4-46) 


A  typical  plot  is  shown  in  Fig.  4.5.  It  follows  by  virtue  of  Eq.  (4-44)  that 


a 

o 


.  Br  -UW>r)zH 


(4-47) 


Hence,  a  Dirichlet  series  representation  of  the  curve  a  -  a *  versus  zH  gives 
B f/[P  +  P)  and  p  +  Pf.  Since  p  is  already  known.  Bf  an<?  Pf.  and  thus  ^(z  H>-  a'e 
also  known. 

4.3  Shear  at  Constant  Hydrostatic  Stress. 

In  this  section,  the  case  of  shear  in  the  presence  of  a  constant  hydrostatic 
stress  is  considered  in  detail.  This  case  occupies  a  particularly  important  place  within 
the  endochronic  framework  because  it  allows  the  analytic  determination  of  Fs.  p  and  k 
when  Fs  does  not  depend  upon  zs- 

4.3.1  General  Considerations. 

The  loading  history  of  interest  in  this  section  consists  first  of  a  pure  hydrostatic 
>  compression  some  arbitrary  level,  say  a  =  Oy  after  which  a  is  held  fixed  at  and  a 
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shear  stress  r  is  applied.  While  r  is  being  applied,  the  total  stress  tensor  a  is  of 
the  form: 


(4-48) 


It  will  be  assumed  in  the  sequel  that  the  fixed  hydrostatic  stress  a  is  of  sufficient 
magnitude  to  lie  on  the  concave  portion  of  the  virgin  hydrostat.  Tnis  is  important 
because  it  permits  the  hydrostatic  kernel  ^  in  Eq.  (4-5)  )  to  be  represented  by  a 
Dirac  6  function,  which  leads  to  considerable  analytic  simplification,  as  we  will  show. 

There  are  two  basic  forms  of  Fs  which  do  not  exhibit  a  dependence  on  zs  for 
shear  at  constant  hydrostatic  stress,  namely,  the  form  in  which  F$  does  not  depend 
upon  zs  per  se  and  the  form  in  which  Fs  depends  upon  z$  in  general  but.  in  the  case 
of  shear  at  constant  hydrostatic  stress,  the  dependence  vanishes.  As  an  example  of 
the  latter,  we  note  the  large  class  of  materials  that  includes  soils,  concretes  and  rocks 
for  which  Fs  depends  on  the  hydrostatic  stress  a  and  on  the  third  invariant  of  the 
deviatoric  stress  tensor.  J3_  For  this  class  of  materials. 

%  *  Fs("’J3)  <4'49> 

In  the  case  of  shear  at  constant  hydrostatic  stress,  a  is  fixed  at  some  value,  say  a . 
and  J3  remains  fixed  during  the  shearing  process,  since  the  shear  path  is  a  radial  line 
in  the  *-plane  emanating  from  the  origin.  In  this  case.  F  does  not  depend  upon  z 
and.  in  fact,  is  a  constant. 

In  that  which  follows,  the  governing  equations  for  shear  at  a  constant 
hydrostatic  stress  a  are  derived  from  the  general  system  of  endochronic  equations 
given  by  Eqs.  (4-4)  to  (4-10a.b)  for  the  case  in  which  F^  does  not  depend  upon  z  . 
The  equations  become  amenable  to  analysis  if  it  is  assumed  that  a ^  lies  on  either  the 
quasi-linear  or  the  concave  portions  of  the  hydrostat  (see  Fig.  4.3).  and  this 
assumption  will  be  adopted  below.  Procedures  for  utilizing  the  resulting  equations  in 
conjunction  with  experimental  data  to  determine  F  .  p  and  k  are  given. 


It  is  convenient  at  this  point  to  introduce  the  following  notation: 


Equation  (4-9)  can  therefore  be  written  as 

a  2  -2  .2  .2 

dz  =  d£s  +  k  dfH 


(4-50a,b) 


(4-51) 


Since  it  is  assumed  that  a  lies  on  the  concave  part  of  the  hydrostat.  Eq.  (4-19) 
applies  and,  in  view  of  Eq.  (4-50b).  can  be  written  in  the  form: 


a 


d<r 

ok  FH  dz  ' 


(4-52) 


from  which  it  follows  that 


dSH  = 


%kFH 


dz 


(4-53) 


Combining  Eqs.  (4-51)  and  (4-53)  leads  to  the  expression 

r  <7  121 1/2 


<*?s  = 


1  - 


L°o  FH 


dz 


which,  upon  substituting  from  Eq.  (4-10a).  yields 


dz  = 
s 


1*0  FHJ 


(4-54) 


(4-55) 


In  order  to  proceed  further,  it  becomes  necessary  at  this  point  to  select  a  specific 
form  for  FH-  In  the  following  sections,  the  two  forms  for  FH  given  by  Eqs.  (4-12) 
and  (4-36)  are  considered  for  this  purpose. 
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< 


i 
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4.3.2  The  Case  in  Which  FH  =  e^e  . 

Let  us  decompose  the  total  plastic  volumetric  strain  during  shear  at  fixed  a  into 
two  components  and  £*  such  that 

£P  =  Sh  *  Sh  '  (4‘56) 


where  the  superscripts  H  and  s  refer,  respectively,  to  hydrostatic  and  shear.  Then, 
when 


F 


H 


(4-57) 


the  fixed  hydrostatic  stress  a  at  the  end  of  the  pure  hydrostatic  compression  phase 
is.  from  Eqs.  (4-22).  given  by 


(4-58) 


It  therefore  follows  from  Eqs.  (4-56)  and  (4-58)  that,  during  shearing, 


tel 


.  c  .  JJtr  „  rJH 

*qfh  =  =  V 


(4-59) 


By  combining  Eqs.  (4-54)  and  (4-59),  and  setting  a  —  a.,  we  obtain 


d<rs  = 


1  -  e 


-2  tel 


1/2 


dz 


(4-60) 


Sett i ng 


x  =  e 


(4-61) 


we  can  rewrite  Eq.  (4-60)  as 


«.  - -  ml/- 


(4-62) 


Equations  (4-52)  and  (4-57)  can  be  combined  to  give 


a.  =  ki  e 
1  ro 


d^H 

dz 


(4-63) 


where  we  have  set  a  —  a  Upon  using  Eq.  (4-56).  Eq.  (4-63)  can  be  rewritten  as 


*5  s 

dz  =  ke  d$^ 


We  now  introduce  the  change  of  variable 


y  =  z  -  z  . 


(4-64) 


(4-65) 


where  z1  denotes  the  value  of  z  at  the  termination  of  the  pure  hydrostatic  phase. 
Equation  (4-64)  then  takes  the  form 


dy  =  ^  dx  , 


where  Eq.  (4-61)  has  been  used.  Upon  integrating  this  expression,  we  find 


(4-66) 


y  =  (jj]  (x  -  1) 


(4-67) 


*  =  i  +  t  y 


(4-68) 


Now  I et 


a  =  & 
a  k 


(4-69) 
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Then  Eq.  (4-68)  reads 
x  =  1  +  ay  . 


(4-70) 


which  can  be  combined  with  Eq.  (4-62)  to  give 


“Ss 


d  z 

In  view  of 


(gay  ♦  a2y2 
(1  ♦  ay) 

Eq.  (4-65).  this  equation  becomes 


♦ 


£L 

a(z  -  z1)] 


S  i  nee 


> 


Eq.  (4-72)  can  be  rewritten  as 

^  k.  .  av)1'2 

dw  “  s  ♦  aFswJ 


where  we  have  set 


(4-71) 


(4-72) 


(4-73) 


(4-74) 


(4-75) 


Here,  z*  denotes  the  value  of  zg  at  the  termination  of  the  pure  hydrostatic  phase. 

After  the  pure  hydrostatic  compression  phase  has  been  completed  and  shearing 
begins  at  a  =  a  .  we  can  write  from  Eq.  (4-53)  that 


de 


(4-76) 
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H  s 

where  e  and  e  denote,  respectively,  the  plastic  volumetric  strains  at  the  end  of  the 
pure  hydrostatic  compression  phase  and  during  shearing. 


For  monotonic  hydrostatic  compression  to  a  .  we  have 

»i*V  p  ■ 

It  then  follows  from  Eqs.  (4-76)  and  (4-77)  that 


(4-77) 


de 


s 

P 


(4-78) 


which  shows  that  des  is  always  positive,  thereby  indicating  that  this  model  exhibits 
only  compaction  when  there  is  shear  in  the  presence  of  a  fixed  hydrostatic  stress. 

The  deviatoric  plastic  strain  increment  tensor  corresponding  to  Eq.  (4-48)  is  of 
the  form 


0  d7P 


0 

0 

0 


so  that 


dep| |  =  f2  d7P 


(4-79) 


(4-80) 


Introducing  this  expression  into  Eq.  (4-9).  and  setting  dep  =  dej\  gi 
dz2  =  2  Cd7P) 2  +  k [de*] 2  . 


Equation  (4-78)  may  be  solved  for  dz  and  the  result  combined  with  Eq. 
yield  the  expression 


(4-81) 
(4-81)  to 
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Is 


■ 


k  des 
P 


1J 


1/2 

=  (2  d7P  . 


(4-82) 


m 


L 


I 


Recalling  the  change  of  variable  given  in  Eq.  (4-61).  and  with  =  es.  we  can 
rewrite  Eq.  (4-82)  in  the  form  P 


:(x2  -  l) 

px 


1/2 


dx  =  J2  d7P  , 


which  can  be  integrated  to  give 


r~2  r  -ii  p 

lx  . 1 .  cos  -  =  -f  f 


where 


x  a  e 


(4-83) 


(4-84) 


(4-85) 


and  the  vertical  bars  enclosing  a  symbol  denote  its  absolute  value.  Equation  (4-84) 
therefore  provides  a  closed-form  theoretical  solution  for  the  shear-volumetric  coupling 
during  shear  at  a  constant  hydrostatic  stress.  The  interesting  feature  of  this  equation 
is  that  the  functional  dependence  of  es  on  7P  is  independent  of  the  hydrostatic  stress 
a,  provided  that  the  fixed  hydrostatic  stress  a }  is  on  the  concave  part  of  the 
hydrostatic  curve.  This  important  prediction,  which  results  from  the  model,  has  been 
verified  recently  for  a  soil  with  weak  cohesion  by  the  authors.  Since  p  is  known 
from  the  hydrostatic  test,  k  can  be  found  by  fitting  Eq.  (4-84)  to  the  e*i  ^rimentally 
obtained  curve  of  the  function  £p(7P) 

We  now  return  to  the  question  of  the  shear  stress  response  to  increasing  shear 
strain  in  the  presence  of  constant  a.  In  view  of  Eq.  (4-4).  we  can  write 


/•Z 


s 


T  = 


J 


O 


(4-86) 
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However.  7P 
range  0  i  zs 


=  0  during  the  pure  hydrostatic  compression  phase,  i.e..  for  zs 

<,  z1.  Therefore,  if  we  set 
s 


in  the 


w  = 


(4-87) 


and  recall  Eq.  (4-86).  it  follows  that 


r 


P(  * 


*')*r  d“' 


O 


(4-88) 


We  note  that 


d?P  _  dz 
dw  “  dz  dw 


and 


dz  _  dz  _  c 

dw  “  dz  s 

s 


(4-89) 


(4-90) 


Consequently. 


dw  s  dz 


(4-91) 


Let  us  now  integrate  Eq.  (4-64),  with  = 
leads  to  the  expression 


.  during  the  shearing  process:  this 


z 


(4-92) 


Setting 

y  =  z  -  z1  (4-93) 

and  recalling  Eq.  (4-61).  we  may  write 
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(4-94) 


*  =  i  ♦  i  y  • 

In  view  of  Eqs.  (4-81)  and  (4-93).  it  follows  that 
dz2  =  dy2=  2  Cd7P) 2  ♦  k2(dfp)  . 

Equation  (4-94)  may  be  differentiated  to  give 
dx  =  (f)dy 

which,  in  view  of  Eq.  (4-61),  may  be  written  as 

pes  n 

P«  P  d6p  a  k  dy 

or.  in  view  of  Eq.  (4-85). 

P  x  des  =  dx  . 
r  P 

We  now  introduce  Eqs.  (4-96)  and  (4-98)  into  Eq.  (4-95):  this  gives 


and  upon  taking  the  root  we  obtain 

■  ,  -.1/2 

)  1  -  h  dx  =  12  d,"  . 

X 

Returning  to  Eq.  (4-91).  we  note  that 

d7P  _  d7P  dx  _  d7P  dx  dy 
dz  dx  dz  dx  dy  dz 


(4-95) 


(4-96) 


(4-97) 


(4-98) 


(4-99) 


(4-100) 


(4-101) 
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Since  dy/dz  =  1  from  Eq.  (4-93)  and 

dx  0 
dy  "  k  ’ 


it  follows  from  Eq.  (4-101)  that 


dz  k  dx 


Upon  combining  Eqs.  (4-100)  and  (4-103).  we  find 


(4-102) 


(4-103) 


_ i  rn  i_y 

dz  '  12  l  *2. 


which,  when  used  in  conjunction  with  Eq.  (4-91).  leads  to  the  expression 


(4-104) 


^.J(,  1.1 1/2 


fl  -1-1 

x2 
X  / 


(4-105) 


If  Fs  does  not  depend  upon  z,  we  can  integrate  Eq.  (4-90)  to  obtain 


2  -  Z 

S 


(4-106) 


Therefore,  on  the  basis  of  Eqs.  (4-93).  (4-94).  and  (4-106).  it  follows  that 


x  =  1  ♦  £  F  w  . 
k  s 


(4-107) 


Equations  (4-104)  and  (4-107)  can  be  combined  to  give 


a£  *  %  «w 


(4-108) 


¥ 


where  we  have  set 


i 


G(w)  = 


.( 


0  0 

2a  F  w  ♦  a  F  w 
s  s 


2V 1/2 


l1 


.  .  Fs.) 


and 


(4-109) 


In  view  of  Eq.  (4-108).  Eq.  (4-88)  may  be  written  as 


r(w)  =  — 


1 

ft 


p( w  -  w')  G(w')dw' 


(4-110) 


An  inspection  of  Eq.  (4-109)  reveals  that  the  function  G(w)  satisfies  the  basic 
requirements  stipulated  later  in  Section  4.3.4.  Therefore,  on  the  basis  of  the  proof 
presented  therein,  we  can  write 


I  im 

Z  -MO 

s 


o 


z')G(z')dz'  =  Mw 


where 


(4-111) 


r 

p{z')dz' 
1  o 


(4-112) 


and  <  «».  Therefore,  if  we  denote  the  limiting  value  of  the  shear  stress  by  rm,  it 
follows  from  Eqs.  (4-109)  and  (4-110)  that 


(4-113) 


1 
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Without  loss  of  generality.  may  be  normalized  to  unity  at  some  arbitrary  reference 
hydrostatic  stress  aR.  When  this  is  done.  Eq.  (4-113)  becomes 


M'r)  ■  j§  • 


(4-114) 


which  may  be  combined  with  Eq.  (4-113)  to  give,  at  an  arbitrary  a. 


t.(°) 

M'r) 


(4-115) 


This  expression  therefore  shows  that,  when  Fs  is  independent  of  z  the  function 
F  can  be  determined  from  experimental  data  obtained  from  the  shearing  phase  of  the 
test.  By  performing  the  shear  at  different  values  of  6  in  the  ir-ptane.  the  dependence 
of  Fs  on  8  (or  J3)  can  be  determined. 

Let  us  consider  now  the  determination  of  the  kernel  function  p(z$).  From 
experimental  data,  one  obtains  the  r  versus  7  relationship,  which  is  reducible  to  a 
function  of  the  plastic  shear  strain.  jp.  For  monotonic  shearing  at  a  fixed  hydrostatic 
stress,  and  in  view  of  Eq.  (4- 50a).  we  can  write 


d?s  =.  a  d7p 


(4-116) 


Furthermore,  at  the  initiation  of  shear  <:  =  0.  so  that 

3s 


a  7P 


(4-117) 


This  expression  may  be  combined  with  Eq.  (4-74)  to  give  a  relation  between  d7P  and 
dw.  which  can  be  numerically  integrated  to  give  7P  as  a  function  of  w.  The  function 
r(w)  can  therefore  be  found.  When  r(w)  is  known.  Eq.  (4-110)  is  a  Volterra  integral 
equation  of  the  first  kind  which  can  be  solved  numerically  to  obtain  p(w).  once  F^  is 
given.  A  numerical  procedure  designed  for  this  purpose  is  described  in  Chapter  10. 
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4.3.3  The  Case  in  Which  FH  =  1  +  /?ep. 

As  noted  in  Section  4.2.2,  this  case  applies  when  the  constant  hydrostatic  stress 
at  which  the  shearing  occurs  is  located  on  the  quasi-linear  part  of  the  concave 
portion  of  the  virgin  hydrostat.  With 

Fh  =  1  ♦  pe?  ,  (4-118) 

Eq.  (4-52)  takes  the  form 

a  =  *Qk(l  *  ,  (4-119) 


which  may  be  combined  with  Eq.  (4-51)  to  give  the  following  expression: 

1/2 


d<Tss 


* 

1 

'I  l2j 

1  - 

» 

kri  ♦  *h)J  J 

dz 


(4-120) 


Here,  for  monotonic  loading.  ep  =  £H  and  Oy  as  before,  denotes  the  Fixed  hydrostatic 
stress  on  the  quasi-linear  portion  of  the  virgin  hydrostat. 


We  decompose  £H  into  two  components,  as  in  Eq.  (4-56).  and  write: 


♦of1  *  *h)  -  "of1  *  *  *<K) 


(4-121) 


H 

where  is  the  value  of  at  the  termination  of  the  pure  hydrostatic  compression 
phase,  while  £*  is  the  component  due  to  the  shear.  For  pure  hydrostatic 
compression  up  to  a  =  o  .  it  follows  from  Eqs.  (4-106).  (4-19)  and  (4-118)  that 


'i’*o(1**h)  ' 


(4-122) 


Hence.  Eq.  (4-121)  can  be  rewritten  as 
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“oP  *  *H)  ■  51  *  ■ 


(4-123) 


which  can  be  combined  with  Eq.  (4-120)  to  give  the  expression: 


<*<TS  V  s 

x 


(4-124) 


For  shearing  at  o  =  tr  .  it  follows  from  Eq.  (4-119)  that 


°i  *  ♦  *11  *  *5)4! 


(4-125) 


Equation  (4-122)  may  be  used  together  with  Eq.  (4-125)  to  obtain  the  result: 


A  Li  -S  j  S 

dr  «  k  1  ♦  —  JH  djH 


If  we  now  set 


(4-126) 


y  H  z  -  z 


x  -  1  ^  ~  ?h 


(4-127) 


(4-128) 


where  z1  denotes  the  value  of  z  at  which  shearing  begins,  Eq.  (4-126)  can  be  written 
in  the  form: 


(4-129) 


dy  =  fl-Jx  d. 


Integrating  this  expression  yields 


1  f  2  -1 

y  =  2i  Lx  - lj  * 


(4-130) 
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where  we  have  set 


■ 


(4-131) 


From  Eqs.  (4-124)  and  (4-128).  it  follows  that 

.211'2 


% 

dz 


1 


(4-132) 


Equation  (4-131)  may  be  used  to  express  Eq.  (4-129)  in  the  form: 

,  x  dx 
dz  =  — —  , 


(4-133) 


since  dy  =  dz.  We  may  now  combine  Eqs.  (4-132)  and  (4-133)  to  give  the 
expression: 


*.  *  i( 


1/2 


x-  -  lj  dx 


which,  upon  integration,  leads  to  the  result: 


x  -  1  -  log 


X  +  ' x^  -  1 


Since  £s  =  jp  and  x  =  P°J0^  cS .  Eq.  (4-135)  is  of  the  form: 


/p  ■  ■ 


(4-134) 


(4-135) 


(4-136) 


which  provides  a  closed-form  theoretical  solution  for  the  change  in  the  plastic 
volumetric  strain  during  shear  at  a  constant  hydrostatic  stress  <7  .  when  a ^  is  located 
on  the  quasi-linear  portion  of  a  virgin  hydrostat.  In  this  case,  it  is  interesting  that 
the  shear-volumetric  coupling  depends  upon  a  .  through  the  dependence  of  both  a  and 
x  on  a..  This  is  in  contrast  to  Eq.  (4-84)  given  earlier  for  the  case  FH  =  v 
}  where  tne  shear-volumetric  coupling  is  independent  of  a  .  Finally,  since  and  p  are 
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known  from  the  virgin  hydrostat.  k  can  be  found  by  fitting  Eq.  (4-136)  to  the 
experimentally  determined  curve  of  the  function  'f  =  7P(e*). 

To  develop  a  relation  between  'f  and  z s  at  a  reference  hydrostatic  stress  aR.  we 
return  to  Eq.  (4-130)  and  write 

x2  =  1  ♦  2  ay  .  (4-137) 


At  a  reference  stress  a  we  may  set  F  =1  without  loss  of  generality.  As  a  result, 
y  =  zs  so  that  Eq.  (4-137)  takes  the  form: 

x2  =  1  ♦  2a  zg  .  (4-138) 


Therefore,  upon  combining  Eqs.  (4-135)  and  (4-138).  the  following  expression  results: 


£s  =  h  (J 2**!  J1  +  2azs  '  logl I2^  +  J1  *  2azs|} 


(4-139) 


For  shear  at  fixed  a.  we  have  from  Eq.  (4-79)  that 


J2  7P 


(4-140) 


Thus,  Eqs.  (4-139)  and  (4-140)  provide  a  relation  between  7P  and  z  during  shear  at 
fixed  reference  stress  crR. 

To  determine  the  shear  response  to  increasing  shear  strain  in  the  presence  of 
fixed  a.  we  recall  Eqs.  (4-88)  and  (4-91).  which  are  repeated  below. 


T  = 


Pi"  - 


w')^£  aw¬ 
'd* 


(4-141) 


=  p 

dw  s  dz 


(4-142) 


I 
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where 


(4-143) 


Since  £s  =  f2  7P,  we  can  write 

_  dirp  d^s  _  1_  d^s 
dw  “  dfs  dw  “•  j"2  dw 


(4-144) 


Equations  (4-132)  and  (4-137)  can  be  combined  to  give 


(4-145) 


where  we  have  set  dy  =  dz  on  the  basis  of  Eq.  (4-127).  Inasmuch  as  F  is 
assumed  to  be  independent  of  z  during  the  shearing  process,  it  follows  that 


z 


s 


(4-146) 


or.  equivalently. 

w  F  • 
s 


Upon  using  this  equation  in  Eq.  (4-145),  we  can  write 


F 

s 


2a  F  w 
s 


1  ♦  2a  Fgw 


1/2 


(4-147) 


(4-148) 


which  can  be  combined  with  Eqs.  (4-141)  and  (4-144)  to  give  the  following  expression 
for  r: 


r 


F 

s 


12 


p{ w  -  w')G(w')dw' 


(4-149) 
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where 


G(w) 


2a  F  w 
_ s 

1  ♦  2a  F  w 
s 


1/2 


(4-150) 


An  inspection  of  Eq.  (4-150)  reveals  that  the  function  G(w)  satisfies  the  basic 
requirements  stipulated  in  Section  4.3.4.  Therefore,  on  the  basis  of  the  proof 
presented  there,  we  can  write 


I  im 

2  -MO 

s 


O 


z')G(z')dz'  = 


(4-151) 


where  is  defined  according  to  Eq.  (4-112).  If  we  denote  by  the  limiting  value 
of  r  as  z  -mo.  is  follows  from  Eqs.  (4-149)  and  (4-151)  that 

F 

rm  =  -£  M.  .  (4-152) 

f2 


Again,  without  loss  of  generality,  we  may  normalize  F  to  unity  at  some  arbitrary 
reference  hydrostatic  stress  <rR.  When  this  is  done,  Eq.  (4-152)  reads 


(4-153) 


This  result  may  be  combined  with  Eq.  (4-152)  to  yield  the  expression 


rmio) 

’-FrT  =  Fs 


(4-154) 


Therefore,  for  the  case  in  which  F  is  independent  of  z  .  the  function  F  can  be 
determined  from  experimental  data  obtained  during  the  shear  phase  of  the  test.  By 
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keeping  a  constant  and  performing  the  shear  at  different  values  of  d  in  the  ir-plane. 
the  dependence  of  Fs  on  Q  (or  J3)  can  be  determined. 

The  procedure  for  determining  the  kernel  function  /j(zs)  in  this  case  is  the  same 
as  that  described  earlier  in  Section  4.3.2  and  consequently  will  not  be  repeated. 

4.3.4  A  Proof  of  Equations  (4-111)  and  (4-151). 

Consider  the  equation 


r(z) 


p(z  -  z')G(z')dz' 
o 


(4-155) 


where  p(z)  is  a  weakly  singular,  positive,  and  monotonically  decreasing  function  of  z 
in  the  domain  o  <  z  <  *.  and 

I im  p{ z)  =  0  (4-156) 

2-»o# 


In  this  section,  we  establish  the  basic  requirements  that  the  function  G(z)  must 
satisfy  in  order  for  the  following  limiting  condition  to  hold: 

,z 

lim  p(z  -  z')G(z')dz'  =  M  (4-157) 

2-»oo 

J  o 


where 


M(z) 


rZ 

p(z')dz' 


(4-158) 


and  Mw  =  M(«)  <  » 


(4-159) 
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First,  we  note  that  M(z)  is  positive,  monotonically  increasing  and  convex  in  the 
sense  that 

M(z)  -  M(z  *  a)  <  a  v  (4-160) 

z  z-a 

Therefore,  in  view  of  Eqs.  (4-158)  and  (4-160) 

M(z)  -  M(z  -  a)  <  a  p(z  -  a)  ,  (4-161) 

so  that  from  Eqs.  (4-156)  and  (4-161)  it  follows  that 

I im  |m(z)  -  M(z  -  a)}  =  0  .  (4-162) 

2+00 

To  prove  the  validity  of  Eq.  (4-157)  for  certain  functions  G(z).  we  first  prove  the 
following  theorem. 

Theorem:  Let  R(z)  be  a  positive  monotonically  decreasing  function,  bounded  from 
above  and  below  in  the  sense  that 

0  <  R(z)  <  R  (0)  (4-163) 

and 

I im  R(z)  =  0  (4-164) 

2+oo 

The  operational  definition  of  Eq.  (4-164)  is  as  follows:  Given  an  e.  however  small, 
there  exists  a  z  <  *  such  that 

R(z)  <  e  .  (3.121) 

Then,  the  following  is  true: 

rZ 

lim  p{z  -  z')R(z')dz'  =  0  (4-165) 

2+oo 


O 
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Proof:  The  integral  I  on  the  left-hand  side  of  Eq.  (4-166)  may  be  written  in  the 

form. 


I  = 


p(z  -  z')R(z')dz'  ♦ 


p(z  -  z')R(z')dz' 


(4-167) 


where  0  <  z  <  z.  Because  of  the  properties  of  R(z).  it  follows  that 


p (z  -  z')R(z')dz'  <  R(0) 


Pi z  -  z')dz' 


(4-168) 


or.  in  view  of  Eq.  (4-158),  we  may  write  this  as 


Mz  -  z')R(z')<*z'  <  R(0)  (m(z)  -  M(z  -  zj} 


Therefore,  as  a  result  of  Eq.  (4-162) 


I  im 


p (z  -  z')R(z')dz'  =  0 


(4-169) 


(4-170) 


Following  the  same  reasoning  as  above,  it  can  be  shown  that 


P (z  -  z')R(z')dz'  <  R(zo)M(z  -  zQ] 


(4-171) 


Hence: 


I  im 

Z-H» 


p{z  -  z')R(z')dz'  <  MwR(zo] 


(4-172) 


P 
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Because  of  the  properties  of  R(z)  defined  by  Eqs.  (4-165)  and  (4-166).  the  right-hand 

side  of  Eq.  (4-172)  can  be  made  as  small  as  one  pleases,  in  the  sense  that  given  an 

6  however  small  there  exists  a  z  such  that 

o 

M  R(zo)  <  e  .  (4-173) 


Since  zq  may  be  any  large  finite  number,  MwR(z  )  may  differ  from  zero  by  an  amount 
which  can  be  made  as  small  as  one  pleases.  “Pherefore.  in  view  of  Eqs.  (4-170)  and 

(4-173).  Eq.  (4-166)  is  true  and  the  theorem  is  proved. 

Returning  now  to  Eq.  (4-166).  we  note  that  whenever  the  function  1  -  G(z)  has 

the  properties  of  R(z),  it  follows  that 


rZ 


I  im 


P (z  -  z'){l  -  G(z')]dz' 


=  0 


j 


o 


(4-174) 


and  hence  Eq.  (4-166)  is  proved. 
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5.  GENERAL  TOPICS 


II 


In  this  chapter  we  deal  with  certain  specific  aspects  of  endochronic  plasticity 
which,  however,  have  wider  implications  in  the  general  subject  of  constitutive  theory. 
In  Section  5.1  we  deal  with  the  topic  of  history-induced  anisotropy  in  materials  that 
are  isotropic  in  their  initial  state.  In  Section  5.2  we  discuss  Drucker's  and  ll'iushin's 
postulates  and  address  the  problem  of  closure  of  hysteresis  loops  in  one-dimensional 
stress-  strain  space.  We  also  touch  upon  some  of  the  thermodynamic  implications 
which  do  not  appear  to  be  well  understood  in  the  literature.  In  Section  5.3  we  also 
discuss  Drucker's  and  ll'iushin's  postulates  as  they  relate  to  irreversible 
thermodynamics  and  more  specifically  to  endochronic  plasticity,  insofar  as  the  ll'iushin 
postulate  is  concerned,  and  finally  in  Section  5.4  we  discuss  questions  of  uniqueness 
of  boundary  and  initial  value  problems  for  inelastic  solids  and  deal  with  these  more 
specifically  in  the  context  of  endochronic  plasticity. 

5.1  Isotropy  and  History- Induced  Anisotropy. 

Because  this  is  not  a  text  book  on  continuum  mechanics  we  do  not  intend  to 
devote  an  inordinate  amount  of  space  to  the  details  of  this  topic  which  can  be  found 
elsewhere.  In  simple  materials  —  in  the  sense  of  Noll  [5.1].  where  the  stress  is 
determined  by  a  functional  of  the  deformation  gradient  —  objectivity  is  satisfied  by 
formulating  a  constitutive  equation  in  the  material  frame  of  reference  (Lagrangian 
formulation).  The  result  is  a  general  statement  of  the  fact  that  the  Piola  stress 
tensor  r  is  a  function  of  the  history  of  the  right  Cauchy-Green  deformation  tensor  C 
or.  equivalently,  of  the  Green  strain  tensor  §  where 

s  =  -  4)  <5-0 


Thus  in  mathematics  I  terms 

I-EQB  r 


(5-2) 


the  functional  £  being  defined  with  respect  to  a  time  scale  which,  for  the  moment 
we  leave  unspecified. 

In  small  deformation  problems  the  Piola  stress  tensor  r  is  approximately  equal 
to  the  Cauchy  stress  g  and  the  Green  strain  tensor  jj  is  also  approximately  equal  to 
the  small  strain  tensor  £  so  in  a  first  order  of  approximation  of  the  displacement 
gradient  norm  ||Vu|j  one  writes 
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P 


2  s  FU]  ♦  OliVull2 


(5-3) 


and  no  distinction  is  made  between  g  and  r.  Furthermore  objectivity,  in  regard  to 
Eq.  (5-3).  is  now  satisfied  (only)  approximately  provided  that  strains  and  rotations  are 
small. 


The  fact  is.  however,  that  strictly  the  correct  formulation  is 

r«Ets]  .  (5*4) 


even  though  the  measurement  of  r  is  approximate  in  the  sense  that  it  is  measured 
relative  to  the  spatial  (laboratory)  frame  of  reference.  However  in  that  which  follows 
we  shall  make  no  further  distinction  between  r  and  g. 

5.1.1  Definition  of  Material  Symmetries. 

Let  x.  denote  a  Cartesian  material  frame  of  reference  which,  insofar  as  small 
deformation  fields  are  concerned,  may  be  approximately  represented  by  a  stationary 
laboratory  frame.  Also  let  R  represent  all  transformations 

x  =  Rx  (5-5) 

or 

x.  =  R. .x.  ,  (5-6) 

'  iJ  J  v  ' 


such  that 


(5-7) 


where  single  bars  denote  the  norm  of  a  vector.  Evidently  transformations  R  leave  all 
material  vectors  unstretched.  Also  they  are  divisible  into  two  irreducible  classes  R 
and  R+.  The  former  involves  reflection  of  the  coordinate  system  about  the  origin 
(and  is  the  only  member  of  its  class)  while  the  latter  involve  rotation  without 
reflection.  All  other  R's  can  be  obtained  by  successive  application  of  R+  and  R  . 
We  note  that 
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Det[RJ  =  -1,  OetJRJ  =  +1 


(5-8a,b) 


Definition 


A  material  is  said  to  possess  symmetry  with  respect  to  a  group  G  of 
transformations  R  if  the  functional  F  is  form  invariant  with  respect  to  transformations 
of  this  group.  Thus  in  matrix  notation 


R  fUrT  =  f[rcRT] 


(5-9) 


5.1.2  Experimental  Justification. 

Condition  (5-9)  is  appreciated  most  readily  by  considering  the  following 
experiment.  Let  a  homogeneous  strain  history  £  be  applied  to  a  specimen  in  a 
coordinate  system  x.  and  let  the  stress  response  be  g  in  accordance  with  the  relation 


2  =  EU1 


(5-10) 


Let  now  another  strain  history  £  be  applied  to  the  same  specimen  in  the  same 
coordinate  system,  where  £  is  related  to  the  previous  strain  history  £  by  a 
transformation  R  of  the  symmetry  group  G.  i.e.. 


e  =  R  fR 


(5-11) 


A  material  will  have  symmetry  with  respect  to  R  if  the  new  observed  stress  response 
g  is  related  to  g  by  the  same  transformation,  i.e.. 


a  =  R  a  R 


(5-12) 


Since  the  material  has  not  changed,  and  the  coordinate  system  has  not  changed,  the 
function  F  has  not  changed  either.  Thus 


2  =  Eli] 

Now  using  Eqs.  (5-11)  and  (5-12)  in  Eq.  (5-13)  we  obtain  Eq.  (5-9). 


(5-13) 
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Remark 

I  - 

Simple  materials  are  centrosymmetric.  This  is  evident  since 
R  =  -  5  (5-14) 

m  where  6  is  the  unit  matrix.  Therefore  condition  (5-9)  is  satisfied  for  all  F. 

5.1.3  Definition  of  Isotropy. 

A  material  is  said  to  be  isotropic  if  and  only  if  constraint  (5-9)  is  satisfied  for 

all  R+  and.  therefore,  all  R,  in  view  of  the  above  remark.  The  group  that  contains 

all  R  is  called  the  maximal  group  G 

°  r  max 

Example 

^  Equations  (3-1)  and  (3-2)  are  constitutive  equations  of  an  isotropic  material.  To 

demonstrate  this  we  note  that  for  any  R  in  G  the  response  £  to  the  strain  history 

— n  ,  max 

eK  where 

|  gP  =  R  sPRT  (5-15) 

and 

•  I  =  R  §RT  (5-16) 


is  given  by  the  expression: 


2  = 


r-  1  dSP 

nz s  -  *  J  d ~ii 


(5-17) 


However,  in  view  of  Eqs.  (3-7)  and  (3-8a).  we  have 


Thus 


(5-18) 


I 
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(5-19) 


2  = 


s  dip 

r(2,  -  z']dF d2'  • 


and  it  follows  that 


dep 


f  'I  s 

'K  -  2'J  d T  d2 


rt  = 


P\Z. 


\  dep 

2')dT  d2' 


(5-20) 


Hence  Condition  (5-9)  is  satisfied  for  all  R  in  Gmax  insofar  as  the  deviatoric  response 
is  concerned.  The  proof  for  the  hydrostatic  response  follows  similar  lines.  Thus  the 
material  is  isotropic. 

5.1.2  History-Induced  Anisotropy. 

There  is  a  great  deal  of  ill-defined  terminology  which  attempts  to  describe 
perceived  anisotropy  by  virtue  of  application  of  a  history  of  strain  or  stress.  Such 
phrases  as  "strain-induced"  and  "stress-induced"  anisotropy  abound.  Here,  we  shall 
proceed  very  carefully  to  define  the  meaning  of  "history-induced"  anisotropy. 

Let  a  material  element  be  isotropic  in  its  reference  state.  A  pre-history  is  a 
strain  history  of  this  material  element,  at  the  conclusion  of  which  the  stress  tensor  in 
the  element  is  zero.  In  colloquial  language  such  a  history  must  involve  "loading"  and 
"unloading"  since  during  the  initial  part  of  the  history  a  stress  is  induced  which  must 
be  subsequently  removed.  For  the  sake  of  easy  reference  we  call  that  new  stress-free 
state  of  the  element  the  "subsequent"  state. 

It  is  an  experimental  fact  that  in  metals  which  have  undergone  plastic 
deformation,  the  condition  of  isotropy,  i.e..  Eq.  (5-9)  is  violated  when  applied  to  the 
"subsequent"  state.  We  show  this  below  by  recourse  to  Eq.  (3-1)  for  materials  that 
are  plastically  incompressible. 
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To  this  end  consider  the  case  where  the  material  element  is  in  its  virgin  state 
i.e..  in  a  state  prior  to  the  application  of  the  pre-history  as  defined  above.  Consider 
now  a  history  gp^  where 


(5-21) 


In  this  case  and  as  a  result  of  Eq.  (3-1).  we  can  write. 


(5-22) 


Q  where 


s 


p(z  - 


2  >  dT  dz 


(5-23) 


and  for  easy  reference  we  have  set  =  z. 

This  stress  field  is  due  to  simple  tension  in  direction  x^. 
Consider  now  a  history  gp^  where 


I  ‘ 


I  . 


(5-24) 
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In  this  case 


£ 


(2)  = 


(5-25) 


which  is  simple  tension  in  direction  x^. 

It  follows  from  Eqs.  (5-22)  and  (5-25)  that  the  stress  response  in  the  first 
experiment  —  simple  tension  in  direction  Xj  —  is  exactly  the  same  as  the  stress 
response  in  the  second  experiment,  which  is  again  simple  tension  in  direction  x?. 
This  is  one  example  where  in  colloquial  terms  the  stress  response  is  independent  of 
the  strain  field  orientation  relative  to  the  material.  More  precisely,  rotation  of  the 
strain  field  relative  to  the  material  gives  rise  to  the  same  rotation  of  the  stress  field 
relative  to  the  material.  In  isotropic  materials  this  is  true  of  all  rotations. 

Consider  now  the  case  where  the  history  £p^.  given  by  Eq.  (5-21).  is  applied 
to  the  material  after  a  history  ep  has  been  applied,  where 


(5-26) 


so  that  at  the  terminal  point  of  this  history  (which  qualifies  as  a  prehistory)  the 
stress  §  is  zero,  i.e.. 


fO 


£ 


0 


OJ 


(5-27) 


_  J 


I 


« 
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Thus  setting  z  =  z  for  easy  reference,  then  at  z  =  Zj  (the  terminal  point  of  the 
prehistory)  we  fiave 


5  = 


•21 

P{z  1 


'0 


(5-28) 


Note  that  the  history  gp^  is  again  being  applied  to  an  initially  stress  free  material 
which,  however,  now  has  a  pre-history  gp  which  consists  of  loading  and  unloading  in 
simple  tension  in  direction  Xj. 

We  note  that  now  s|^,  which  is  the  deviatoric  component  of  stress  in  direction 
Xj  after  the  application  of  the  history  gp.  is  given  by  the  expression: 


fz 


dip  ♦ 


Z1 


where 


(5-29) 


z  *  zl 


(5-30) 


On  the  other  hand  when  history  gp^.  given  by  Eq.  (5-24).  is  now  applied  following 
the  prehistory  gp.  it  follows  that 


>Z1 

p(z  -  z')  dep 


p(z  -  z')dep  , 


'0 


(5-31) 


in  view  of  Eq.  (5-26). 

Clearly  sj1^  ^  sj^.  so  that  rotation  of  the  strain  field  in  a  plastically  deformed 
metal  (a  material  witn  plastic  prehistory)  no  longer  produces  a  mere  rotation  of  the 
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stress  field.  Thus  the  material  is  no  longer  isotropic  if  the  state  with  a  prehistory  is 
regarded  as  the  initial  state.  Note  however  that  the  material  is  isotropic  when 
referred  to  its  virgin  state. 

The  problem  may  be  considered  in  more  general  terms.  From  Eq.  (3-1)  we  can 

write 


S  = 


p(z  -  z)  dep  ♦ 


J0 


p(z  -  z')dgp  , 


where  ep  is  a  pre-history  in  the  sense  that. 


>Z1 

p[z i  -  z')  dsp  =  9 


(5-32) 


(5-33) 


With  an  appropriate  change  of  variable,  z*  =  z  -  Zj.  and  noting  that  prior  to  z  =  0 
there  was  no  prehistory,  we  can  write: 


,0 


rZ 


S  = 


p(z  -  z')dgp  ♦ 


p(z  -  z  ) dgp  , 


J0 


where  the  star  has  been  dropped  on  z  and 


,0 


(5-34) 


P (z  -  z  ) dgp  =  0 


(5-35) 


One  may  write  Eq.  (5-34)  in  the  form 


fZ 


p(z  -  z  ) dep 


(5-36) 


^0 
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where  g^O)  =  Q  but  not  if  z  >  0. 

It  follows  from  the  definition  of  isotropy  {Eq.  (5-9))  that  if  the  material  is  to  be 
isotropic  in  its  new  reference  state  then 


»i0«T  =  3° 


(5-37) 


But  Eq.  (5-37)  is  possible  only  if  s°  =  6  However  g°  is  a  deviatoric  tensor  so  that 
the  above  condition  is  impossible  to  satisfy.  Thus  any  plastic  strain  prehistory  will 
always  bring  about  induced  anisotropy  relative  to  the  "subsequent"  reference  state. 

5.2  The  Postulates  of  Drucker  and  iriushin. 


This  section  is  devoted  to  a  discussion  of  the  postulates  of  Drucker  (5.2)  and 
ll'iushin  [5.3].  It  is  shown  that  both  postulates  are  satisfied  in  the  small  by  the 
endochronic  plasticity  theory  discussed  herein.  Contrary  to  popular  opinion,  it  is 
proved  that  both  postulate  have  a  common  origin  and  are.  in  fact,  variants  of  one 
and  the  same  thermodynamic  postulate. 

5.2.1  The  Drucker  Stability  Postulate. 

In  1959.  Drucker  [5.2]  introduced  a  "stability”  postulate  on  the  basis  of  a  work 
hypothesis.  The  postulate  states  specifically  that  if  a  material  is  in  a  stress  state 
then  the  work  performed  by  the  extra  stress  in  plastically  deforming  the  material  in 
an  isothermal  cycle  of  "application"  and  "removal"  of  stress  relative  to  the  state  jjo  is 
always  positive.  Thus 


zj*  > 


(5-38) 


where  the  subscript  a  to  the  integral  signifies  a  cycle  that  is  closed  with  respect  to 
stress.  If  g  is  infinitesimally  close  to  go  then  Ineq.  (5-38)  becomes 
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j  d<2  •  dg  >  0  ,  (5-39) 

Jo 

0 

which  is  a  statement  of  positive  work  by  an  infinitesimal  stress  increment  in  an 
infinitesimal  closed  stress  cycle  (in  the  sense  that  upon  completion  of  the  cycle  the 
stress  state  is  gQ). 

Evidently  this  postulate  cannot  admit  softening  materials  since  a  closed  stress 
cycle  in  such  materials  cannot  be  performed.  However  in  the  case  of  hardening 
materials  with  a  yield  surface,  the  above  postulate  gives  rise  to  some  definitive  results 
as  demonstrated  in  Ref.  (5. 3],  There,  it  is  shown  that  the  yield  surface  must  be 
convex  and  that  the  plastic  strain  increment  must  be  normal  to  the  yield  surface  in 
stress  space. 

In  Figure  5.1  we  give  the  initial  and  subsequent  yield  surface  (at  its  outermost 
point  prior  to  unloading)  in  connection  with  a  cyclic  stress  path  that  originates  and 
terminates  at  the  point  0  by  means  of  "application"  and  " removal"  of  stresses  in  the 
sense  of  Drucker  i.e..  during  application 

|j  •  <*e  >  0  .  (5-40) 


while  during  removal 


3G 

a2 


d2  <  0 


9 


1 


(5-41) 


where 

C(z.flr)  *  0  (5-42) 

is  the  equation  for  the  yield  surface,  q  being  structural  parameters  or  internal 
variables.  Thus  the  "removal  of  stress"  designates  a  stress  path  which  lies  totally 
within  the  yield  surface.  We  note  that  since  O  is  within  the  subsequent  yield  surface 
(this  is  an  important  consideration),  the  work  done  in  going  from  B  to  0  is 
independent  of  the  path.  Thus 
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Ofy  -space 


Figure  5.1.  A  closed  cycle  in  stress  space. 
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and 


f. 


,B 


(2  -  20)  *  = 


(2  -  20]  *  <*£ 


rA 


B 


_  20] 


de 


(5-44) 


But  since  the  path  BA  is  totally  within  the  yield  surface.  d£  =  de*.  and  thus,  using 
Eq.  (5-44): 


I  (2  -  20)  *  * 


rB 

(2  -  20)  •  <^P 

JA 


(5-45) 


for  any  path  AB  such  that  O  is  within  the  subsequent  yield  surface.  Thus  the 
Drucker  inequality  requires  that 

(B 

(2  -  20)  >  0  ,  (5-46) 

JA 


provided  that  the  material  possess  a  yield  surface  and  the  point  of  origin  of  the  cycle 
lies  within  the  subsequent  yield  surface. 

Note  that  elastoplastic  coupling  is  not  admitted  (in  the  sense  of  elastic 
properties  being  influenced  by  plastic  deformation)  otherwise  on  the  return  path  BAO. 
the  elastic  work  from  A  to  0  is  not  equal  to  its  counterpart  from  O  to  A.  However 
more  will  be  said  about  this  later. 

Drucker's  argument  of  normality  and  convexity  is  two-fold.  We  repeat  it  here 
for  the  benefit  of  the  reader.  We  shall  limit  ourselves  to  the  associated  flow  rule, 
i.e..  the  case  where  the  plastic  potential  and  the  yield  function  have  the  same  form  to 
within  a  constant  of  proportionality. 
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The  fundamental  hypothesis  of  classical  plasticity  is  that  the  direction  of  the 


increment  of  plastic  strain  depends  on  the  previous  history  of  stress  but  is 


independent  of  the  direction  of  the  current  stress  increment. 


With  this  in  mind,  we  shall  show  that  Eq.  (5-46)  is  central  to  the  geometric 
demonstration  of  convexity  and  normality. 

(i)  To  show  normality,  set  <jq  =  a A  and  let  a  be  infinitesimally  close  to  a Then 
Ineq.  (5-46)  becomes: 


(2  '  2/0  *  *£P  >  0 


(5-47a) 


6gp  >  0 


(5-47b) 


Note  that,  for  this  form  of  the  inequality,  the  question  of  elastoplastic  coupling  is 
irrelevant  since  the  branch  OA  in  Fig.  (5.1)  is  missing  and  B  is  infinitesimally  close 
to  A  so  that  the  elastic  properties  are  calculated  at  A. 

With  regard  now  to  Fig.  (5.2)  it  may  be  seen  that  if  6 £P  is  not  normal  to  the 
surface,  a  stress  increment  fi£  can  always  be  found  to  violate  Ineq.  (5-47)  since  the 
direction  of  0£P  is  independent  of  the  direction  of  Thus  <?£P  must  be  normal  to 
the  yield  surface. 

(ii)  To  show  convexity,  again  recall  Ineq.  (5-46).  and  let  B  be  infinitesimally  close  to 
A.  It  then  follows  (to  a  first  order  of  magnitude)  that 


(C*  -  «„)  •  «£P  >  0 


(5-48) 


With  regard  to  Fig.  5.3  it  is  evident  that  a  yield  surface  cannot  be  concave  since  a 
stress  vector  gA  -  can  always  be  found  which  violates  Ineq.  (5-48). 

Again,  note  that  the  question  of  elastoplastic  coupling  is  irrelevant  since  B  is 
infinitesimally  close  to  A  so  that  any  change  in  elastic  properties  is  of  second  order  in 
||5gp||  as  opposed  to  the  first  order  validity  (in||5£P(|)  of  Ineq.  (5-48). 
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Violation 


of  Ineq.  (5-48), 
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5.2.2  Drucker’s  Postulate  and  Endochronic  Plasticity. 

In  Chapters  2  and  3  we  dealt  with  two  constitutive  equations  of  endochronic 
plasticity,  one  with  a  finite  yield  surface  and  one  without.  On  the  other  hand,  we 
showed  in  Chapter  3  that  the  latter  model  can  be  approximated  to  any  desired  degree 
of  accuracy  by  an  infinitesimal  kinematic  hardening  surface.  Thus  it  may  be 
represented  by  a  constitutive  equation  of  the  type 


fZ 


de^ 

5  ~  s0  dz  + 


Mz  ' 


de^ 

z'>3 ~  dz 


(5-49) 


where  s  is  of  infinitesimal  magnitude  and  p  is  well  behaved  at  the  origin,  i.e.. 

^(o)  <V 

The  response  associated  with  Eq.  (5-49)  is  discussed  in  Section  6  of  Chapter  3. 
where  it  is  shown  (Eq.  (3-219))  that  given  a  stress  increment  ds  such  that 

(f  -  3)  *  d§  >  0  ,  (5-50) 


where 


3  = 


Mz  -  z') 


dsp 

dz' 


dz ' 


(5-51) 


'0 


The  corresponding  value  of  d£.  (i.e.,  an  increment  dg,  which  constitutes  loading), 
which  is  non-negative  and  positive  when  Eq.  (5-50)  applies,  is  given  in  Eq.  (3-219) 
whereby 


H  df  = 


(2  -  3)  *  d2 


s  F 
o  s 


(5-52) 


so  being  the  initial  radius  of  the  yield  surface  and  F  the  deviatoric  hardening 
junction.  The  function  H  is  given  by  Eq.  (3-220)  i.e.. 
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(5-53) 


H  =  P,  (0)  ♦ 


s  F'  ♦ 
o  s 


(g  -  2)  *  fa 


soFs 


in  the  notation  of  Section  3.6.  where  it  was  shown  that  H  is  always  positive  provided 
that 


F'  = 


dF 
_ § 


>  0 


(5-54) 


i.e..  no  softening  is  permitted  to  take  place  in  the  course  of  plastic  deformation. 


If.  on  the  other  hand. 
(5  "  2)  *  d2  *  0  , 


(5-55) 


it  was  shown  in  Section  3.6  that  d£  =  0  and  the  deformation  is  elastic.  Thus 
Ineq.  (5-50)  is  always  satisfied  in  the  course  of  plastic  deformation.  It  was  also 
shown  (Eq.  (3-212))  that 

<fsp  =  S-  (a  -  S)  (5-56) 

o  s 

Thus  in  view  of  Ineq.  (5-50).  and  Eq.  (5-56).  we  can  write: 

d«P  v  d2  =  rF~(S  ~  *)  *  d2  >  0  C5'57) 


Therefore,  the  local  form  of  Drucker  s  inequality  is  satisfied. 

5.2.3  ll’iushin’s  Postulate  and  Endochronic  Plasticity. 

This  postulate  [5.3]  states  that  positive  work  is  done  in  an  isothermal  closed 
cycle  of  strain. during  which  plastic  strain  takes  place.  Thus 

2  •  dg  >  0  (5-58) 

e 


•J 


•J 
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Il'iushin  demonstrated  [5.3]  that  in  the  context  of  a  plasticity  theory  where  the  yield 
surface  is  defined  in  strain  space  the  postulate  is  sufficient  to  establish  convexity  of 
the  surface  and  normality  of  the  increment  of  plastic  strain  to  the  yield  surface. 


L.. 


L 


■ 


In  this  section  we  demonstrate  that  the  endochronic  theory  of  plastically 
incompressible  solids  satisfies  the  Il'iushin  postulate  when  the  stress  and/or  strain 
IB  fields  are  one-dimensional.  Specifically  in  Fig.  5.4.  we  show  a  plot  of  shear  stress  s 

versus  shear  strain  e  for  a  history  of  homogeneous  deformation  where  the  strain 
increases  monotonically  from  zero  to  a  value  e  at  point  A.  decreases  to  a  value  e 
at  point  B  and  then  increases  again  to  its  previous  value  eA  at  point  C.  Th 
Il'iushin  postulate  requires  that  according  to  Eq.  (5-58): 


■ 


k 


|  sde  >  0 


(5-59) 


In  the  case  of  a  constant  (positive)  elastic  shear  modulus  unaffected  by  plastic 
deformation,  as  is  substantially  the  case  in  metals,  we  can  write 


(5-60) 


where  e*  is  the  elastic  shear  strain.  Therefore,  to  satisfy  the  Il'iushin  postulate  it 
suffices  to  show  that 


|  s  ds  >  0 


(5-61) 


However  we  note  that  neither  of  the  above  integrals  is  closed  with  respect  to  itself, 
in  the  sense  that 

sA  *  sq  ;  ej  #  eP  ,  (5-62) 

a  fact  that  makes  the  first  integrqal  in  Ineq.  (5-61)  difficult  to  evaluate. 
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The  difficulty  is  avoided  by  reference  to  Chapter  2  where  it  was  demonstrated 
that  the  constitutive  response  of  a  plastic  solid  in  shear  consists  of  the  series 
superposition  of  an  elastic  and  a  rigid  plastic  solid  as  illustrated  in  Fig.  2.1. 
Therefore  insofar  as  the  essential  constitutive  characteristics  of  the  theory  are 
concerned  one  need  only  apply  the  ll'iushin  principle  to  the  rigid  plastic  solid,  i.e..  the 
constitutive  equation  (2-87).  whereby 


-\  ,  . 

2  >  5T  dz 


The  intention,  therefore,  is  to  show  that 


(5-63) 


s  de*5  >  0  , 


(5-64) 


in  the  presence  of  the  constitutive  Eq.  (5-63).  in  accordance  with  Fig.  5.5  where  ep 
has  been  denoted  by  6  for  convenience  of  notation. 

Furthermore,  in  that  which  follows,  we  shall  limit  ourselves  to  the  case  where 


(5-65) 


F(z)  =  1. 

i.e..  no  hardening  takes  place  during  the  deformation  process. 


Analytical  Demonstration  of  lneq.(5-64l. 


The  history  of  &  versus  z  for  the  strain  history  shown  in  Fig.  5.5  is  depicted  in 
Fig.  5.6.  where  6  stands  for  ep. 


Loading  takes  place  in  the  range  z  <  z  <  z^.  while  unloading  in  the  range 
z.  <  z  <,  Zg.  Reloading  occurs  in  the  range  z_  <  z  <  ®.  The  end  point  of 
reloading  is  z  .  We  consider  each  of  the  phases  below  in  detail. 
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Figure  5.6.  History  of  0  versus  z. 


» 


(i)  Loading:  d0/dz  =  1.  0  <  <  <  zA 

In  this  case  Eq.  (5-63)  gives  the  following  relation  for  the  shear  stress: 
s  =  M(z)  =  M (8):  sA  =  M(zA)  =  M(*A)  . 
where  in  the  notation  of  Chapter  3 


M(z)  =  p(z')dz‘ 


(ii)  Unloading:  a  1,  0  <  2  < 

Aga in,  using  Eq . (5-63) 


=  -  2  ,  z.  <  z  <  Zr 


s  =  M (z)  -  2M(z  -  zA) 


(5-6f 


where  in  view  of  Fig.  5.6 


z  =  20,  -  9.  z .  =  eA 
A  A  A 


Setting: 

^  -  0  =  x  .  (5-7 

it  follows  from  Eq.  (5-68)  that 

su  =  M (91  +  x)  -  2M(x)  .  (5-7 

where  the  suffix  U  designates  the  functional  dependence  of  s  on  x  during  unloading, 
(iii)  Reloading: 


df  *  1  '  0  -  2  -  2A;  zB  <  *  <  *  '  df  * 


1  ,  Z.  <  Z  <  Zr 


Again,  using  Eq.  (5-63)  in  conjunction  with  the  above  values  of  d9/dz  one  finds  that 


s  =  M(z)  -  2M(z  -  z^  ♦  2M(z  -  zg]  ,  (5-72) 

where 

*A  *  «*  ;  *B  -  2Sa  -  :  <5-73) 

z  -  zA  =  9  .  »A  -  25B  ,2  -  zB  =  fl  -  «B  <5-74> 

Setting 

a  =  *B  -  $A  (5  i  e2)  ,  (5-75) 

one  obtains  the  following  expression  for  s 

Sp  a  M(y  ♦  A  ♦  0^  -  2M(y  ♦  A)  ♦  2M(y)  ,  (5-76) 


where  the  suffix  R  designates  the  dependence  of  s  on  y  during  reloading. 

We  now  note  that 

x  +  y  =  A  (5-77) 

Thus  in  terms  of  y 

su  =  m(*a  +  A  -  y)  -2M(&  -  y)  (5-78) 

To  prove  that  Eq.  (5-63)  satisfies  the  ll'iushin  postulate  it  is  necessary  and 
sufficient  to  show  that  the  integral  I.  where 

A 

I  =  (sR  -  Syj  dy  (5-79) 

is  positive  for  all  A  <  »,  i.e.( 
fA 

1  =  (*R  -  syjdy  >  0  (5-80) 

^0 
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To  this  end  let  x  be  a  running  variable  and  M*  the  integral  of  M(x).  i.e. 


M  (A)  =  M(x)dx 


(5-81) 


It  then  follows  that,  in  view  of  Eq.  (5-76) 

rA 

sR  *  =  -  BjJ  -  M*(A  ♦ 

•'o 

-  2  M* (2A)  ♦  4M* (A) 


(5-82) 


,A 

su  dy s  m>a  ♦  A)  -  mVa)  -  2M*(A> 

*  r\ 


(5-83) 


Now  since  1(0)  =  0.  it  follows  that  to  prove  that  1(A)  is  positive  for  all  A  <  «*.  it  is 
sufficient  to  show  that 


3S>°  '  4  <*  • 


(5-84) 


i  .e. , 


6M(A)  -  4M(2A) 


♦  M(2A  ♦  -  2M(A  ♦  9^  *  M[^  >  0 


(5-85) 


But  M(x)  is  a  convex  function  in  the  sense  that: 
M(x  -  a)  -  M(x)  >  M(x)  -  M(x  +  a) 


for  all  x  l  0,  a  <  x.  Therefore 


(5-86) 
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M(x  -  a)  -  2M(x)  ♦  M(x  ♦  a)  >  0 


(5-87) 


Thus  letting  x  =  A  ♦  8^;  a  =  A,  it  fol lows  that 

M(2A  ♦  0^  -  2M(A  ♦  0^  ♦  Mpj  >  0  (5-88) 

To  prove  Ineq.  (5-85)  it  remains  to  show  that 

3M(A)  >  2M(2A)  (5-89) 

This  of  course  is  a  constraint  on  the  stress  strain  curve. 

Specifically  with  reference  to  kernels  of  the  type  given  by  the  following 
expression  (which  are  valid  near  the  origin  and  are  therefore  appropriate  for 
infinitesimal  cycles) 

fW  =  v"°  (5'90) 

one  obtains 

M(A)  =  9f  tP  ,  P  =  1  -  a  (5-91) 

Thus  for  such  kernels,  and  in  view  of  Ineq.  (5-89).  we  have 

2P  <  §  (5-92) 

or 

p  <  0.585;  a  >  0.415  (5-93) 

Note  that  for  infinitesimal  cycles  this  is  a  necessary  and  sufficient  condition  that  the 
ll  iushin  postulate  is  satisfied.  Generally  for  metals.  0.8  <  a  <  0.9  so  that  the  above 
constraint  is  always  satisfied. 
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5.2.4  Hysteresis  Loop  Closure. 


Hysteresis  loop  closure  in  the  context  of  a  one-dimensional  stress-strain  response 
is  the  condition  in  which  the  reloading  curve  emanating  from  point  6  in  Figure  5.5 
lies  above  the  unloading  curve  AB.  Experimental  observation  indicates  that  this 
behavior  is  characteristic  of  dissipative,  rate-insensitive  solids.  A  perusal  of  Figure  5.5 
shows  that  closure  is  a  necessary  condition  for  the  satisfaction  of  lliushin's  inequality. 
Thus,  since  we  have  already  demonstrated  that  the  endochronic  theory  satisfies 
ll’iushin's  Postulate,  in  one  dimension,  we  have  also  demonstrated  that  the  model  also 
exhibits  closure  of  hysteresis  loops  in  a  one-dimensional  stress-strain  space. 

5.3  The  Thermodynamically  Conjugate  Postulates  of  Drucker  and  ll’iushin. 

In  this  section,  the  thermodynamic  conjugacy  of  the  Drucker  and  ll'iushin 
postulates  is  demonstrated  by  showing  that  they  can  be  derived  from  a  single 
thermodynamic  postulate  which  is  stated  below. 

5.3.1  A  Thermodynamic  Postulate. 

Consider  the  following  thermodynamic  postulate: 

"The  irreversible  entropy  production  during  an  isothermal  cycle,  closed 
either  with  respect  to  stress  or  strain,  is  greater  than  the  free  energy 
released  during  the  cycle." 

Stated  analytically,  the  above  postulate  is  given  by  the  expression: 

0Aj  >  -  A  (Free  energy).  (5-94) 

where  9  is  the  temperature.  7  the  irreversible  entropy  and  A  denotes  the  net  change 
measured  at  the  completion  of  the  cycle. 

It  must  be  emphasized  that  Ineq.  (5-94)  is  a  postulate  and  not  a  fundamental 
thermodynamic  requirement,  insofar  as  we  know  at  the  present  time. 

The  Gibbs  Formulation. 


In  this  case  the  independent  variables  are  the  stress  and  the  internal  variables 
gr.  and  the  free  energy  is  the  Gibbs  free  energy  0.  Thus  Ineq.  (5-94)  becomes 


I 
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0A 7  >  -  A^ 


(5-95) 


or 


k. 


i 


L. 


► 


(5-96) 


(5-97) 


But 


dflr  *  0  d7 


(5-98) 


and 


£  =  -  3^/92 


(5-99) 


so  that  Ineq.  (5-98)  reduces  to  the  form 


dZ  >  0 


(5-100) 


which  says  that  the  net  complementary  work  during  a  stress  cycle  must  be  negative. 
Or  more  generally 


-  80)  *  dg  >  0 


(5-101) 
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(5-102) 


for  any  since  /ffd£  =  0.  Or  more  generally  still 


•  d(2  -  tj 


>  0 


for  any  £q  which  is  constant  and  which  here  is  the  point  of  origin  of  the  stress  cycle. 
We  now  integrate  the  lefthand  side  of  Ineq.  (5-102)  by  parts  to  obtain 


(« 


£o] 


(2  ~  20] 


(2  -  2j  *  *  fij  >  0 


(5-103) 


Since  the  lefthand  side  is  zero  and  e  is  constant,  it  follows  that 

*o 

|  (2  -  20)  •  >  o  ,  (5-104) 

}  a 

which  is  the  Drucker  postulate  [5.2J. 

Thus,  contrary  to  a  number  of  previous  statements,  some  by  Drucker  himself 
[5.2],  the  Drucker  Postulate  is.  in  fact,  a  consequence  of  a  thermodynamic  inequality 
which  states  that  in  the  course  of  a  thermodynamic  cycle,  isothermal  and  closed  with 
respect  to  stress,  the  increment  in  dissipation  is  greater  in  value  than  the  decrement 
in  the  Gibbs  free  energy. 

The  Helmholtz  Formulation. 

In  this  case,  the  independent  variables  are  the  strain  and  the  internal  variables 
gf.  and  the  free  energy  is  the  Helmholtz  free  energy  f.  Thus  Eq.  (5-94)  becomes 

6  A*  >  -  bf  (5-105) 
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which  can  be  written  in  the  form: 


6 


\ 


But 


6  d? 


.  §JL 

aar 


(5-107) 


(5-108) 


and 


(5-109) 


Thus  Ineq.  (5-107)  becomes 


dg  >  0 


(5-110) 


which  is  the  ll'iushin  postulate  [5.3],  Now  since  £dg  =  0,  Eq.  (5-110)  can  be  re¬ 
expressed  as  the  "modified"  ll'iushin  postulate  in  the  form: 


(5-111) 


Thus  the  "modified"  ll'iushin  postulate  requires  that  the  "work  done  by  an  external 

agency  in  the  course  of  a  closed  strain  cycle  be  positive.  .  • 
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Specifically  if  is  close  to  g  we  have  the  following  local,  modified  form  of  the 
ll’iushin  postulate: 

*  5g  •  5g  >  0  ,  (5-112) 

J  e 

which  is  the  "conjugate"  of  the  Drucker  postulate  in  its  local  form,  given  by 
Ineq.  (5-47). 

We  illustrate  the  physical  meaning  of  the  above  postulates  in  the  following 
section  by  means  of  a  stress-strain  diagram  in  the  case  of  a  simple  elastic-perfectly 
plastic  solid,  shown  in  Figure  5.7. 

5.3.2  Thermodynamics  of  an  Elastic-Perfectly  Plastic  Solid. 

Let  the  spring  stiffness  be  E  and  the  frictional  resistance  of  the  block  be  b. 
The  Helmholtz  free  energy  is  the  strain  energy  stored  in  the  spring  so  that 

*  =  \  E(ce)2  «  \°l  (5-113) 

or 

f  =  \  E(£  -  q)2  (5-114) 

The  stress  o  is  given  by  the  expression 

*  =  if  =  E(e  -  q)  (5-115) 

which  is  of  course  as  it  should  be  since  e*  is  equal  to  e  -  q. 

The  Gibbs  free  energy  ^  is  related  to  f  by  the  expression: 

l  =  f  -  ae  (5-116) 

where  ^  is  a  function  of  a  and  q.  Thus  using  Eqs.  (5-113)  and  (5-115)  in 
Eq.  (5-116),  it  follows  that 
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,  1  <r 

*  =  ‘  2  I  '  Jq 


(5-117) 


We  may  now  use  the  thermodynamic  equations  associated  with  i.e.. 


e  =  _M  M  +  b  4a  _  o 

8a  '  9q  dz 


(5-118a,b) 


where 


dz  =  Ide' 


(5-119) 


dep  =  de  -  de  =  dq 


(5-120) 


and  use  was  made  of  Eq.  (5-115)  in  Eq.  (5-120).  Thus 


dz  =  Idql 


(5-121) 


In  view  of  Eqs.  (5-118a.b) 


e  =  £  ♦  q 


(5-122) 


(5-123) 


Thus  using  Eqs.  (5-120)  and  (5-123) 


a  =  b 


(5-124) 


Equation  (5-124)  is  the  endochronic  constitutive  equation  of  an  elastic-perfectly  plastic 
solid. 


I 


We  recall  the  relation 


0d7  *  -  U  dq  ,  (5-125) 

where  0d7  (the  temperature  multiplied  by  an  increment  in  irreversible  entropy)  is  equal 
to  dD  where  D  is  the  dissipation.  Note  that 

dO  =  Sdj  =  <rdq  =  <rdep  ,  (5-126) 


by  virtue  of  Eqs.  (5-117),  (5  ’20)  and  (5-125).  Thus  in  this  simple  model  the 
dissipation  D  is  equal  to  the  pla_.ic  work  Wp.  i.e.. 


D  =  /  * 


rrdep 


(5-127) 
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The  Gibbs  Type  Postulate  of  Druckcr. 

We  now  return  to  the  illustration  of  the  postulates  of  the  Gibbs  type  (to  which 
the  Drucker  postulate  belongs)  by  means  of  stress-strain  diagram  of  the  simple 
elastic-perfectly  plastic  solid,  as  shown  in  Figure  5.8. 

Consider  first  the  meaning  of  Ineq.  (5-94).  In  view  of  Eq.  (5-127)  we  note  that 
Qh 7  is  equal  to  the  plastic  work  done  during  the  cycle  i.e.. 


0A7  =  Area  (B'BCC') 

*  Area  (A 'BCD') 

On  the  other  hand,  we  can  write: 

"  *A  =  "  afCD  "  6 a]  ' 


(5-128) 


(5-129) 


« 


in  view  of  Eqs.  (5-117)  and  (5-120). 

« 
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Thus 


-  A*  =  Area  (A' ADD') 

Therefore.  Ineq.  (5-94)  states  that 

Area  (A'BCD  )  >  Area  A'ADD'  (5-130) 

or  that 

Area  (ABCD)  >  0  .  (5-131) 

which  is  Drucker's  postulate  since 

Area  (ABCD)  =  i  [a  -  a (5-132) 
J<r 

The  Helmholtz- Type  Postulate  of  ll'iushin. 

We  now  illustrate  the  postulates  of  the  Helmholtz  type  (to  which  the  ll'iushin 
postulate  belongs)  by  means  of  a  stress-strain  diagram  of  the  simple  elastic-perfectly 
plastic  solid,  as  shown  in  Figure  5.9.  The  thermodynamics,  in  this  case,  is  simple. 
The  free  energy  f  is  given  by  Eq.  (5-114)  and  the  stress  a  by  Eq.  (5-115).  The 
evolution  equation  for  q  is  now 

•>  3?  ♦  5*  *  0  (5-133) 


Thus 

'  1  b  3?  *  *>  3T  <5-134> 

as  before. 

Also 


0d7  =  dD  =  -  dq  =  crdq  =  adep 


(5-135) 


5-36 


and  thus: 


H 


dO  =  dWp  =  adep 


(5-136) 


■ 


I  1 


i 


as  before. 

We  now  return  to  Ineq.  (5-105).  Evidently 

0A 7  =  AD  =  Area  (B'BCC')  =  Area  (A'BCD') ,  (5-137) 

in  view  of  Eq.  (5-136).  On  the  other  hand,  we  have 


Thus  by  inspection: 

AD  =  Area  (A'BCD  )  >  -  A*  =  Area  (A 'ADD')  (5-138) 

or 

Area  (A'BCD')  -  Area  (A  ADD')  =  Area  (ABCD)  >  0  (5-139) 

which  is  the  ll'iushin  postulate. 

We  have  thus  proved  and  demonstrated  by  means  of  a  simple  example  that  the 
ll'iushin  and  Drucker  postulates  are  conjugate  versions  of  one  and  the  same 
thermodynamic  inequality,  i.e..  Ineq.  (5-94). 


5.4  The  Question  of  Uniqueness. 

The  question  of  uniqueness  of  the  solution  to  the  initial  and  boundary  value 
problems  is  always  paramount  in  constitutive  theories.  Models  that  appear  perfectly 
satisfactory  in  describing  the  stress  response  to  homogeneous  strain  histories  may  give 
rise  to  ill-posed  boundary  and/or  initial  value  problems.  The  question  was  discussed 
in  some  detail  by  Valanis  in  Ref.  (5.5J.  where  the  reader  is  referred.  In  this 
reference.  Valanis  introduced  the  concept  of  a  "positive  material  model".  Uniqueness 
proofs  relying  on  an  inequality,  such  as  that  which  chracterizes  a  positive  material 
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model,  have  been  given  by  other  authors  for  the  static  boundary  value  problem.  See, 
for  instance.  Refs.  [5.6]  and  [5.7],  The  importance  of  the  concept  lies  in  the  fact 
that  if  a  constitutive  equation  gives  rise  to  a  positive  material  model,  then  the 
boundary  and  initial  value  problems  associated  with  the  constitutive  equation  have 
unique  solutions. 

5.4.1  Definition  of  a  Positive  Material  Model. 

Let  a..(x^,t)  be  a  stress  field  which  is  continuous  and  differentiable  in  x  and  t: 
also  let  u.fx.  .t)  be  a  displacement  field  which  is  continuous  and  differentiable  in  x 
and  twice  differentiable  in  t.  Furthermore  let  a..  and  u.  satisfy  Newton  s  law  of 

|j  |  J 

motion.  At  this  point  we  introduce  the  following  notation: 


6a.  .  =  a.  .(t  ♦  6t)  -  a.  . (t) 

i  j  i  j '  J  i  j v  ' 


ffu.(  =  Uj(t  ♦  6 1)  -  Uj(t) 


(5-140) 


Now  let  afV  and  a!2^  on  one  hand  and  eff^  and  e!2^  on  the  other,  be  two 
stress  fields  ancl1  two  stram  fields  respectively  tfiat  are  solutions  to  the  initial  (or 
boundary)  value  problem.  A  material  model  is  then  said  to  be  positive  if 


[*f?  -  TOf?  -  i!i)]  > « • 


(5-141a) 


whenever  ||g^  -  JJ^||  and  ||g^  -  £^||  are  different  from  zero,  or  equivalently  if 


M?  -*8)]  >° . 

whenever  -  5g^|[  and  are  different  from  zero. 


(5-141b) 
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L. 


I 


A  few  remarks  are  in  order.  It  was  shown  in  Ref.[5.5]  that  there  are  degrading 
materials  which  are  unstable  in  the  sense  of  Drucker  and  yet  they  are  posit  r  in 
sense  of  Eq.  (5-141)  provided  they  are  strain-rate  dependent  in  a  certain  consti  j 
sense  discussed  in  the  above  reference.  This  is  important  because  there  has  been  no 
established  proof  of  uniqueness  for  degrading  rate-insensitive  materials,  to  our 
knowledge. 

5.4.2  Uniqueness  in  the  Context  of  Endochronic  Plasticity. 

(i)  Endochronic  plasticity  with  a  yield  surface. 

We  begin  with  relation  (3-209).  i.e.. 

«*®P 

^  "  2  “  s0  dg  Fs 


and  set 


■ 


a : 


(2)  . 


*  ho.  . 
•J  'J 


*(2)  .  •(!) 
U  'j 


(5-142) 


Then  in  view  of  Ineq.  (5-141)  and  the  fact  that  the  hydrostatic  response  is  treated  as 
elastic: 


Ag  •  Agp  ♦  A g 


Aee  >  0 


(5-143) 


However 


hi  •  A|e  =  A|e  •  £  •  Age 


(5-144) 


and  since  the  elastic  stiffness  Q  (in  this  case  isotropic)  is  positive  definite  it  follows 
that  to  demonstrate  that  the  model  is  positive  we  need  only  show  that 

Ag  •  Ajp  >  0  (5-145) 

whenever  ||Agpj|  *0. 
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Evidently  two  possibilities  exist. 


produce  plastic  strain  increments  6 g 


(2) 


Either  both  stress  increments  6s^  and  <5s^ 

in  *  ~ 

and  5g^  '  respectively,  i.e.. 


(5-146a) 


or  one  does  but  the  other  does  not.  i.e.. 


(5-146b) 


We  begin  with  the  possibility  that  both  and  give  rise  to  plastic  strain 

increments  (<5g^.Ag^). 

Now  using  Eq.  (3-209)  it  follows  that 


g  “  2 


s  F 
o  s 


(5-147) 


where 


(5-148) 


and  thus 


Ag  •  Ajp  =  A£ 


SoFsJ 


(g  -  a]  •  Aa 


(5-149) 


We  now  use  Eq.  (3-219)  and  note  that  it  does  not  depend  on  ep  or  s.  in  view  of 
Eq.  (3-220).  Thus 


g  -  a 

s  F 
o  s 


Ag  =  HAj 


(5-150) 
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Hence  using  Eqs.  (5-149)  and  (5-150) 


4f  •  4*p  =  H(4j)2  , 


(5-151) 


and  since  H  is  always  positive  for  hardening  materials  it  follows  that  Ineq.  (5-145)  is 
satisfied  and  the  constitutive  Eq.  (3-209)  defines  a  positive  material  mode.  Hence  any 
well  posed  initial  or  boundary  value  problem  associated  with  Eq.  (3-209)  will  have  a 
unique  solution. 

We  now  consider  the  second  possibility  whereby 


(g  -  2)  *  d2(2)  >  0  .  (g  "  2)  *  dg(1)  *  0 

In  this  case  =  0.  the  inequality  to  be  proved  is  that 

(i«  -  I(1))i<2)  >  0 


However, 


>  0 


(5-152) 


(5-153) 


(5-154) 


by  virtue  of  Ineq.  (5-153).  Also 


(* 


al 

2J  s  F 


(2) 


o  s 


(5-155) 


as  a  result  of  Eq.  (3-209).  But  the  right-hand  side  of  Eq.  (5-155)  is  always  positive 
by  virtue  of  Ineq.  (5-151).  Therefore  Ineq.  (5-153)  is  also  satisfied  and  the  material 
model  is  positive  in  all  eventualities. 


(ii)Endochronic  Plasticity  Without  a  Yield  Surface 


We  now  begin  with  Eq.  (3-1),  i.e.. 


k 


2  = 


dSP 

p(z  -  o  dz 


(5-156) 


"0- 


■ 


where  />(z)  is  singular  at  the  origin  and  has  the  following  form  in  the  neighborhood  of 
z  =  0: 

p  =  pza  ;  0  <  a  <  1  (5-157) 

In  Eq.  (5-156)  we  emphasized  the  fact  that  the  lower  limit  of  integration  is  o-.  so 
that  while  ||dgp/dz|  j|  t  0.  ||dgp/dz|o  ||  =  0.  In  view  of  this  observation  we  may 
now  differentiate  Eq.  (5-156)  to  obtain 


<*2 

dz 


,2  p 
d  2 

p(z  -  z')  - 5  dz 

d  z'z 


J0- 


This  is  obtained  by  writing  Eq.  (5-156)  in  the  equivalent  form 


(5-158) 


5  = 


2  P 


d  e1 


M(z  -  z  ) 


dz 


.2 


dz' 


0- 


(5-159) 


Equation  (5-159)  is  obtained  by  integrating  the  right-hand  side  of  Eq.  (5-156)  by 
parts  and  setting 


M(z) 


[  /KOdz' 


'o- 


(5-157a,b) 


and  noting  that  M(0)  =  M(0  )  =  0.  Thus,  differentiating  Eq.  (5-159)  leads  to 
Eq.  (5-158). 


ft 
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Before  proceeding  further  we  set  the  stage  by  stating,  without  proof,  the  flow 
rules  for  endochronic  plasticity  without  a  yield  surface.  Let  &  be  the  unit  vector 
tangent  to  the  plastic  strain  path  at  its  terminal  point.  Let  6 £  be  a  stress 
increment  such  that  >  0.  then  £.+  .  the  direction  of  the  resulting  strain 

increment  5gp.  is  given  the  equation 

&+  =  &  (5-158) 

The  magnitude  of  the  plastic  strain  increment  5ep  is  as  follows 


K 


um« 

INI  5 


(5-159) 


where  use  was  made  of  Eq.  (5-158)  and  qn  is  defined  by  the  expression: 


m  = 


p(z  -  z)  - ^  dz' 


,2  p 

d  v 

w 

2 


dz 


(5-160) 


0- 


Note  that  m  depends  on  the  history  of  ep  up  to  z'  =  z  but  not  on  dep. 

Now  let  be  a  stress  increment  such  that  <  0.  In  this  case  £  .  the 

direction  of  the  resulting  strain  increment  5ep.  is  given  by  the  expression 

2CS  [l  •  Dj  »  (5-161) 


* 


See  Chapter  7  for  a  detailed  derivation  and  discussion  of  the  flow  rules  of 
endochronic  plasticity. 


(5-162) 


where  qs  is  the  direction  of  .  However  in  this  case 

6$  =  0  . 


in  the  sense  that 

f*<L 

I  im  7*.' 7 ~ 77  =  0 

||«s.||-o  ill  4*HJ 


(5-163) 


Proof  of  Uniqueness. 

As  previously,  to  prove  uniqueness  we  must  show  that  the  model  satisfies  the 
following  inequality: 


a2  •  Aep  >  o 


(5-164) 


Again  we  distinguish  two  cases:  (a)  when  both  (5s^  and  <5s^  are  of  the  type: 
and  (b)  when  is  of  the  type  and  5s^  is  of  the  type. 

Case  (a) 


We  utilize  Eq.  (5-158)  to  find  that 


A§  =  m  Az  s  m  F^A^ 


Now  we  utilize  Eq.  (5-160)  to  show  that 


(5-165) 


Ajp  =  £  Af 


At  this  point  we  combine  Eqs.  (5-165)  and  (5-166)  to  obtain  the  expression: 


(5-166) 


AS  *  ASP  =  fs(^]2(&  *  Id] 


(5-167) 


Thus  Ineq.  (5-164)  will  be  satisfied  if  £  •  m  >  0,  or. 


1 
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t 


£  d2gp 

p(z  -  z')  — ~2  dz '  >  0 


dz 


(5-168) 


To  show  this  we  write  p(z)  in  the  form  of  a  distribution.  Specifically 

,R 


p(z)  =  lim 
R-mo 


D(fl)e*aZdfl 


(5-169) 


where  the  integral  on  the  right-hand  side  of  Eq.  (5-169)  converges  uniformly  to  p(z) 
as  In  view  of  this  we  may  substitute  Eq.  (5-169)  in  Eq.  (5-168)  and  reverse 

the  order  of  integration  to  obtain 


rR 

fl 

1  im 
R-»« 

4 

D(a) 

0 

✓ 

-a(z-z')  d(Fs&) 


dz' 


dz ' 


da  >  0  , 


(5-170) 


where  use  was  made  of  the  relation 


dep 

3F  ■  Fs  > 


(5-171) 


If  we  now  integrate  by  parts  with  respect  to  z  and  use  the  condition  £Iq  =  0. 
we  obtain 


f*  -(«•>  j . 

e  v  ‘  — -7—7—  dz  = 
dz 


F  -  a  l 
s  73 


}-a(z-z)  F  (2')£(z')dz'  (5-172) 


Now  since 

|«*)  •  &(0|  *  i 


(5-173) 
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and  (Fs(z)  >  Fs(z').  since  no  softening  is  admitted,  it  follows  that 


,z 

e-a(t-2)F^(2.)i(z.)d2 

<  F 

s 

« 

0 

■ 

-a(z-z') 


dz' 


(5-174) 


or 


& 


{z  )£.(2  )d2- 


i  -*  (l  -  e-sz3 
a 


(5-175) 


Thus  making  use  of  Eq.  (5-165)  in  Eq.  (5-172  )  we  establish  the  following  inequality: 

(5-176) 


H  • 


^  (%  t]dl. >  Fs. 


a  z 


' 0 


It  follows  therefore  that 


rR 

1  im 
R-*« 

D(a) 

&  * 

« 

0 

• 

-a(z-z')  _d_ 
dz' 


(Fs9 


da 


,R 


I  im 
R-*« 


D(a)Fse"az  da 


(5-177) 


But  the  right-hand  side  of  Eq.  (5-177)  is  equal  to  p(z)  which  is  always  positive  and 
hence  Ineq.  (5-170)  and  hence  Ineq.  (5-168)  are  proved.  Thus  succinctly 
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p 


t 


dV 

p(z  -  z)  - 5  dz'  >  p{ z)  >  0 

dz'z 


Therefore  in  view  of  Eq.  (5-167) 

As  •  Ae^  >  0 

and  the  material  model  is  positive  when  ds  =  ds+. 

Case  (b) 

In  this  case  the  appropriate  inequality  which  is  to  be  proved  is: 

[l  - 1}  •  (X  -  H)  *  0 

However,  by  virtue  of  Eq.  (5-162): 

2  -  c,s.  -  0 


Thus  Ineq.  (5-180)  reduces  to: 

(I*  -  ij  •  s!  >  0 


But 


•  •  D 

s  •  ey  >  0  , 

as  a  result  of  Ineq.  (5-179).  Also 

"  S_  *  K  a  (-  i.  * 


(5-178) 


(5-179) 


(5-180) 


(5-181) 


(5-182) 


(5-183) 


(5-184) 
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But  in  view  of  Eq.  (5-158),  =  &.  and  thus 

'  2_  *  &«.  s  -  i.  '  &  *  0  (5-185) 

by  definition  of  case  (b).  Therefore.  Ineq.  (5-170)  is  validated. 

Thus  the  material  model  is  positive  in  all  cases  and  the  solution  to  the  initial 
(or  boundary)  value  problem  is  unique. 
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6.  FLOW  RULES  IN  ENDOCHRONIC  PLASTICITY 
(Plastically  Incompressible  Solids) 


In  the  parlance  of  classical  plasticity  the  "Flow  Rule"  is  a  geometric  or  algebraic 
algorithm  which  answers  the  question: 

Given  a  stress  increment  dg  or  alternatively  a  strain  increment  dg, 
what  is  the  corresponding  increment  dgp? 

In  classical  plasticity  the  answer  to  the  above  question  is  complicated  by  the  fact 
that,  depending  on  the  direction  of  the  stress  or  strain  increment,  the  plastic  strain 
increment  may  or  may  not  be  zero.  As  part  of  the  answer,  therefore,  there  exists  an 
"unloading  rule"  which  determines  the  directions  of  dg  or  dg  for  which  dep  is  equal 
to  zero. 

In  "endochronic  plasticity",  and  specifically  in  the  modern  version  as  proposed  by 
Valanis  [6.1].  such  an  unloading  rule  is  not  necessary  because  the  increment  in  plastic 
strain  is  never  exactly  zero  for  any  situation  and  can  always  be  calculated  directly 
from  the  constitutive  equation,  even  though  there  are  cases  in  which  it's  immeasurably 
small,  as  we  shall  show  in  Chapter  7.  One  suspects,  however,  that  since  endochronic 
plasticity  may  be  regarded,  in  a  limiting  sense,  as  a  plasticity  theory  with  an 
infinitesimal  yield  surface,  there  must  exist  rules,  which  henceforth  we  shall  refer  to  as 
the  "Flow  Rules",  that  give  the  magnitude  and  direction  of  the  increment  in  plastic 
strain  without  the  necessary  computation. 

Trangenstein  and  Read  [6.2]  were  the  first  to  address  this  question.  Limiting 
themselves  to  the  case  of  deviatoric  plastic  response,  which  we  shall  do  here,  they 
considered  the  case  of  an  arbitrary  change  in  the  direction  of  a  stress  path  which  was 
previously  smooth.  Using  specific  asymptotic  expansions,  consistent  with  the 
properties  of  the  weakly  singular  deviatoric  memory  kernel,  they  found  that  the 
increment  in  plastic  strain  is  in  the  direction  of  the  tangent  of  the  previous  stress 
path  at  the  point  of  origin  of  the  stress  increment. 

They  also  found  that  the  incremental  inelastic  compliance  Cp  has  the  following 
properties: 


ldsP| 

5  lld*ll  = 


k  cos  >  0 


0,  £«d§  <  0 


(6-1) 


where  k  is  a  constant.  £  is  the  unit  tangent  vector  at  the  end  point  of  the  smooth 
stress  path  (the  point  of  initiation  of  the  deviatoric  stress  increment  dg)  and  l  is  the 
angle  between  £  and  dg.  As  pointed  out  by  Murakami  and  Read  [6.3].  the  above 
results  were  based  on  an  assumed  asymptotic  expansion  that  forces  dgp  to  be  in  the 
direction  £  and  is  valid  only  in  the  specific  case  where  the  smooth  stress  path  is 
radial  in  the  ir-plane. 


In  a  more  recent  paper,  cited  above.  Murakami  and  Read  reexamined  the 
problem  considered  in  Ref.  [6.2],  using  a  more  general  form  of  asymptotic  expansion 
which  does  not  place  constraints  on  the  direction  of  dgp.  Though  they  did  not 
determine,  in  their  analysis,  the  direction  of  the  resulting  plastic  strain  increment  dgp. 
they  found  the  following  result  which,  as  we  shall  show  in  Chapter  8.  is 
"operationally"  valid  for  all  stress  paths  in  a  sense  given  in  our  analysis. 

Let  6  be  the  angle  between  dg  and  dgp.  Then  Murakami  and  Read  found  that 


f  *  0,  cosO  >  0 


l  =0,  cos 6  <  0 


(6-2) 


More  specifically  their  general  results  are  summarized  in  the  following  expression: 

fcos 


Cp  = 


7(Zq),  *  <  2 


0  ,  M  o 


(6-3) 


where 


7(*0)  =  cos& 


z 

o 


(6-4) 


zq  being  the  value  of  z  prior  to  the  imposition  of  the  stress  increment  dg.  Also, 
using  asymptotic  methods,  it  was  shown  in  Ref.  [6.3]  that,  for  large  z  and  when  the 


stress  state  is  close  to  the  ultimate  surface,  the  plastic  deviatoric  strain  rate  vector 
becomes  coaxial  with  the  deviatoric  stress  vector.  For  full  details  see  Chapter  8. 

In  Chapter  7  we  address  the  question  of  endochronic  plastic  flow  rules  in  its 
entirety,  i.e..  we  consider  increments  in  stress  dg  relative  to  arbitrary  previous  stress 
paths,  or  increments  in  strain  dg  relative  to  arbitrary  previous  strain  paths.  As  it 
turns  out  it  is  not  the  direction  £  that  determines  the  direction  of  the  subsequent 
plastic  strain  increment  dgp  but  g  the  direction  of  the  tangent  to  the  terminal  point 
of  the  plastic  strain  path.  -  prior  to  the  imposition  of  the  stress  increment  dg  or  the 
strain  increment  dg.  Though  the  full  results  will  be  given  in  the  analysis  in 
Chapter  7.  we  give  here  the  essential  results  for  the  benefit  of  the  reader,  first 
obtained  by  Valanis  in  Ref.  (6.4]. 

Let  g  be  defined  as  above.  Also  let  dg  be  denoted  by  dg+  when  g»dg  >  0  and 
correspondingly  by  dg  when  g.dg  <  0.  It  is  then  shown  that  in  the  limit  of 
vanishingly  small  ||dg||: 

=  t  (6-5) 


But 


k  =  £■  -  2Ds(&*Gs)  •  M) 

where  gs  is  the  direction  of  the  appropriate  stress  increment.  Note  that 

k  =  fr  (6-7) 

when  g.dg  =  0.  Also. 

<*S+  =  0||dS+||  (6-8) 

but 

K  =  °II4HI1/I'a  (6-9) 

Thus,  if  ||dg  ||  is  of  the  order  of  10  3,  df  is  also  of  the  same  order.  However  if 
||dg  ||  is  of  ttiis  order,  then  given  that  for  metals  a  is  about  0.86,  it  follows  that 

df  =  0(10'21)  (6-10) 


l 
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which,  of  course,  is  not  measurable.  Thus  from  an  operational  viewpoint,  df  =  0. 
In  the  special  case  where  2.  •  dg  =  0.  df  =  0.  Formulae  for  the  calculation  of  df 
are  given  in  Chapter  7. 

It  follows,  therefore,  that  while  dj|  =  d£+  the  plastic  strain  path  is  continuous 
and  has  a  continuous  tangent.  At  points  of  reversal  from  djj+  to  dg_.  the  tangent 
suffers  a  discontinuous  change  while  the  path  remains  continuous.  The  reader  should 
also  note  that,  in  calculations  subsequent  to  a  reversal,  it  is  that  should  play  the 
role  of 

We  close  this  chapter  by  pointing  out  that,  obviously,  the  lower  branch  of 
equality  (6-3)  is  in  fact  an  approximation  of  Eq.  (7-56)  while  the  upper  branch  is  an 
alternative  form  of  Eq.  (7-45).  This  is  shown  in  Section  8.4.  Of  course  this  must 
be  the  case  because  Eqs.  (7-45)  and  (7-56)  were  obtained  for  arbitrary  stress  histories 
while  Eq.  (6-3)  was  obtained  under  the  assumption  that  the  previous  stress  history 
was  smooth.  Thus  Eqs.  (7-45)  and  (7-56)  must  contain  Eq.  (6-3)  as  a  special  case. 
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7.  ANALYTIC  DERIVATION  OF  THE  FLOW  RULES  OF 
ENDOCHRONIC  PLASTICITY  FOR 
PLASTICALLY  INCOMPRESSIBLE  SOLIDS. 


The  plastic  flow  rules  of  the  endochronic  theory  are  derived  in  this  chapter  for 
the  case  of  plastically  incompressible  solids.  The  versions  of  the  endochronic  theory 
with,  and  without,  a  yield  surface  are  considered  in  detail.  Finally,  a  computational 
scheme  is  given  for  calculating  df. 

Before  proceeding  with  the  analysis,  we  note  that  in  the  case  of  classical 
plasticity,  the  plastic  flow  rule  is  well  established  and  can  be  succintly  described  as 
follows:  Let  the  end-point  of  the  stress  vector  lie  on  the  yield  surface.  Then  if  the 
end-point  of  the  stress  increment  vector  dfc  lies  outside  the  yield  surface,  plastic 
deformation  will  take  place  and  the  direction  of  the  increment  of  the  plastic  strain 
vector  dgp  will  be  perpendicular  to  the  yield  surface  at  the  point  of  emanation  of  dg. 
On  the  other  hand,  if  the  end-point  of  dg  lies  inside  or  on  the  yield  surface  then  the 
deformation  will  be  elastic. 

Against  this  background,  we  turn  now  to  derive  the  plastic  flow  rules  of  the 
endochronic  theory,  considering,  first,  the  version  of  the  theory  with  a  yield  surface 
and  later  the  version  without  a  yield  surface. 

7.1  Endochronic  Theory  with  a  Yield  Surface. 

This  case  was  discussed  in  its  essential  terms  in  Section  3.6  and  in  so  far  as 
the  increment  dg  is  concerned  the  appropriate  flow  rule  is  the  same  as  in  classical 
plasticity.  It  is  repeated  here  for  completeness.  Let 

1)2  -  a||  *  s0Fs  <7-» 


Condition  (7-1)  ensures  that  the  end  point  of  the  stress  vector  lies  on  the  yield 
surface.  Then  if 

te  -  aMa  >  0-  (7'2) 

plastic  deformation  will  take  place.  d£  will  be  given  by  Eq.  (3-219).  dgp  will  be  given 
by  Eq.  (3-212)  or  Eq.  (3-231)  and  will  be  perpendicular  to  the  yield  surface  at  the 
end  point  of  g.  However,  if 
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($  -  aMs  S  0  .  (7-3) 

then  the  ensuing  deformation  will  be  elastic.  We  note  that  the  equality  sign  is  valid 
only  to  a  first  order  of  approximation. 

It  is  also  of  interest  that  endochronic  plasticity  affords  an  analysis  which  without 
further  assumptions  provides  a  flow  rule  when  the  increment  of  total  strain  dg  is 
given.  The  flow  rule  is  obtained  by  virtue  of  Eq.  (3-239)  and  is  as  follows: 

Flow  Rule: 

If  de  emanates  from  a  point  on  the  yield  surface  and  its  end  point 
lies  outside  the  yield  surface  then  plastic  deformation  will  take 
place,  the  increment  of  the  plastic  strain  path  d£  will  be  given  by 
Eq.  (3-239)  and  dgp  by  Eq.  (3-212).  On  the  other  hand,  if  the 
end  point  of  dg  lies  inside  the  yield  surface  then  the  deformation 
will  be  elastic. 

Thus,  in  analytic  terms,  if  condition  (7-1)  applies  and 

U  '  2)  de  >  0  .  (7-4) 

plastic  deformation  will  take  place  and  dep  will  be  perpendicular  to  the  wield  surface 
at  the  end  point  of  g  according  to  Eq.  (3-212).  However  if 


(2  “  2)  •  <*S  *  0 


(7-5) 


then  the  deformation  will  be  elastic.  Again  the  equality  sign  is  valid  only  to  a  first 
order  of  approximation. 

7.2  Endochronic  Theory  Without  a  Yield  Surface. 

This  is  by  far  the  most  difficult  case  and  requires  a  careful  analysis,  which  is 
based  fundamentally  on  the  treatment  of  endochronic  plasticity  with  an  infinitesimal 
yield  surface,  given  in  Section  3.6.  We  begin  with  Eq.  (3-1).  which  is  repeated  below 
for  convenience: 
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/■z 


s 


§  s 


'0 


(3-1) 


It  follows  that  in  terms  of  a  first  order  expansion: 


2  ♦  d2  = 


P{ 


z_  ♦  dz 


dgp  dep 

zldT  d2'  *  M(dzsldT 


z  ♦dz 
s  s 


(7-6) 


where  use  was  made  of  Eq.  (3-26).  If  we  now  set  dz  =  6  in  the  nomenclature  of 
Section  3.6  then  Eq.  (7-6)  becomes: 


rZ 


s 


2  ♦  d2  = 


Ms  .  6 


'o 


de^ 

dz'  ♦  M(fi)  ~ 


z+6 


(7-7) 


As  stipulated  in  Section  3  6.  the  functions  p(zj  and  coincide  for  all  z^  >  6  and 

therefore 

ns  ♦ 6  * 2')  *  Ms  ♦ 5  * z  )  ■  0  < 2  <  zs  t7-8> 

However  in  terms  of  a  first  order  expansion  in  5.  the  right-hand  side  of  Eq.  (7-8)  is 
given  by  the  expression 

'’its  * 6  -  Z1  *  Ms  - 2)  * 6  Mts  • 2')’  (7-9) 

where  p’^  is  given  by  Eq.  (3-218).  In  view  of  Eqs.  (3-208).  (7-8)  and  (7-9). 
Eq.  (7-7)  becomes: 


dsp 

s*ds  =  a-  ®b  -  m(5>37:' 


z  *6 
s 


(7-10) 


where  as  previously  (see  Eq.  (3-208): 
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fzs  dgp 

*  ■  Mzs  -  z')  d r dz' 
‘*0 

It  follows  that  to  within  0(52) 


(7-11) 


J  *  5  'i(zs 

Z  +0 


4eP 

z')  dT  dz' 


(7-12) 


However,  because  ^.(z  )  is  well  behaved  at  the  origin,  it  follows  that 
Px{6)  =  ^(0)  ♦  0(5) 

See  Fig  7.1  where  Px(zJ  is  illustrated  pictorially. 

2 

Thus  ignoring  terms  of  0(5  ): 


(7-13) 


dsP 

d2  =  ^i(°)  <jz' 


5  ♦  fc  5  , 


(7-14) 


where  Eq.  (3-217)  was  used.  We  now  make  use  of  the  following  relations: 


PX(S)  =  PQ  S' 


M(5)  =  po6l"a/l-a 


(7-15) 


(7-16) 


Equations  (7-10).  (7-14).  (7-15).  and  (7-16)  then  combine  to  give  the  desired  equation 


in  terms  of  the  infinitesimal  yield  surface  s^: 


g  ♦  dg  =  g  ♦  da  ♦  s  -r-r 


(7-17) 


k 
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where 


s„  *  ?0(«/l  . 


I 

(7-18) 


in  accordance  with  the  value  derived  previously.  See  Eq.  (3-269). 

The  above  analysis  shows  the  equivalence  of  Eqs.  (3-1)  and  (3-268)  to  within 
an  error  which  goes  to  zero  in  the  limit  of  5  —  0.  This  was  already  done  in  Section 

3.6  and  in  that  sense  the  foregoing  analysis  was  repetitious.  However  it  served 

another  purpose  in  that  it  identified  the  meaning  of  5,  which  as  the  reader  will  recall, 
was  set  equal  to  dz  .  Thus  the  above  analysis  also  identified  the  tensor  valued 

integrals  g  and  jj  which,  as  is  now  apparent,  depend  directly  on  the  value  of  5.  This 

dependence  is  shown  pictorially  in  Fig.  7.1.  Note  that  p(z  )  =  p.(z  ).  dz  <  z  and 
/>i(0)  =  /»i(dzs)+0(dzs). 

We  state  these  results  formally. 


I  im 
5+0 


p{z  - 


2>dF  d2 


♦ 


(7-19) 


I  im  s 
5+0  ° 


rl-fl 
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where 


'l(zsJ  =  '(zs)  '  6  5  zs  ■ 


(7-20) 


(7-21) 


Thus,  to  summarize,  in  view  of  Eqs.  (3-268).  (7-19)  and  (7-20).  we  have 


<*SP 

§  “  2  +  so  dz 

I  im5+0 


t 

(7-22) 


< 


7-6 


and  in  view  of  Eq.  (7-17) 


2  *  d2  =  2  *  d2  ♦  s  o  HT 

I im  6*0  s 


(7-23) 


In  Figure  7.2  we  show  a  plastic  strain  path  (in  plastic  strain  space)  in  the 
presence  of  three  infinitesimal  yield  surfaces  (circles)  of  different  sizes  (in  stress- 
space).  The  equation  of  interest  is 


2  “  s0  dz  *  2 
s 


(7-24) 


assuming  that  no  elastic  deformation  has  followed  the  last  increment  da.  or.  if  it  has. 

g  has  been  restored  to  its  value  preceding  elastic  deformation.  Of  importance  is  the 

observation  that  the  segment  AB,  which  is  the  difference  between  s  and  g.  is  by 

virtue  of  Eq.  (7-24)  in  the  direction  dgp/dz.  which  is  the  tangent  to  the  plastic  strain 

path  at  its  terminal  point  g,  Thus  all  infinitesimal  yield  circles  tangent  at  B.  each 

depending  on  a  different  value  of  6.  must  have  their  center  on  the  segment  AB. 

This,  of  course,  is  based  on  the  fact  that  sq  in  Eq.  (7-24)  is  infinitesimal  and  the 

expectation  that  all  three  plastic  strain  paths  which  have  evolved  on  the  basis  of 

Eq.  (7-24),  each  corresponding  to  a  different  value  of  s  .  converge  to  the  same  plastic 

strain  path  as  s  tends  to  zero, 
o 


These  circles  are  shown  again  in  Fig.  7.3  for  clarity, 
increment  of  stress  dg+  as  shown  in  this  figure,  such  that 

(*-*)•  dS+  >  0 


Consider  now  an 


(7-25) 


or.  in  view  of  the  above  discussion  and  follow’ng  Fig.  7.2. 


ic  strain  path  in  £-space  in  the  presence  of  infinitesimal  yield  surfaces  of  different 


L 

■ 


i 

■ 


Thus  combining  Eq.  (7-29)  and  (7-30)  we  find  the  following  result: 

(F;/Fs)  <5  ♦  •  (7-33) 

Therefore,  in  the  case  where  g  •  ds  >  0.  i.e..  dg  =  dj+. 

=  & 

I im  6  =  0  (7-34) 

Thus  the  plastic  strain  path  is  continuous  and  has  a  continuous  derivative  for  stress 
histories  consisting  of  infinitesimal  segments  d«s+. 

The  situation  where  df  is  infinitesimal  but  different  from  zero  is  shown  on  a 
highly  exaggerated  scale  in  Fig.  7.4.  Point  A  denotes  the  center  of  the  infinitesimal 
yield  surface  when  the  plastic  strain  path  terminates  at  a.  In  this  case  AB  is  parallel 
to  the  tangent  to  the  path  at  a.  The  point  A^  is  the  center  of  the  infinitesimal  yield 
surface  when  the  path  terminates  at  a^.  In  this  case  the  segment  AjBj  is  parallel  to 
the  tangent  to  the  path  at  a^. 

Consider  now  a  stress  increment  dg  .  shown  in  Fig.  7.3.  along  the  line  BC  such 

that 

(S  -  2]  *  ds.  <  0  (7-35) 

or 

Sr  •  d§_  <  0  (7-36) 


In  this  case  d£  =  0  provided  that 

||4*.||  S  BCr  (r  *  1,2,3)  ,  (7-37) 

depending  on  which  infinitesimal  yield  surface  one  wishes  to  consider.  However,  when 


||dS.||  >  BCr  (r  =  1,2,3)  , 


(7-38) 


then  d£  4  0  and  dgp/dz  is  along  the  line  A^C  (r  =  1.2,3).  One  can  show  by  a 
simple  geometric  proof  that  all  lines  AfCf  (r  =  f.2.3)  are  parallel. 

Hence  when  inequalities  (7-36)  and  (7-38)  apply  dgp/dz  is  in  the  direction  AfCf 
and  this  direction  is  also  independent  of  the  size  of  the  yield  surface.  In  this  case 
the  plastic  strain  path  is  continuous  but  its  derivative  is  discontinuous! 

To  determine  the  direction  C  we  let  the  angle  between  A  B  and  BC  be  equal 
to  p.  Thus 


d§. 

1 1  •  TTsnr  *  t  • « 


(7-39) 


where  is  a  generic  symbol  for  the  direction  of  dg.  be  it  dg+  or  ds  .  Also  let  £. 
be  the  direction  of  the  segment  A^C^,.  this  being  the  direction  of  the  increment  of 
plastic  strain  corresponding  to  an  "unloading"  stress  increment  that  satisfies 
inequalities  (7-36)  and  (7-38). 


We  note  parenthetically  that  if  a  is  the  angle  between  the  unit  vectors  SL  and  £. 


then. 

cos  a  =  £.  •  & 

It  follows  from  the  diagram  of  Fig.  7.3  that 
(\B)£  *  (BCr)~"s  S  [\Cr)L 


(7-40) 


(7-41) 


But 


\B 


\Cr 


(7-42) 


and 


BC 

jr 

A  B 
r 


rs  =  - 2  cosP 


(7-43) 


Thus  in  view  of  Eqs.  (7-41).  (7-42)  and  (7-43)  the  following  relation,  which  will  be  of 
central  importance  in  unloading  behavior  in  the  context  of  endochronic  plasticity, 
follows: 
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u 


■  &  -  2cs  c°sP  = *■_ 


Or.  using  Eq.  (7-39) 


Sr  ~  2BS(&  *  fls)  =  Sr. 


(7-44) 


(7-45) 


Equation  (7-45)  gives  the  direction  g.  i.e..  the  direction  of  the  plastic  strain  increment 
following  unloading,  in  terms  of  the  known  directions  g  and  rjs.  Note  that  this 
equation  is  independent  of  the  size  of  the  yield  surface!! 

On  the  basis  of  the  foregoing  analysis  we  can  now  put  forth  the  flow  rule  for 
endochronic  plasticity  without  a  yield  surface.  This  rule  is  based  on  Eqs.  (7-34)  and 
(7-35)  whose  validity  is  independent  of  the  size  of  the  yield  surface.  These 
l  equations,  therefore,  remain  valid  as  the  radius  of  the  yield  surface  goes  to  zero. 

Flow  Rule: 


■ 


Let  g  be  the  tangent  vector  to  the  terminal  point  of  the  plastic  strain  path  in 
gp-space.  Then  if  the  stress  increment  dg  is  such  that 

dg  *  Sr  >  0  .  (7-46) 

it  is  denoted  by  d<>+  and  is  in  a  "loading"  direction,  whereupon  g  .  the  direction  of 
the  resulting  plastic  strain  increment,  is  in  the  direction  of  \  in  the  limit  of 
I  Mai  I  =  °-  Thus 


Sr+  =  Sr 
lim  ||dgjj  =  0 

Therefore  when  the  stress  path  is  continuous  —  even  though  its  tangent  may  be 
discontinuous  --  the  plastic  strain  path  is  continuous  and  has  a  continuous  derivative 
at  every  point. 


(7-47) 


On  the  other  hand  if  the  stress  increment  d§  is  such  that 

dg  *  Sr  <  0  .  (7-48) 
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it  is  denoted  by  dg  and  is  in  an  "unloading"  direction,  whereupon  t .  the  direction  of 
the  resulting  strain  increment,  in  the  limit  of  ||dg|j  =  0,  is  given  by  the  expression: 

2r>  =  Sr  “  2Cs(Sr  *  Ds] 

(7-49) 

lim  | | dg | |  =  0 


We  note  that  in  this  case  the  plastic  strain  path  is  continuous  but  its  derivative  is 
discontinuous  since  now  ^  £. 

The  case  when  dg  is  perpendicular  to  the  plastic  strain  path  at  its  end  point, 
i.e..  when 

dg  •  g.  =  0  (7-50) 

does  not  seemingly  belong  to  either  of  the  above  two  cases.  However  the  direction  g 
when  condition  (7-50)  applies  can  be  obtained  from  considerations  of  continuity  in  the 
sense  that  in  this  event  jg+  must  be  equal  to  g .  But  Eqs.  (7-47)  and  (7-49)  satisfy 
this  condition  in  their  present  form  and  thus  their  range  of  validity  extends  to  the 
case  where  condition  (7-50)  applies. 

Recapitulation: 

The  flow  rule  of  endochronic  plasticity  without  a  yield  surface  in  the  limit  of 
||dg||  =  0  is: 

«**  •  i  >  0  :  ^  a  l  <7-51) 

d*  *  &  *  0  :  L  ■  &  -  20s  (&  *  flj  (7-52) 

7.3  The  Value  of  d$. 

Case  fa)  dg  =  dg+ 

Combine  Eqs.  (7-23)  and  (7-24)  to  obtain: 
soFs  &  +  dS  =  dl  +  S0FS(£  4  d£)g+ 

=  dg  ♦  so(Fs  ♦  Fsd?)&+  (7-53) 
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But  in  this  case  the  plastic  strain  path  is  continuous  and  differentiable.  Thus: 


d2ep 

'  &  *  ~T 


(7-54) 


Hence  we  use  Eqs.  (7-53)  and  (7-54)  to  arrive  at  the  following  result: 


d2  p 

dg  =  d2  ♦  sqFs  l  df  ♦  soFg  — ^  df  ♦  o(<5f2] 

df 


(7-55) 


It  follows,  therefore,  that 


dg  *  &  =  dg  •  &  ♦  soFsd£ 


(7-56) 


since,  as  previously. 

dV 

g.  •  — r  = 0  (7-5?) 

dr 


Now  use  Eq.  (3-216)  to  determine  df  in  the  form  given  below: 

d<r  H  =  dS+  .  £.  ,  (7-58) 

where 


&  •  h 

H  =  /^(o)  +  sqF'  -p -  (7-59) 


This  equation  is  reminiscent  of  Eq.  (3-220)  however  now  both  s  and  jj  are  functions 
of  dzs(=  df/Fj  and  hence  Eq.  (7-59)  must  be  solved  iteratively.  Nonetheless  a 
conclusion  which  we  will  refer  to  later  is  that,  in  view  of  Eqs.  (7-58)  and  (7-59). 
when  ds  =  ds+: 

d<r  =  0(||ds||)  (7-60) 
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Case  (b)  dg  =  dg 

Again  combine  Eqs.  (7-23)  and  (7-24)  to  obtain  the  expression: 

soFs  &  =  dS  =  d2  ♦  ♦  df)&.  (7-6D 

In  this  case  the  plastic  strain  path  is  not  differentiable  in  the  sense  that  £  -  £  is 
finite  i.e..  the  tangent  to  the  path  is  discontinuous  at  £.  However  £  is  given  by 
Eq.  (7-44)  which  in  combination  with  Eq.  (7-61)  gives: 

soFs  *  d§  *  &  =  d2  *  &  +  s0Fs^  +  d^  ^  "  2cos2^  (7-62) 


Note  at  this  point  that 

dg  •  g.  =  ds  cos/?  (7-63) 

where  ds  =  ||dg||.  Then  following  the  analysis  in  case  (a),  Eq.  (7-62)  reduces  to  the 
following  expression: 


ds  co s/3  = 


h  •  &1 

/>!  (0)  ♦  — 


d<r  -  rr-5  p0 


i_) 

tFJ 


1-a 


d? 


1-a 


♦  Fg(l  -  2  cos2^]l  -°a  po  [fj  d ^  " 


(7-64) 


where  Eq.  (7-18)  was  used. 

We  wish  to  show  that  df  is  of  higher  order  of  smallness  than  dfla  whenever 
0  <  a  <  1.  Specifically  we  wish  to  prove  the  following  lemma. 

lemma. 

Given  a  positive  a  however  small  and  a  positive  integer  n  then  there  exists  a  d£ 
such  that 


d^1"0  =  10n  d£ 


(7-65) 
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Note  that  in  real  metals  a  =  0.86  in  which  case  1/1-a  ~  7.0.  Thus 

df  =  0(ds)7. 

(7-71) 

I 

Thus.  d£  is  not  measurable  and.  therefore,  "zero"  for  small  changes  dg 
deviatoric  stress.  However,  it  is  not  exactly  zero. 

in  the 

m 

1 


In  more  rigorous  terms,  if  df  and  df  correspond  to  stress  increments  dg  and 
dj_.  such  that  ||dg_||  =  ||ds  ||  =  fjdg||.  then: 


(7-72) 


Thus,  in  an  operational  sense,  i.e.,  in  terms  of  a  measurable  d£.  given  an  increment 
of  stress  dg-.  then  df-  =  0. 

7.4  A  Computational  Scheme  for  Calculating  df. 

The  underlying  idea  of  the  scheme  is  that  given  p( zj.  weakly  singular  near  the 
origin,  we  define  a  function  /^(zj  such  that 

*  '(2s)  ■  2s  iS  <7-73> 

but 


a  finite  function,  zg  <  5 


(7-74) 


where  the  finite  function  will  be  defined  shortly  and 
Of  importance  is  the  fact  that  in  the  interval  [d.zj, 
be  approximated  as  closely  as  we  please  by  a  finite 


<5  is  a  vanishingly  small  number, 
/^(zj  is  finite  and  can  therefore 
sum  of  exponential  terms,  i.e.. 


r=l 


\e 


-a  z 
r  s 


<  e 


where  €  is  a  "tolerance”  error. 


(7-75) 
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More  precisely,  given  a  positive  number  5  however  small,  an  n  can  be  found 
such  that  Eq.  (7-75)  applies  for  all  5  <  z . 

Thus  we  define  the  "finite  function"  in  Eq.  (7-74)  by  extending  the 
representation  (7-75)  of  ^(z  )  »n  the  entire  domain  0  <  z  .  Hence 


/^(z)  *  H  Ar  © 

r 

for  all  z. 


-a  z 
r  s 


(7-76) 


It  was  then  shown  in  Section  3.6  that  p(z  )  can  be  represented  in  the  entire 


interval  [O.zJ  by  the  expression: 
'(zs)  *  'lW  *  soS(2s)  .« 


where  5(zs)  is  the  Dirac  delta  function  and 


5  .r-S-  p  i1'” 

o  1  -  a 


(7-77) 


(7-78) 


Basically,  therefore,  s q5(z  )  is  a  correction  term  associated  with  the  representation  of 
/»(z  )  by  the  Dirichlet  series  (7-75).  As  pointed  out  previously,  the  representation  of 
p  given  by  Eq.  (7-77)  introduces  an  infinitesimal  yield  surface,  with  all  the 
implications  associated  with  such  a  surface  and  which  were  already  discussed  in  this 
section. 

Now  we  recognize,  however,  that  the  strength  s  of  the  delta  function  is  known 
by  virtue  of  Eq.  (7-78)  and  thus  we  can  represent  the  5-function  itself  to  any  degree 
of  accuracy  by  a  single  exponential  term.  Specifically  we  set 


-7* 


{(2s)  *  7  ' 


where  7  is  a  suitably  large  number.  Thus: 


n  -a  z  -jz 

W  =  E  An  e  "  s  ♦  so  7e  s 

r=l  0 


(7-79) 


(7-80) 
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where  s  7e’7zs  is  the  "correction  term"  to  the  representation  of  the  singular  kernel 
0  * 

p(zs)  by  a  Dirichlet  series. 

The  computational  significance  of  Eq.  (7-80)  will  be  appreciated  better  by  virtue 
of  the  following  example.  In  practical  terms  we  wish  to  choose  n  as  small  as 
possible.  In  Fig.  7.5  we  show  a  hypothetical  example  where  n  was  set  equal  to  3. 
The  desired  error  e  then  determines  5.  and  5  determines  sq  which  is  given  by 
Eq.  (7-78).  The  constant  7  in  Eq.  (7-79)  should  be  determined  as  follows. 

Suppose  we  wish  the  approximate  "Heaviside  step  function",  associated  with  the 

approximate  5-function  given  by  Eq.  (7-79).  to  saturate  within  1  percent  of  its  value 

at  z  =5.  Then 
s 

1  -  e'76  =  0.99  (7-81) 

Thus,  for  5  =  0.001 


7  =  ~  4.6  x  103  (7-82) 

We  may  now  use  the  standard  formula  for  calculating  dz  given  in  Chapter  10. 
namely: 

adz2  +  bdz  4-  c  =  0  (7-83) 

where,  in  the  case  that  the  stress  increment  Ag  is  prescribed,  we  have 


a  =  1 


(7-84) 


•>  *  -  2  (S  • 


(7-85) 
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ds 


A 


(7-86) 
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Figure  7.5  6  as  a  function  of  the 


error  e 
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in  the  following  notation: 
n+1 


A  =  Z  A 

r=l  r 


n+1 

s  =  z  °x 

r=l  r  r 


where 

An>l  *  V 

an+l  =  7  • 


(7-87) 


(7-88) 


(7-89) 

(7-90) 
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8.  PLASTIC  FLOW  CHARACTERISTICS  OF 
PLASTICALLY  INCOMPRESSIBLE  SOLIDS 

In  Chapter  7.  we  gave  an  analytical  derivation  of  the  flow  rules  of  endochronic 
plasticity  for  plastically  incompressible  solids.  As  pointed  out  in  that  chapter,  these 
rules  are  valid  for  all  continuous  stress  paths,  irrespective  of  whether  the  paths  are 
smooth  (differentiable)  or  not.  In  this  chapter,  we  give  an  analysis  which  addresses 
the  flow  rules  from  another  perspective,  namely,  asymptotic  expansions.  The  plastic 
flow  characteristics  are  determined  for  the  case  of  an  abrupt  change  in  loading 
direction  in  stress  space  from  an  otherwise  smooth  (differentiable)  stress  path.  In 
addition,  asymptotic  methods  are  also  used  to  explore  the  direction  of  the  plastic 
strain  increment  vector  when  the  stress  state  is  near  an  ultimate  surface. 

The  reader  may  well  ask  why  the  analytical  techniques  of  Chapter  8  are  different 
from  those  of  Chapter  7.  The  reason  is  as  follows.  When  the  writing  of  the  book 
began,  all  that  was  known  about  the  flow  rules  of  endochronic  plasticity  was  given  in 
the  works  of  Trangenstein  and  Read  [8.1]  and  Murakami  and  Read  [8. 2. 8. 3]  and  the 
material  in  this  chapter  is  based  substantially  on  those  works,  which  treat  the 
asymptotic  cases  of  very  small  z  and  very  large  z  near  an  ultimate  surface,  as  well  as 
the  abrupt  change  in  loading  direction  from  a  previously  smooth  stress  path. 

During  the  course  of  writing  this  book.  Valanis  developed  the  analysis  of 
Chapter  7.  from  a  geometric  perspective,  which  gives  the  flow  rules  for  general  stress 
paths  and  for  all  z.  Also  given  are  explicit  formulae  for  determining  the  direction  of 
dgp  corresponding  to  a  stress  increment  dg.  which  is  not  provided  in  the  analysis  of 
Chapter  8.  Thus,  the  results  in  Chapter  8  are.  in  this  regard,  a  special  case  of  those 
given  in  Chapter  7. 

We  felt,  however,  that  the  analysis  of  Chapter  8  is  valuable  in  that  it 
corroborates  the  results  of  Chapter  7  and  gives  additional  information  regarding  the 
flow  rules  not  contained  in  Chapter  7.  Also,  it  contains  the  results  of  numerical 
calculations  of  plastic  strain  paths  corresponding  to  some  complex  stress  paths,  some 
of  which  have  been  investigated  experimentally  in  the  literature. 

8.1.  Basic  Equations  for  Deviatoric  Response 

In  this  chapter,  we  consider  the  system  of  equations  which  govern  the  deviatoric 
behavior  of  a  plastically  incompressible  endochronic  solid.  These  equations  were  given 
earlier  in  Chapter  3  (see  Eqs.  (3-12)  to  (3-16))  but  are  repeated  below  for  easy 
reference:  j 


8-1 


k 


1 


g  = 


n 2 


(8-1) 


d£  =  ||dSP 


(8-2) 


(8-3) 


dS 


(8-4) 


In  addition,  the  following  form  of  the  weakly  singular  shear  kernel  given  in 
Eq.  (2-111)  is  adopted 


Piz)  =  PQ 


(8-5) 


where  /J  and  pQ  are  positive  material  constants  and  0  <  a  <  1.  As  shown  in 
Section  3.2.6  (see  Eq.  (3-53)).  this  form  of  the  kernel  function  leads  to  an  ultimate 
(failure)  surface.  In  the  remainder  of  this  chapter,  the  subscript  s  will  be  suppressed, 
and  any  reference  to  the  intrinsic  time  z  will  be  tacitly  understood  to  refer  to  z 

The  plastic  flow  properties  of  the  model  described  by  Eqs.  (8-1)  to  (8-5)  are 
explored  first  for  the  case  in  which  there  is  no  deviatoric  hardening,  i.e..  F  =  1:  as 
shown  in  Section  3.2.6,  this  leads  to  an  ultimate  (failure)  surface  whose  trace  in  the 
deviatoric  (*)  plane  is  a  circle.  Finally,  the  plastic  flow  properties  of  the  model  for 
the  case  in  which  F$  depends  upon  a  and  J'  the  third  invariant  of  the  deviatoric 
stress  tensor,  are  considered;  such  a  form  of  F  is  characteristic  of  geomaterials,  such 
as  soils,  rocks  and  concrete,  and  leads  to  an  ultimate  (failure)  surface  whose  trace  in 
the  r-plane  is  non-circular. 


P 
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8.2  Plastic  Flow  Properties  in  the  Absence  of  Hardening  (F(  =  1) 

Consider  the  system  of  equations  described  above  and  set  =  1.  which 
corresponds  to  no  hardening.  In  this  section,  a  number  of  features  of  plastic  flow  of 
this  model  are  established.  First,  analytic  solutions  are  obtained  for  two  limiting 
cases  of  response  to  smooth  stress  paths.  Next,  the  plastic  response  of  the  model  to 
an  arbitrary  abrupt  change  is  the  loading  direction  in  the  rr-plane  on  an  otherwise 
smooth  stress  path  is  examined  analytically  and  a  theoretical  solution  is  obtained, 
using  asymptotic  methods,  for  the  plastic  compliance  as  a  function  of  the  new  loading 
direction.  Finally,  the  response  of  the  model  to  a  variety  of  complex  stress  and 
complex  strain  paths  is  explored  through  the  use  of  numerical  methods. 

Note  that,  for  Fg  =  1.  Eq.  (8-1)  may  be  written  as: 


/•z 


2  = 


/>(z  '  z')£(z')dz' 


(8-6) 


'0 


where  a  unit  vector,  was  defined  earlier  in  Eq.  (7-28)  as: 


Also,  by  making  the  change  of  variable 

Y  =  z  -  z'  ,  (8-8) 

and  introducing  the  form  of  p[i)  given  by  Eq.  (8-5).  Eq.  (8-6)  becomes 


5  = 


&(z  -  y)dy 


(8-9) 


which  will  be  used  in  the  sequel. 
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8.2.1  Small  z  Near  the  Origin  of  the  Deviatoric  Plane. 

To  explore  the  plastic  flow  properties  of  the  above  model  for  small  z  near  the 
origin  of  deviatoric  space,  we  begin  by  differentiating  Eq.  (8-6)  as  follows: 


Tz  =  /»(*)«<>> 


^(y)i'(z  -  y)dy 


(8-10) 


where  the  superscripted  prime  denotes  differentiation  with  respect  to  z.  Assuming 
smooth  strain  paths.  &  and  can  be  expanded  in  Taylor  series  as  follows: 


m  =  t(«) 


zT(0) 


t'(*  -  y)  *  Z 


n=0 


A"'w 


(8-11) 


Substitution  of  Eqs.  (8-11)  into  Eq.  (8-10)  leads  to  the  expression: 


-  />wtw  -  Z 

n=l 


rw 


rz 

/P(y)dy 
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•  z  r'w 

n=l 


y  ^(y)dy 


(8-12) 


For  small  z,  />(z)  varies  as  za\  thus,  we  can  write: 


1 


rn/7  (z)  =  0  (zn-a) 


p{  y)dy  =  o(z1-a) 


(8-13) 


yn/»(y)dy  =  otzn+1_a] 


Hence,  Eq.  (8-12)  can  be  expressed  in  the  form: 


~  =  />(*)&  ♦  oiz1'*)  , 


(8-14) 


which  shows  that  for  small  z  (z  <<  1).  dg/dz  and  £  are  coaxial,  since  0  <  a  <  1. 

In  view  of  Eq.  (8-7).  it  therefore  follows  that  dep  and  dg  are  coaxial  for  small 
z.  This  result  illustrates  one  of  the  unique  features  of  the  endochronic  theory  which 
sets  it  apart  from  classical  plasticity,  namely,  that  in  the  endochronic  theory  plastic 
flow  develops  immediately  upon  application  of  load,  while  in  classical  plasticity,  plastic 
flow  does  not  occur  until  after  the  stress  state  has  reached  the  yield  surface. 


8.2.2. 


Large  z  Near  an  Ultimate  Surface. 


Let  us  consider  a  stress  path  which  is  arbitrary  for  z  <  z  .  but  at  z  it 
monotonically  approaches  the  ultimate  surface.  For  z  >  z^.  the  plastic  strain  path, 
and  hence  g.  will  be  smooth  and  simple  during  the  recent  past  {z  -  vIO  <  y  <  y  }. 
where  y  is  a  characteristic  of  the  material  such  that  for  y  >  y  .  e’^y  is  negligiOe. 
Under  t/iese  conditions,  we  wish  to  consider  the  constitutive  expreTsion  for  g  given  by 
Eq.  (8-9).  namely: 
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U*  -  y)4y 


(8-15) 


For  a  large  class  of  materials,  including  metals  and  geomaterials,  it  has  been 
found  through  experience  in  applying  the  theory  that  f)  >>  1  (typically  on  the  order 
of  103  to  104).  For  such  large  p.  the  major  contribution  to  the  above  integral  occurs 
near  y  =  0.  Because  of  the  smoothness  of  the  gp-path  for  z  >  zq.  the  function 
&(z  -  y)  can  be  expanded  in  a  Taylor  series  about  y  =  0  to  give: 


-  »)  =  iW  -  »  {•(■)  ♦  I  »2t"U)  -  ... 


(8-16) 


However,  due  to  the  large  value  of  /J.  &(z  -  y)  can  be  represented  by  the  first  few 
terms  of  the  above  series  over  {0  <  y  <  y^}  where  e'^y  is  not  negligible.  Therefore. 
Eq.  (8-15)  can  be  expressed  as: 


S  = 


[«*) 


y  fc'(z)  +  . . . ] dy  +  o(e'^z) 


(8-17) 


Applying  Watson's  lemma*  to  the  integral  and  performing  the  integration,  one  finds 
that 
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where  r(«»»)  denotes  the  gamma  function.  Upon  introducing  Eq.  (3-53).  (with  an 
appropriate  change  of  notation),  together  with  the  relation  T(n+1)  =  nr(n),  Eq  (8-18) 
can  be  rewritten  in  the  form: 


g  =  s 


00 


(8-19) 


where 


c 


(8-20) 


*  See.  for  instance.  Reference  [8.4], 
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Let  us  take  the  Euclidean  norm  of  both  sides  of  Eq.  (8-19).  and  neglect  terms  of 
0(/f2)  and  higher  compared  with  unity;  this  results  in  the  expression 


*11  (HiDct' 


(8-21) 


where,  since  £.  is  a  unit  vector,  we  have  that  &■•&'=  0.  Inasmuch  as  I  Igl  I  -*•  sw 
as  the  ultimate  surface  is  approached,  it  follows  from  Eq.  (8-21)  that  •*  0  also. 


-2 

Returning  to  Eq.  (8-19).  and  neglecting  terms  of  0(/f  ).  we  have: 


*  *  •.[*  -  *'] 


(8-22) 


As  the  ultimate  surface  is  approached,  -»  0  as  shown  above,  so  that  Eq.  (8-22) 
reduces  simply  to 


deP 

5  *  s«  dz  ' 


(8-23) 


where  use  has  been  made  of  Eq.  (8-7).  This  expression  shows  that  as  the  ultimate 
surface  is  approached.  dgp  becomes  coaxial  with  s.  Therefore,  since  the  ultimate 
surface  of  the  model  considered  here  cuts  the  ir-plane  in  a  circle,  the  vector  dep 
becomes  normal  to  this  surface  as  g  approaches  the  surface.  This  feature  of  the 
theory  is  illustrated  in  Figure  8.1.  Later,  in  Section  8.3.  the  plastic  flow  properties  of 
the  version  of  the  model  which  exhibits  a  non-circular  ultimate  surface  in  the  jr-plane 
are  explored. 

To  show  the  relationship  to  classical  plasticity,  let  us  rewrite  Eq.  (8-23)  as 


;p  = 


(8-24) 


where  the  superposed  dot  denotes  differentiation  with  respect  to  time, 
from  Eqs.  (8-2)  and  (8-3)  that  for  F  =1: 


Upon  recalling 


dz  =  dep 


when  the  stress  state  is  very  close  to  the  ultimate  surface,  we  can  write: 
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Figure  8.1 


Stress  path  in  the  r- plane,  showing  £.  becoming  coaxial  with  s  as 
failure  surface  is  approached. 


Eq.  (8-24)  can  then  be  expressed  in  the  form: 


where 


(8-26) 


(8-27) 


Equation  (8-26).  with  1  defined  by  Eq.  (8-27).  is  the  well-known  Prandtl-Reuss 
equation  of  classical  plasticity  [8.5].  Therefore,  for  smooth  limiting  behavior  in  the 
neighborhood  of  an  ultimate  surface  whose  trace  in  the  ir-plane  is  a  circle,  we  find 
that  the  endochronic  theory  leads  to  the  same  plastic  behavior  (or  flow  rule)  as 
classical  plasticity.  In  general,  however,  the  plastic  flow  properties  of  the  endochronic 
theory  differ  substantially  from  those  of  classical  plasticity,  as  will  be  demonstrated  in 
the  following  section  and  in  Section  8.3. 

8.2.3  Abrupt  Change  in  the  Loading  Direction. 

Important  insight  into  the  constitutive  properties  of  complex  nonlinear  constitutive 
theories  can  often  be  obtained  by  examining  their  responses  to  abrupt  changes  in 
loading  direction  from  an  otherwise  smooth  loading  path.  In  this  section,  the 
response  of  the  endochronic  model  with  F  =  1  to  an  abrupt  change  in  loading 
direction  is  analyzed,  using  asymptotic  analytic  methods. 

Consider  Figure  8.2.  which  depicts  a  stress  path  in  the  T-plane  that  is  smooth 
up  to  some  point  P.  At  P.  an  abrupt  change  in  the  loading  direction  occurs  for 
subsequent  loading.  In  the  following  analysis,  the  tangent  to  the  smooth  stress  path 
at  P  is  denoted  by  £,  and  the  arbitrary  new  loading  direction  is  represented  by  |). 
where  both  t  and  ]>  are  unit  vectors.  The  value  of  the  intrinsic  time  at  P  will  be 
denoted  by  z  .  The  stress  path  is  therefore  smooth  for  0  <  z  <  z'  and,  at  z  =  z  . 
it  suddenly  changes  direction  so  that  for  z  >  the  deviatoric  stress  increment  ds 
lies  in  the  new  direction  )).  Here,  z’  and  z+  denote  the  left  and  right  neighborhood 
values  of  z  ,  respectively. 
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Let  us  now  introduce  the  notation 


A§(zo)  =  §(zo  ♦  Az)  -  §(zo) 


(8-28) 


Using  Eq.  (8-9)  to  evaluate  the  right-hand  side  of  this  expression,  we  obtain: 


A§(Zo)  =  Po  &(Zo  +  Az  ‘  y]dy  *p  [L[zq  +  Az  -  yj  -  t[zQ  -  y]]dy 

y  y 
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Let  us  now  consider  the  form  that  this  equation  takes  as  Az  0.  We  first  note  that 

along  the  smooth  portion  of  the  stress  path,  Eq.  (8-9)  may  be  differentiated  to  give 

at  z  =  z": 
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Also,  since 


&(zo  *  Az  -  y]  -  M2o  '  y]  =  ^'(zo  ‘  y)Az 


(8-31) 


we  can  write 


—  [&(2o  *  42 


-  £(zo  -  »)]d>  =  ^o42  fz 


(8-32) 
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In  addition,  it  follows  that 


z  ♦Az 
o 


~Bz 
e  r  o 


Mzo *  Az 


&(0)Az 


(8-33) 

/ 


Upon  introducing  Eqs.  (8-32)  and  (8-33)  into  Eq.  (8-29).  the  following  expression 
results: 


dsl 


Mzo)  =  Az  dll 


♦ 


z 

o 


[&(2„  *  Sz  - 


&(zo  -  »)]<*» 


(8-34) 


Consider  now  an  asymptotic  expansion  for  t(zQ  +  Az),  this  should  be  expressed 
in  terms  of  two  linearly  independent  vectors,  one  of  which  must  be  {>.  For  the  other 
vector.  £.  and  t  are  available,  since  they  are  both  linearly  independent  of  b.  If  £.  is 
selected  for  this  purpose,  as  was  done  by  Trangenstein  and  Read  [8.1  J.  £.  is  restricted 
to  be  coaxial  with  t.  a  condition  which  is  not  correct  for  stress  states  near  the 
ultimate  surface  (see  Section  8.2.2).  Therefore,  the  appropriate  vectors  to  use  in  the 
asymptotic  expansion  for  £.(zq  +  Az)  evidently  are  jj  and  £. 

On  this  basis,  the  following  form  for  the  asymptotic  expansion  of  t  is  adopted: 

£(zo  * Sz]  -  £(zo)  *  -  i  “14zU  *  fek  *  VzP)  (8'35) 

where  a..  B  ,  u  and  p  are  constants.  Furthermore,  it  will  be  assumed  that 
1  ro  r 

Pq  ♦  ^AzP  >0  for  Az  >  0  (8-36) 

Upon  substituting  Eq.  (8-35)  into  Eq.  (8-34),  and  using  the  following  expansions  for 
the  integrals; 


8-12 


*>%  = r-(fe  ^  4zUu-a 


1  .  1  -a 

rr"5  &z 


(8-37) 


y)pdy  = 


q  -  a)rq  ♦  p)  «  i+p-a 
F(2  ♦  p  -  a)  Lz 


it  follows  that: 


Mzo)  Az  di 


LQ  a)rq  .♦  U  -  g)  .  1+u-a 
Vo  r(2  ♦  u  -  a)  Az 


*  fe(r^i  *  ^!rc?(i  ?[?-  ;,pl  fa1**-/  . 


(8-38) 


where  use  has  been  made  of  the  relationship 


5] 

dz.  -  -  ~ 


(8-39) 


The  new  stress  increment.  Ag,  at  the  point  of  the  abrupt  change  in  loading  direction, 
is  assumed  to  be  in  the  arbitrary  direction  jj.  As  a  result,  the  coefficient  of  t  in 
Eq.  (8-38)  must  vanish,  which  leads  to  the  following  conditions: 
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I 

I 


I 


u  =  a 


dz 


r (2)/{/>or (1  -  a)T(l  ♦  a)} 
Zo 


(8-40) 


From  Figure  8.2.  we  can  write 
cosfl  =  &«t 

cos^  =  (8-41) 

cos f  =  fe‘t 

Also,  since  g.  is  a  unit  vector,  it  follows  that 


lk*o*42) 


(8-42) 


Upon  substituting  Eqs.  (8-35).  (8-40)  and  (8-41)  into  Eq.  (8-42),  one  obtains  the 
result: 


1  *  {i  ♦  /?0(/Jo(/Jo2cos^}  "  2  ai(cos0  +  f0c°M)Aztt 
*  2/Jj^cos^  ♦  /Jq)Azp  +  /l2 Az2p  -  2a1/?jCos^Aza+p. 


I 


(8-43) 


I 


I  . 


Inasmuch  as  the  direction  £  is  arbitrary  with  respect  to  g(zQ).  there  are  accordingly 
three  ranges  of  f  that  must  be  considered.  But  before  doing  this,  let  us  note  that 
for  the  case  of  no  hardening  (F&= 1 )  considered  here,  it  follows  that  dz  =  I  I  dgp I  I . 
Accordingly,  we  can  write 


d§ 

dz. 

♦ 

z 

o 


I  im 
Az-*0 


4»h>) 

Az 


=  fe 


ds 

dsp 


+ 

z 

o 


(8-44) 
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ft. 


■ 


Consequently,  a  finite  value  of  dg/dz  at  z^  implies  plastic  response,  while  an  infinite 
value  indicates  purely  elastic  response. 

(i)  cos^  >  0. 

The  zero  order  terms  in  Eq.  (8-43).  together  with  the  non-negative  condition 
from  Eq.  (8-36).  require  that 

/»„  =  0.  (8-45) 

The  next  higher  order  terms  in  Eq.  (8-43),  together  with  Eq.  (8-40a)  imply  that 


p  =  u  =  a 


/ =  £tj  cosO/cosf. 

Upon  substituting  Eqs.  (8-45)  and  (8-46)  into  Eq.  (8-38).  we  find  that 


d  z. 


♦ 


=  b 


cos  0 
cosf 


(8-46) 


(8-47) 


The  finite  value  of  dg/dz  at  z^  implies  plastic  response  for  this  case. 

(ii)  cos^  =  0. 

In  this  instance,  the  zero  order  terms  in  Eq.  (8-42)  must  satisfy  Eq.  (8-45). 
while  the  next  higher  order  terms  require  that 

~2a^cos0  Aza  +  =  0  (8-48) 


As  a  result. 


P 


a 

2 


h 


> 


(2ajCos6) 


(8-49) 
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which  on  substitution  into  Eq.  (8-38)  leads  to  the  result 


<**1 

Tzi  « 


(8-50) 


implying  that  the  response  is  purely  elastic. 

(iii)  cos^  <  0. 

The  zero  order  terms  in  Eq.  (8-43)  must  satisfy  the  condition 
Po  =  -  2  cos0. 

while  the  next  higher  order  terms  require  that 


p  =  a. 


(8-51) 


(8-52) 


Inasmuch  as  pQ  t  0.  we  obtain  in  this  case  the  condition  (8-50),  implying  that  the 
response  is  purely  elastic. 

The  results  from  the  three  cases  considered  above  can  be  conveniently  expressed 
in  terms  of  the  incremental  plastic  compliance,  Cp,  as  follows: 


T(2o) 


,  t  <  »/2 


(8-53) 


0  ,  l  >  t/2 


where 


7(io)  5  cosS  Tz 


(8-54) 


Equation  (8-54)  reveals  that  Cp  is  a  continuous  function  of  the  angle  ^  and  is  zero 
for  all  stress  increments  normal  to  as  well  as  for  those  which  have  a  negative 
component  with  respect  to  &  at  zq.  This  is  illustrated  in  Figure  8.3.  where  the 
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variation  of  the  dimensionless  incremental  plastic  compliance.  CP7(z  ).  with  ^  is 
shown.  Note  also  that,  through  7(zo).  Cp  depends  upon  the  angle  9  between  the  unit 
vectors  &  and  t  and  that  this  angle  depends  upon  the  plastic  strain  history. 

It  is  emphasized  that  Eq.  (8-53)  was  derived  on  the  basis  of  an  assumed  abrupt 
change  in  loading  direction  from  an  otherwise  smooth  stress  path.  To  explicitly 
define  Cp.  one  must  know,  at  the  point  of  abrupt  change  in  loading  direction,  the 
angles  l  and  9.  as  well  as  lldg/dzll  at  z\  all  of  which  depend  upon  the  plastic 
strain  history.  In  general,  to  evaluate  these  quantities  requires  that  the  governing 
equations  of  the  model  be  integrated  along  the  stress  path  and.  due  to  the  nonlinear 
nature  of  the  equations,  this  can  be  accomplished  only  through  numerical  methods, 
which  are  treated  in  the  following  section. 

In  the  case  of  a  smooth  stress  path,  i.e.,  no  abrupt  change  in  loading  direction. 
Eq.  (8-53)  furnishes  no  useful  information.  In  this  case,  is  coaxial  with  t  so  that 
f  =  0  and  9  =  Upon  introducing  these  conditions  into  Eq.  (8-53).  and  recalling 
from  Section  7.2  (Eq.  (7-46))  that  cos 9  i  0  for  loading,  it  follows  that 

d$P 

df-  '  (8-55) 

which  is  simply  the  definition  of  Cp  adopted  in  Eq.  (8-53). 

For  proportional  loading.  £.  is  coaxial  with  £  so  that  f  =  In  this  case,  it 
can  be  shown  that  Eq.  (8-53)  reduces  to  the  expression  for  Cp  given  by  Trangenstein 
and  Read  [8.1).  who  assumed  a  form  of  asymptotic  expansion  for  IL(z  -I-  A z)  which 
inadvertently  forced  g  to  be  coaxial  with  t. 

8.2.4  Complex  Stress  and  Strain  Paths. 

The  response  characteristics  of  the  endochronic  model  for  a  number  of  selected 
complex  stress  and  strain  paths  in  the  x-plane  are  considered  in  this  section.  The 
selected  paths  provide  insight  into  the  plastic  flow  properties  of  the  model  for  paths 
that  lie  between  the  two  limiting  cases  treated  analytically  in  Sections  8.2.1  and  8.2.2. 
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Because  of  the  nonlinear  nature  of  the  governing  equations,  numerical  methods  are 
used  to  integrate  the  equations  along  these  paths  and.  for  this  purpose,  the 
incremental  numerical  method  described  in  Chapter  10  was  used. 

The  specific  endochronic  model  adopted  for  the  studies  described  in  this  section 
had  the  following  material  properties:  The  shear  modulus  was  taken  to  be 
G  =  38.61  MPa,  while  the  kernel  function  p(z)  was  described  by  three  terms  in  the 
series  (3-258).  with  the  following  values  of  a ■  and  R^. 

(a.,  a,,  a.)  =  (0.767.  1.15.  2.75)  x  104 

(8-56) 

(Rj.  R2.  R3)  =  (0.46.  2.2.  5.9)  x  102  GPa 

Let  us  consider,  first,  a  complex  strain  path  in  the  deviatoric  plane  which  has 
the  triangular  form  shown  in  Figure  8.4.  The  path  starts  at  %  =  Q.  proceeds 
outward  along  the  e3-axis.  and  then  turns  abruptly  to  follow  the  triangular  trajectory 
in  a  counterclockwise  direction.  The  endochronic  model  described  above  was  driven 
around  this  complex  strain  path  and  the  corresponding  stress  history  was  predicted. 
Figure  8.4  shows  the  deviatoric  stress  vectors  predicted  by  the  model  at  selected 
points  along  the  triangular  path.  Note  that  at  the  turning  points  where  a  sudden 
change  in  the  direction  of  the  strain  increment  &g  occurs,  the  stress  vector  changes 
smoothly,  gradually  approaching  coaxiality  with  the  strain  increment. 

The  response  of  a  clay  soil  to  a  prescribed  strain  path  qualitatively  similar  to 
that  shown  in  Figure  8.4  has  been  studied  by  Pearce  [8.6).  using  a  true  triaxial 
device.  The  results  from  this  study  are  depicted  in  Figure  8.5.  where  the  deviatoric 
stress  vectors  measured  during  the  test  at  selected  points  along  the  strain  path  are 
shown.  As  a  comparison  of  the  two  figures  will  reveal,  the  predicted  and  measured 
stress  vectors  at  points  along  the  prescribed  strain  paths  are  qualitatively  very  similar. 
It  should  also  be  noted  that  the  response  of  a  classical  plasticity  model  with 
hardening  to  the  complex  strain  path  shown  in  Figure  8.4  was  also  studied 
numerically  and  produced  a  similar  variation  of  the  stress  vectors  along  the  path. 
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Figure  8.4.  Predicted  stress  response  of  an  Figure  8.5.  Measured  stress  response  of  a 

endochronic  model  to  a  prescribed  triangular  clay  soil  to  a  prescribed  triangular 

strain  path  in  the  deviatoric  strain  plane.  strain  path  in  the  deviatoric  strain  pla 

Reference  [8.611. 


Substantial  differences  between  endochronic  theory  and  classical  plasticity  become 
apparent,  however,  when  prescribed  complex  stress  paths  are  considered.  Figure  8.6, 
for  example,  shows  four  different  circular  stress  paths  which  intersect  the  origin.  The 
model  was  driven  around  each  of  these  paths  and  the  deviatoric  plastic  strain 
increment  vectors  Agp  were  calculated  for  specified  increments  of  I  lAs^/ff^l  I .  The 
results  are  depicted  in  Figure  8.6.  where  the  predicted  vectors  Aep  are  shown  at 
selected  points  along  the  stress  paths.  Figure  8.6(a)  shows  two  small  circular  stress 
paths  that  are  close  to  the  origin  of  the  ir-plane.  For  the  path  with  the  smaller 
radius,  the  vectors  Aep  and  Ag  are  essentially  coaxial,  which  is  consistent  with 
Eq.  (8-14)  given  earlier.  For  the  other  path.  Agp  is  coaxial  with  Ag  near  the  origin, 
but  increasingly  becomes  more  radial  in  direction  as  failure  is  approached:  this  feature 
of  the  model  is  more  clearly  illustrated  in  Figure  8.6(b)  by  the  stress  path  which 
intersects  the  failure  surface.  Here,  we  see  that  Agp  is  tangent  to  the  stress  path 
near  the  origin,  but  becomes  increasingly  radial  in  direction,  and  therefore  approaches 
coaxiality  with  g  as  failure  is  approached.  Also,  as  the  stress  state  becomes 
increasingly  closer  to  failure.  Agp  ■*  ».  The  results  described  above,  which  were 
obtained  with  the  incremental  numerical  procedure,  are  fully  consistent  with  the  two 
limiting  cases  treated  in  Sections  8.2.1  and  8.2.2. 

Figure  8.7  shows  several  stress  paths  consisting  of  two  linear  segments  in  the 
ir-plane.  The  paths  begin  at  the  origin  of  the  ir-plane.  proceed  outward  along  the 
s  -axis  and  then  turn  abruptly  to  follow  linear  trajectories  which  make  angles  of 
30  degrees.  60  degrees  and  90  degrees  with  the  s3-axis.  The  only  difference  between 
the  figures  (a)  and  (b)  is  the  location  of  the  point  on  the  s3-axis  where  the  paths 
veer  away  from  this  axis.  In  Figure  8.7(a).  the  second  segment  begins  at  s3  =  cr^/6 
while  in  Figure  8.7(b)  the  second  segment  begins  at  twice  this  distance  from  the 
origin.  s3  =  aw/3.  The  vectors  Agp  predicted  by  the  model  are  shown  at  selected 
locations  along  the  second  segment  of  each  path.  On  the  first  segment.  Aep  is 
parallel  to  the  s3-axis  and  is  not  shown  to  avoid  overcrowding  the  figure.  A 
comparison  between  the  vectors  Aep  shown  in  the  two  figures  reveals  that  the  effect 
of  having  the  second  segment  begin  closer  to  the  failure  surface  is  to  increase  the 
radial  component  of  Aep  along  the  initial  portion  of  the  paths.  In  Figure  8.7(a).  the 
Aep  vectors  initially  are  almost  tangent  to  the  stress  path  while  in  Figure  8.7(b)  they 
have  a  significant  radial  component.  Ultimately,  the  vectors  Agp  tend  toward 
coaxiality  with  the  stress  vector  g  as  the  failure  surface  is  approached. 
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(b)  Large  radius  path. 


Figure  8.6. 


Circular  stress  paths  and  corresponding  plastic  strain  increment 
vectors  predicted  by  the  model. 


Failure  Surface 
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(b)  Radial  loading  to  am  /3.  s 

Bilinear  stress  paths  with  corresponding  plastic  strain  increment 
vectors  predicted  by  the  model. 


Next,  let  us  consider  the  stress  path  shown  in  Figure  8.8.  which  has  a  circular 
segment  which  is  near  to.  and  concentric  with,  the  failure  surface.  The  stress  path 
begins  at  the  origin  of  the  ir-plane.  proceeds  upward  along  the  s3-axis  and  then 
follows  the  circular  trajectory  in  a  clockwise  fashion.  As  before,  the  vectors  Aep 
predicted  by  the  model  are  shown  at  selected  locations  along  the  circular  path.  Note 
that  these  vectors  are  nearly  perpendicular  to  the  stress  path  and  nearly  coaxial  with 
the  stress  vector,  g.  Again,  these  features  of  the  model  are  in  full  agreement  with 
the  behavior  predicted  in  Section  8.2.2  for  the  limiting  case  of  response  near  a  failure 
surface. 

Finally.  Figure  8.9  shows  a  complex  stress  path  in  the  ir-plane  which  consists 
first  of  radial  loading  along  the  s3-axis.  followed  by  a  triangular  trajectory  that  is 
traversed  in  a  counterclockwise  direction.  Again,  the  vectors  Aep  predicted  by  the 
model  at  selected  locations  along  the  triangular  portion  of  the  stress  path  are  shown. 
Note  that  after  an  abrupt  change  in  the  loading  direction  (at  the  corners  of  the 
triangle),  the  vectors  Aep  greatly  diminish  in  magnitude,  reflecting  the  unloading  that 
is  occurring.  Also,  as  the  stress  path  approaches  the  failure  surface,  the  vector  Aep 
becomes  increasing  coaxial  with  the  vector  s,  in  agreement  with  the  analytic  results 
presented  earlier  in  Section  8.2.2. 

8.3  PLASTIC  FLOW  PROPERTIES  WITH  HARDENING 

In  the  preceding  sections,  we  explored  the  plastic  flow  properties  of  the 
endochronic  model  for  the  case  in  which  there  was  no  shear  hardening,  i.e. .  F  =  1. 
By  virtue  of  the  form  adopted  for  the  shear  kernel  ^(zj  'n  Eq.  (8*5),  it  was  noted 
that  when  F  =  1  the  resulting  model  exhibits  an  ultimate  surface  which  intersects 
the  ir-plane  in  the  form  of  a  circle.  While  such  an  ultimate  surface  provides  a 
reasonable  representation  for  a  number  of  materials,  there  is  also  a  large  class  of 
materials  of  considerable  practical  interest  for  which  it  is  not  appropriate;  this  includes 
rocks,  soils  and  concretes,  for  example.  For  these  materials,  the  ultimate  surface 
depends  upon  the  hydrostatic  stress  a,  and  its  trace  in  a  ir-plane  is.  in  general,  non¬ 
circular. 

The  shear  hardening  function  F?  is  responsible  for  defining  the  shape  of  the 
ultimate  surface  exhibited  by  the  endochronic  model.  For  the  class  of  materials  noted 
above,  the  ultimate  surface  depends  on  a  and  on  the  third  invariant  of  the  deviatoric 
stress  tensor.  J^.  Therefore,  to  describe  the  behavior  of  these  materials  within  the 
endochronic  framework,  Fs  must  have  the  general  form: 


I 
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Figure  8.9.  Triangular  stress  path  with  corresponding  plastic  strain  increment 
vectors  predicted  by  the  model. 
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Fs  ■  %('.J3)  • 


(8-5?) 


I 

. 


where 

J3  =  det(g) 


(8-58) 


The  notation  det(j)  refers  to  the  determinant  of  the  components  of  g. 

In  this  section,  the  plastic  flow  properties  of  the  endochronic  model  defined  by 
Eqs.  (8-1)  to  (8-5)  are  explored  for  the  case  in  which  the  shear  hardening  function 
has  the  form  of  Eq.  (8-57).  As  before,  we  will  restrict  attention  for  analytic 
convenience  to  the  case  in  which  deformation  takes  place  at  constant  hydrostatic 
stress,  i.e.,  a  =  a  The  developments  presented  in  this  section  are  originally  due  to 
Murakami  and  Read  [8.3]. 

The  system  of  equations  that  we  consider  in  this  section  consists  of  Eqs.  (8-1) 
to  (8-5)  with  the  shear  hardening  function  Fs  having  the  form  indicated  by 
Eq.  (8-57).  Therefore,  for  deviatoric  deformation  at  a  —  a  .  it  follows  from  Eq.  (8-2) 
that  ° 


dsp 

di-iM  f(vj3)  (®-59> 


where,  as  before: 


(8-60) 


and  the  subscript  s  has  been  suppressed.  Upon  introducing  Eq.  (8-59)  into  Eq.  (8-1) 
and  using  the  kernel  function  defined  by  Eq.  (8-5).  one  may  write: 


2  = 


'o 


(z  -  z') 


M*) 


F[ffo' J3(z  )]dz 


'0 


(8-61) 
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This  equation  can  be  rewritten  in  the  form: 


fZ 


2  s  ?0 


&(z  -  y)  f[vJ3(z  "  y)]dy 


o 

by  making  the  change  of  variable  y  =  z  -  z\ 

8.3.1  Small  z  Near  the  Origin  of  the  Deviatoric  Plane. 


(8-62) 


The  analysis  for  this  case  proceeds  in  the  same  manner  as  that  given  earlier  in 
Section  8.2.1  and.  because  of  this,  the  details  will  not  be  repeated  here.  The  final 
result  is  that  the  behavior  has  the  same  form  as  Eq.  (8-14).  namely: 


ds 

fs* 

dz 


(8-63) 


Therefore,  as  one  might  expect,  the  behavior  at  a  considerable  distance  from  the 
ultimate  surface  is  independent  of  F  .  Equation  (8-63)  reveals  that  for  small  z 
(z«l).  d;§/dz  and  g.  are  coaxial,  whicfl  implies  that  dg  and  dep  are  also  coaxial. 

8.3.2  Large  z  Near  an  Ultimate  Surface. 

Let  us  now  explore  the  asymptotic  form  of  Eq.  (8-62)  as  the  ultimate  surface  is 
approached,  following  the  same  procedure  described  earlier  in  Section  8.2.2.  For  this 
purpose,  we  consider  a  stress  path  which  is  arbitrary  for  z  <  zq.  but  at  zq 
monotonically  approaches  the  ultimate  surface.  For  z  >  z  .  the  plastic  strain  path 
and  hence  g  will  be  smooth  and  simple  during  the  recent  past  {z  -  viO  <  y  <  y  }. 
where  y^  is  a  characteristic  of  the  material  such  that,  for  y  >  y  e’^y  is  negligible. 
When  p  >>  1.  which  appears  to  be  true  for  most  materials,  the  major  contribution 
to  the  integral  in  Eq.  (8-62)  occurs  near  y  =  0.  In  view  of  the  smoothness  of  the 
gp-path  for  z  >  zq.  we  may  expand  the  function  a (z-y)F[aQ. J3(z  -  y)j  in  a  Taylor 
series  about  y  =  0  to  give: 


(8-64) 


M*  -  y)F[VJ3(z  * y)]  =  &(z)F[a0' J3(2)] 


-y&'WF[vJ3W] 


&<z>ix 


3J, 

_ w 

9z 


Because  of  the  typically  large  value  of  p.  only  the  first  few  terms  of  the  above  series 
are  needed  over  {o  i  y  i  y  }  where  e  is  not  negligible.  With  this  in  mind. 
Eq.  (8-62)  can  therefore  be  written  as: 
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r(z)F[vJ3(z>] 


(8-65) 


9J* 

%  3T 


dy 


Upon  applying  Watson  s  lemma  (see  Reference  [8.4],  for  example)  to  the  integral  and 
performing  the  integration,  it  follows  that 


(8-66) 


♦  0 


(3 -a) 


Since  we  have  found  that  for  most  materials  P  >>  1.  the  first  term  on  the  right- 
hand  side  of  the  above  equation  dominates.  In  this  case,  it  follows  from  Eq.  (8-66) 
that,  near  the  ultimate  surface.  g  is  coaxial  with  and  hence  with  dgp.  The  model 
therefore  exhibits  a  plastic  flow  rule  near  the  ultimate  surface  that  is  of  the  Prandtl- 
Reuss  type.  Because  of  the  assumed  dependence  of  F  on  J3>  the  ultimate  surface 

does  not.  in  general,  cut  the  ir-plane  in  a  circle.  As  a  result,  the  plastic  strain 

increment  dgp  will  not,  in  general,  be  normal  to  the  ultimate  surface,  as  shown  in 

Figure  8.10.  Near  the  ultimate  surface,  then,  the  model  exhibits  plastic  behavior  that 

is  similar  to  what  is  termed  non-associated  flow  in  elastic-plastic  theories. 
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Figure  8.10  Trace  of  ultimate  surface  in  the  r-plane  showing  the  orientation 
of  the  vectors  jp  and  g  for  a  stress  state  near  the  surface. 
Here  g  is  the  normal  to  the  ultimate  surface  in  the  neighborhood 
of  g. 
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8.4  Consistency  Between  Eq.  (8-53)  and  Eqs.  (7-45),  (7-57). 

In  this  section,  we  wish  to  show  that  Eqs.  (7-45)  and  (7-57)  are.  respectively, 
identical  to  the  upper  and  lower  branch  of  Eq.  (8-53),.  as  pointed  out  in  Chapter  6. 
To  show  the  upper  branch  we  recall  Eqs.  (7-11)  and  (7-24)  and  set  Fs  =  1.  to 
obtain  the  constitutive  relation 


<fSp 

5  dz  * 


M*  - 


dSP 

n  dT dz 


(8-67) 


in  view  of  the  fact  that  in  Chapter  8.  z  =  £. 
We  also  note  the  condition 


and  the  relation 


d^ep  dep 


9 


(8-68) 


(8-69) 


which  is  obtained  by  differentiating  the  relation  (8-68).  Thus  differentiating 

Eq.  (8-67)  with  respect  to  z.  using  Eq.  (8-69)  and  noting  Eq.  (7-59)  in  the  light  of 

F'  =  0.  we  find  that 
s 

dS 

H  =  ^  J  ,  (8-70) 


where  note  is  taken  of  the  fact  that  £.  =  dep/dz. 
Thus 


H  =  5  *  & 


(8-71) 
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Therefore,  if  zq  is  the  terminal  point  of  the  plastic  strain  path  prior  to  the  imposition 
of  the  stress  increment  dg+.  then 


(8-72) 


H  =  cosff 


z 


o 


(8-73) 
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■ 


Hence  H  =  7.  We  now  recall  Eq.  (7-45)  and  note  that 


dg+ 

TPiTTT =  fe 


Thus  Eq.  (7-45)  becomes: 

dz  H  *  | |d§+| |  fe  *  &  =  | |d§+| |  cos* 

Hence : 

IMI  dz  cos t 

CP=  lld2.ll  =  1 1 <**.11  =H* 

o 

so  that 


CP  = 


7(zo) 


(8-74) 


(8-75) 


(8-76) 


(8-77) 
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which  was  the  relation  to  be  proved  for  the  upper  branch  of  Eq.  (8-53).  The  lower 
branch  is  obvious. 


8-32 


REFERENCES  FOR  CHAPTER  8 

8.1  Trangenstein.  J.  A.,  and  H.  E.  Read.  "The  Inelastic  Response  Characteristics  of 

the  New  Endochronic  Theory  with  Singular  kernel.”  Inti.  J.  Solids  and 
Structs..  Vol.  18(11).  (1982). 

8.2  Murakami.  H..  and  H.  E.  Read.  "Endochronic  Plasticity:  Some  Basic  Properties 

of  Plastic  Flow  and  Failure."  Inti.  J.  Solids  and  Structs..  Vol.  23(1).  1987. 
133.  “ 

8.3  Murakami.  H..  and  H.  E.  Read.  "Plastic  Flow  Properties  of  an  Endochronic 

Model  with  a  Third-Invariant  Ultimate  Surface."  to  appear. 

8.4  Carrier.  G.  F..  M.  Krook  and  C.  E.  Pearson.  "Functions  of  a  Complex  Variable. 

Theory  and  Technique."  McGraw-Hill.  New  York.  1966. 

8.5  Hill,  R..  The  Mathematical  Theory  of  Plasticity.  Oxford  University  Press.  London, 

8.6  Pearce.  J.  A..  "The  Behavior  of  Soft  Clay  in  a  New  True  Triaxial  Apparatus." 

PhD.  Dissertation.  University  of  Cambridge.  1971. 


8-33 


9.  PLAIN  CONCRETE 


Plain  concrete,  when  subjected  to  general  loading  paths  which  drive  it  into  the 
nonlinear  inelastic  regime,  exhibits  a  rich  variety  of  complex  constitutive  features  which 
in  the  past  have  made  it  a  very  difficult  material  to  model  mathematically.  Some  of 
the  salient  and  complex  response  features  that  are  observed  for  this  material  include 
volume  changes  due  to  shear  in  the  presence  of  a  fixed  hydrostatic  pressure,  influence 
of  hydrostatic  pressure  on  deviatoric  behavior,  hardening  due  to  compaction,  hysteresis 
and  stress-path  dependence.  Furthermore,  if  the  concrete  experiences  significant 
cracking  in  preferred  directions,  there  is  the  added  complexity  of  material  anisotropy. 

In  recent  years,  a  variety  of  nonlinear  constitutive  models  have  been  proposed  in 
the  literature  for  plain  concrete.  Despite  this,  there  is  still  no  general  constitutive 
model  available  which  is  capable  of  realistically  describing  the  entire  spectrum  of 
concrete  behavior,  including  both  pre-  and  post-cracking  response.  In  this  chapter,  we 
illustrate  the  application  of  the  endochronic  theory  to  plain  concrete  and  show  the 
remarkable  capability  that  it  has  for  predicting  the  observed  behavior  of  this  material 
for  stress  histories  which  do  not  produce  significant  cracking.  The  model  has  been 
calibrated  to  laboratory  data  for  a  medium  strength  plain  concrete,  and  proof-tested 
against  other  data  involving  complex  stress  paths  from  the  same  laboratory 
investigation. 

In  the  following  sections  of  this  chapter,  details  of  the  model  are  given  and 
procedures  for  applying  it  to  the  data  of  Scavuzzo.et  al.  [9.1]  are  described.  The 
results  from  numerous  proof-tests  conducted  to  explore  the  predictive  capability  of  the 
model  are  shown  to  illustrate  its  ability  to  describe  the  observed  behavior  of  plain 
concrete  when  driven  around  complex  stress  paths.  The  model  discussed  in  this 
chapter  was  ><rst  introduced  and  applied  to  plain  concrete  by  Valanis  and  Read  [9.2]. 

9.1.  The  Model. 

The  basic  equations  of  the  endochronic  model  considered  in  this  chapter  were 
given  earlier  in  Section  4.1  but  are  repeated  below  for  convenience.  Under  the 
assumption  of  small  strains  and  isothermal  deformation,  the  governing  equations  for 
the  model  are  as  follows: 


S  = 


(9-1) 


9-1 


a 


(9-2) 


dgp  =  de  -  dg/2/i 

(9-3) 

dep  =  de  -  do/K 

(9-4) 

dz2  =  dep  2  ♦  k2  dep| 2 

(9-5) 

■  dz  .  dz 

d2s  =  F  '  dzH  *  kFu 

(9-6) 

where  the  notation  has  been  defined  earlier.  Here,  the  kernel  functions  are  taken  in 
the  form: 

P(.z J  =  Z>  •  '  V?  (9-7) 

r 


*(zH)  =  pre‘  fZH  ,  (9-8) 

where  A^,  Bf.  a f  and  are  all  positive  and  finite.  In  the  present  application  of  the 
model  to  plain  concrete,  we  found  that  very  satisfactory  results  can  be  obtained  by 
taking  only  the  first  two  terms  in  the  above  series. 

The  function  FH  reflects  the  effect  of  compaction  on  hydrostatic  behavior  and. 
accordingly,  is  taken  to  depend  on  the  plastic  volumetric  strain  ep.  The  function  F  . 

on  the  other  hand,  accounts  for  the  effect  of  the  hydrostatic  stress  a  on  shear 

behavior  and  failure.  As  a  result.  Fg  is  responsible  for  the  form  of  the  trace  of  the 
failure  surface  in  the  T-plane.  For  concrete  materials,  in  general,  the  trace  is  nearly 

triangular  at  low  pressures  and  becomes  increasingly  circular  with  increases  in 

pressure.  The  function  F  ,  then,  will  in  general  depend  upon  both  o  and  the  third 
invariant  of  the  deviatoric  stress  tensor.  J'. 
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In  the  application  of  the  model  to  the  data  of  Scavuzzo.  et  al.  [9.1],  the  model 
predictions  are  not  likely  to  be  sensitive  to  the  fine  details  of  the  failure  surface,  since 
the  response  regime  of  interest  is  not  in  the  close  proximity  of  the  failure  surface. 
Because  of  this,  and  to  simplify  the  model,  we  will  assume  in  that  which  follows  that 
F^  depends  only  on  a.  Later  on,  in  Section  9.5.  we  will  show  how  a  third  invariant 
failure  surface  can  be  easily  incorporated  in  the  endochronic  model  presented  above; 
we  will  also  calibrate  the  failure  surface  to  failure  data  on  plain  concrete. 

The  model  described  above  is  rate-independent  and  isotropic  in  the  sense 
discussed  in  Section  5.1.  It  portrays,  as  we  shall  show,  the  major  features  of  the 
nonlinear,  inelastic  behavior  exhibited  by  plain  concrete  over  the  stress  range  when 
significant  cracking  does  not  occur.  These  features  include  volume  changes  due  to 
stress  in  the  presence  of  a  fixed  hydrostatic  stress,  the  effect  of  hydrostatic 
compression  on  deviatoric  behavior,  hydrostatic  hardening  due  to  compaction, 
hysteresis  and  stress-path  dependence. 

Finally,  we  note  that  the  above  model  exhibits  only  compaction  when  there  is 
shear  in  the  presence  of  a  fixed  hydrostatic  stress.  This  is  consistent  with  the  data 
of  Scavuzzo.  et  al.  [9.1].  who  found  that  the  plain  concrete  they  studied  exhibited 
only  compaction  for  all  of  the  stress  paths  considered,  none  of  which  produced 
significant  cracking.  When  cracking  becomes  significant,  dilatancy  can  be  expected  to 
occur  and  it  can  be  accounted  for  within  the  basic  endochronic  framework  given  above 
by  introducing  a  more  general  form  of  Eq.  (9-2).  as  described  in  Section  4.1  (see 
Eqs.  (4-16)  and  (4-17). 

9.2  Application  to  Plain  Concrete  Data. 

To  apply  the  model  described  above  to  plain  concrete  requires  the  determination 
of  the  functions  p(z  ).  ^(z^).  FH(ep).  F  (a),  the  shear-volumetric  coupling  parameter  k. 
and  the  elastic  mocfuli,  K  and  p.  ForS  this  purpose,  we  rely  heavily  on  the  analytic 
developments  given  earlier  in  Sections  4.2  and  4.3.  With  these,  the  model  can  be 
fitted  in  a  direct  manner  (without  the  need  for  iteration  or  optimization)  by  using  only 
a  small  portion  of  the  data  presented  by  Scavuzzo.  et  al.  [9.1].  The  data  used  for 
this  purpose  include  a  virgin  hydrostatic  curve,  shear  responses  at  several  different 
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fixed  hydrostatic  stresses,  and  a  triaxial  compression  Zdilure  envelope  covering  a  range 
of  confining  pressures.  The  specific  data  from  Reference  [9.1]  used  to  fit  the  model 
are  shown  in  Figure  9.1.  In  this  figure,  as  well  as  in  the  subsequent  discussion.  tq 
and  0°  denote,  respectively,  the  octahedral  shear  stress  and  octahedral  normal  stress, 
while  7o  and  €q  are.  respectively,  the  octahedral  shear  strain  and  octahedral  normal 
strain. 

The  functions  i  and  F„  are  determined  from  the  hydrostatic  compression  data 
shown  in  Figure  9.1(a).  where  the  data  for  eo>3xl0‘  are  assumed  to  be  linear. 
Then  F„.  whose  form  in  the  linear  range  is  given  by  Eq.  (4-45).  is  determined  by 
evaluating  p  from  the  linear  portion  of  the  hydrostat.  in  accordance  with  Eq.  (4-46). 
The  function  which  is  represented  by  the  series  (9.8).  is  determined  in  accordance 
with  the  approach  described  in  Section  4.2.2.  The  hydrostatic  compression  curve 
actually  used  for  this  purpose  is  shown  by  the  solid  line  in  Figure  9.1(a).  Also 

depicted  by  a  dashed  line  in  this  figure  is  a  specific  hydrostatic  curve  from  the  data. 

An  examination  of  the  purely  hydrostatic  portion  of  the  many  tests  with  complex 
strain  paths  reported  in  Reference  [9.1]  revealed  that  the  dashed  curve  appeared  to  be 
too  low.  while  the  solid  line  provided  a  more  accurate  portrayal  of  the  hydrostatic 
behavior.  In  this  manner,  the  following  material  parameters  associated  with  the 
hydrostatic  component  were  determined: 

K  =  2.1  x  103  ksi  .  p  =  64.8 

B  =  1.55  x  103  ksi  .  p  =  570  (9-9) 

B2  =  5.87  x  103  ksi  .  p\  =  2.224 

where 

2  P  z  u 

4  =  ZB  e*  r  H  (9-10) 

r=l 

and 

Fh  =  1  +  pep  .  (9-11) 
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(d)  Hydrostatic  section  of  failure  envelope 
Figure  9.1  Data  used  to  fit  model. 


Turning  now  to  the  function  p(zs).  it  was  noted  in  Section  4.3  that  the  most 

direct  way  of  determining  p(zs)  is  from  data  on  shear  behavior  under  zero  hydrostatic 

stress.  However,  this  case  was  not  investigated  experimentally  and.  even  if  it  had 

been,  it  would  be  of  little  use  since  the  inelastic  behavior  of  plain  concrete  under  zero 

hydrostatic  stress  is  due  more  to  cracking  than  plastic  flow.  Therefore.  p(z  )  was 

determined  from  the  curves  of  tq  vs  7q  depicted  in  Figure  9.1(b).  An  inspection  of 

the  data  reveals  some  apparent  discrepancies.  According  to  the  trends  of  the  plain 

concrete  data  reported  in  the  literature,  the  initial  slope  of  typical  vs  *iq  curves 

increase  with  confining  pressure,  and  the  corresponding  r  vs  7  curves  tend  to  lie 

o  *0 

above  each  other  —  not  intersect  —  as  the  confining  pressure  increases.  The 
To  vs  70  curve  at  a  confin'n8  pressure  of  8  ksi.  which  was  selected  for  fitting  the 
parameters,  did  not  follow  this  pattern.  There  is  the  expected  scatter  in  the  data  but 
the  degree  of  scatter  is  not  known.  In  view  of  this,  we  used  our  best  judgement  to 
construct  a  curve  (close  to  the  measured  one)  which  provides  a  description  of  the 
shear  response  at  <jq  =  8  ksi  that  is  consistent  with  the  expected  trends.  This  curve 
is  shown  by  a  solid  line  in  Figure  9.1(b). 

The  determination  of  p(z  )  hinges  on  knowledge  of  the  shear  modulus  p  and  the 
shear  hardening  function  F$.  Yhe  former  is  necessary  for  establishing  the  dependence 
of  r  on  7P  when  r  as  a  function  of  7  is  known.  The  latter  is  essential  because  of 
the  dependence  of  the  r  vs  7P  curve  on  F  .  as  is  apparent  from  Eqs.  (4-110)  and 
(4-149).  In  addition,  it  is  necessary  that  the  coupling  parameter  k  be  known. 

Let  us  consider,  first,  the  shear  modulus.  An  inspection  of  the  data  given  in 
Figure  9.1(b)  shows  that  the  slopes  of  the  vs  7q  curves  at  the  points  of  unloading 
are  an  increasing  function  of  the  shear  strain  7q  at  unloading.  Inasmuch  as  the 
model  stipulates  that  the  initial  unloading  increment  is  purely  elastic,  it  follows  that 
the  shear  modulus  p  is  not  a  constant.  Its  variation  with  the  state  of  deformation 
can  be  found  from  the  initial  slopes  of  the  loading  and  unloading  curves  given  in 
Figure  9.1(b). 

Attempts  were  made  to  correlate  the  values  of  2 p  determined  in  this  manner 
with  various  deformation  variables,  such  as  the  plastic  volumetric  strain  ep.  the  total 
volumetric  strain  £.  the  total  octahedral  strain  7.  and  the  plastic  octahedral  shear 
strain  7P.  The  latter  two  provided  the  best  correlation,  but  the  last  one  was  chosen  _  (I 
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because  of  its  greater  physical  plausibility.  Specifically,  it  seems  more  reasonable  to 
assume  that  fi  is  a  function  of  internal  changes  associated  with  permanent  shear 
deformation,  i.e. .  the  plastic  shear  strain.  Proceeding  in  this  manner,  it  was  found 
that  the  relationship  between  2/i  and  7P  was  essentially  linear  and  of  the  form: 

2/i  =  2pQ  +  m7J  .  (9-12) 

where  2u  =  1.83  x  103  ksi  and  m  =  1.42  x  106  ksi. 

ro 

From  physical  considerations,  one  expects  fi  to  first  increase  during  the  initial 
pure  hydrostatic  compression  phase  of  the  shear  tests  due  to  closure  of  existing 
microcracks.  But  as  shearing  takes  place  under  constant  pressure,  existing 
microcracks  will  open  while  new  microcracks  will  develop,  leading  to  a  decrease  in  fi 
with  increasing  shear  strain.  As  the  level  of  the  fixed  hydrostatic  stress  is  increased, 
the  growth  and  nucleation  of  microcracks  will  begin  at  an  increasingly  larger  value  of 
shear  strain.  Based  upon  this  picture,  it  is  difficult  to  conclude  whether  the  values  of 
the  initial  unloading  slopes  obtained  from  the  data  in  Figure  9.1(b)  are  realistic  or 
clouded  by  system  effects.  For  example,  the  apparent  increase  in  n  with  implied 
by  Figure  9.1(b)  may  simply  be  due  to  creep,  which  is  expected  to  increase  with  the 
magnitude  of  the  shear  stress. 

The  determination  of  the  shear  hardening  function  FJa)  is  straightforward.  It 
was  shown  in  Section  4.3.3  that,  for  the  case  of  shear  in  the  pressure  of  a  fixed 
hydrostatic  stress,  Fs  is  given  by  the  following  expression: 

F.«  *  W  '  (9'13) 

where  rw(a)  and  )  denote,  respectively,  the  shear  stresses  at  failure 

corresponding  to  the  hydrostatic  stresses  a  and  aR.  Recall  that  crR  is  a  reference 

hydrostatic  stress,  which  has  been  selected  here  to  be  8  ksi.  Also  note  that  since 

r  =  f  2^3  r.  we  can  rewrite  Eq.  (9-13)  in  terms  of  the  octahedral  shear  stress  at 

failure,  r  ,  as  follows: 
o 

00 

rjc) 

F  (o)  =  -J -  .  (9-14) 

w 
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Figure  9.1(d)  depicts  the  triaxia!  compression  and  triaxiai  extension  failure 
envelopes  for  the  plain  concrete  considered.  Inasmuch  as  the  present  application  is 
concerned  with  the  non-cracking  behavior  of  plain  concrete,  the  fine  details  of  the 
failure  surface  are  not  important.  Accordingly,  we  shall  adopt  the  linear  approximation 
for  the  triaxiai  compression  failure  envelope  shown  by  the  dashed  line  in  Figure  9.1(d) 
as  the  failure  envelope  for  the  model.  On  this  basis,  and  in  view  of  Eq.  (9-14)  with 
r  (O  =  6  ksi.  we  find  that 

Fs  =  «0  +  V  •  (9~15) 

where  6q  =  0.336  and  r/  =  0.083  ksi"1.  It  can  be  shown  that  when  F^  depends  on 
a  in  the  form  of  Eq.  (9-15).  the  failure  surface  exhibited  by  the  model  is  of  the 
Drucker-Prager  type,  in  which  the  trace  of  the  failure  surface  in  the  r-plane  is  a 
circle. 


To  determine  the  shear-volumetric  coupling  parameter  k.  consider  Figure  9.1(c) 

which  shows  the  manner  in  which  e  varies  with  r  during  shearing  at  several 

0  o 

different  values  of  fixed  hydrostatic  stress.  In  the  absence  of  contrary  information,  it 
is  assumed  that  the  volumetric  changes  that  occur  during  shear  are  irreversible.  On 
this  basis,  and  using  the  data  in  Figure  9.1(b)  and  (c)  for  the  reference  stress 
a  =  8  ksi.  the  measured  dependence  of  €P  on  7P  can  be  constructed,  as  shown  in 
F?gure  9.2. 

Equation  (4-135).  derived  earlier  in  Section  4.3.3.  provides  a  theoretical  relation 
between  ep  and  7P  for  shear  at  constant  hydrostatic  stresses  which  are  located  on  the 
linear  portion  of  tiie  hydrostat;  this  becomes  evident  by  noting  that 


1?  *  ?S  /  • 

(9-16) 

ep  *  (x-l)/(ak). 

The  variation  of  ep  with  7P  is  therefore  obtained  in  terms  of  the  parameter  k.  since 
the  constant  a  is  given  in  terms  of  k  by  Eq.  (4-131).  In  this  manner,  the 
dependence  of  ep  on  7P.  as  shown  in  Figure  9.2.  was  determined  for  several  selected 
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Figure  9.2  Shear-volumetric  coupling  at  a  constant  hydrostatic  pressure  of 
8  ksi.  Data  are  from  Test  4-11  Reference  [9.1]. 
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Figure  9.3 
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Dependence  of  yjj  on  z$  -  z*  predicted  by  Eqs.  (9-18)  and  (9-19) 
for  shear  at  a  constant  pressure  of  8  ksi. 
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values  for  k.  An  inspection  of  the  figure  reveals  that  the  curve  for  k  =  1.5  provides 
the  best  overall  representation  of  the  data,  so  we  set 

k  =  1.5  .  (9-17) 

Finally,  to  determine  the  function  p{ zj.  we  recall  Eq.  (4-139)  which  is  valid 
during  shear  at  constant  hydrostatic  stress: 


=  2a  {  '*2ay  ^1+2ay  "  lo9  J2ay  ♦  ^l*2ay  |  )  , 


(9-18) 


where  y  =  z$  -  z s*  and  z s*  denotes  the  value  of  z s  at  the  completion  of  the  pure 
hydrostatic  loading  phase.  Also,  during  shear  at  constant  hydrostatic  stress,  we  can 
write 


s.-* 


(9-19) 


which  can  be  combined  with  Eq.  (9-18)  to  yield  a  relationship  between  7^  and  zs  for 
a  prescribed  value  of  a.  Adopting  the  value  of  k  given  in  Eq.  (9-4).  the  constant  a 
is  then  known.  In  this  manner,  the  relationship  between  7^  and  z  -  zs*  shown  in 
Figure  9.3  was  obtained.  Upon  using  this  result,  together  with  the  relationship 
between  r  and  7P  obtained  from  Figure  9.1(b).  the  dependence  of  t  on  z  during 
shear  at  constant  hydrostatic  stress  was  determined.  The  numerical  method  described 
in  Section  10.2  can  then  be  used  to  obtain  p(s  ).  The  resulting  function  p(z  )  was 
represented  by  a  two-term  exponential  series  of  the  form: 


MO  =  X>re‘ 

r=l 


a  z 
r  s 


(9-20) 


where 


\  =  1.46  x  10J  ksi 
A2  =  19.0  x  103  ksi 


Oj  =  100 

a2  =  6.554 


(9-21) 


The  extent  to  which  the  model,  with  the  values  of  the  parameters  given  in  this 
section,  represents  the  data  to  which  it  was  fitted  is  illustrated  in  Figure  9.1. 
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9.3  Proof  Tests  of  Model. 


In  the  preceding  section,  the  endochronic  constitutive  model  described  in 
Section  9.1  was  applied  to  the  plain  concrete  data  reported  in  Reference  [9.1],  with 
the  model  parameters  evaluated  from  a  small  subset  of  these  data.  The  ability  of  the 
resulting  model  to  accurately  portray  the  data  to  which  it  was  fitted  was  described. 
In  this  section,  the  capability  of  the  model  to  predict  measured  behavior  for  a  variety 
of  prescribed  complex  stress  paths  that  were  not  used  in  determining  the  model 
parameters  is  examined.  For  this  purpose,  a  number  of  complex  stress  path  tests 
experimentally  studied  in  Reference  (9.1]  is  considered.  The  specific  tests  selected  for 
consideration  below  were  chosen  because  they  reveal  a  variety  of  different  response 
features  exhibited  by  plain  concrete  and  therefore  allow  various  features  of  the  model 
to  be  exercised  and  tested.  None  of  the  proof-tests  considered  below  were  used  in 
fitting  the  model  parameters,  and  no  optimization  techniques  were  employed  to  achieve 
the  results  presented  below. 

Test  1 

This  test  was  designed  to  explore  the  response  of  plain  concrete  to  triaxial  load 
cycles  which  do  not  exhibit  stress  reversals.  The  loading  history,  shown  in 
Figure  9.4(a)  and  (b).  consists  first  of  cyclic  hydrostatic  loading  up  to  8  ksi.  followed 
by  cyclic  deviatoric  loading  along  the  triaxial  compression  path,  as  indicated  in 
Figure  9.4(b).  The  predicted  and  measured  responses  for  this  loading  history  are 
given  in  Figure  9.4(c).  As  this  figure  reveals,  the  predicted  and  measured  behaviors 
are  in  good  agreement,  considering  the  usual  data  scatter  for  plain  concrete.  Note 
that  if  the  predicted  response  was  simply  translated  to  the  right  a  small  amount,  the 
agreement  would  be  excellent.  Such  a  shift  appears  justified  in  view  of  the  fact  that 
the  measured  hydrostatic  response  for  this  particular  test  is  somewhat  stiffer  than  the 
hydrostatic  data  to  which  the  model  was  fit  (see  Figure  9.1(a)).  Aside  from  this 
difference,  however,  the  qualitative  features  of  the  plain  concrete  behavior  are  obviously 
captured  very  well  by  the  model. 
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(a)  Prescribed  stress  path 
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Principal  Strains  x  I03 

(b)  Major  principal  stress  versus  principal  strains. 


Figure  9.4  Cyclic  triaxial  loading  (Test  1). 


Tegtj  2  and  3 


These  tests  were  designed  to  explore  the  behavior  of  plain  concrete  for  circular 
stress  paths  in  the  deviatoric  plane.  The  stress  path,  which  is  shown  in 
Figure  9.5(a).  consisted  first  of  monotonic  hydrostatic  compression  to  some  pressures 
a  .  followed  by  a  circular  load  path  in  the  deviatoric  plane  at  some  fixed  value  of  the 
octahedral  shear  stress.  r  .  Comparisons  between  model  predictions  and  data  for  the 
deviatoric  loading  portions  of  these  tests  are  shown  in  Figure  9.5(b)  and  (c).  The 
overall  agreement  is  quite  good.  Note  that  if  the  data  in  Figure  9.5(c)  were 
translated  vertically  upward  by  a  sufficient  amount,  the  predicted  and  measured  results 
would  be  in  reasonably  good  agreement.  However,  such  a  translation  does  not  appear 
to  be  justified  on  the  basis  of  the  data  from  replicate  tests  (not  shown),  which  had 
identical  stress  paths  to  Test  3.  Therefore,  the  model  appears  to  be  somewhat  too 
soft  during  the  proportional  deviatoric  loading  leg  of  the  test. 

The  results  depicted  in  Figure  9.5  are  also  of  interest  for  another  reason. 
Recently,  the  modern  version  of  the  endochronic  theory  -  which  forms  the  basis  of  the 
model  presented  here  -  was  criticized  in  the  literature  as  being  unable  to  properly 
describe  the  response  of  concrete  to  what  has  been  termed  "loading-to-the-side". 
Such  loading  is  said  to  occur  when  the  strain  increment  d£  is  tangent  to  the  loading 
surface  in  strain  space.  To  the  authors'  knowledge,  no  data  are  currently  available 
for  plain  concrete  which  define  its  response  to  loading-to-the-side.  Despite  this,  it  is 
claimed  that  plain  concrete  exhibits  inelastic  behavior  for  such  loading.  We  note  that 
while  the  model's  response  to  infinitesimal  loading-to-the-side  is  purely  elastic,  its 
response  to  finite  loading-to-the-side  is  inelastic.  In  Tests  2  and  3.  the  plain  concrete 
was  subjected  to  loading-to-the-side.  at  least  at  the  beginning  of  the  circular  stress 
path  and  possibly  when  it  crossed  over  the  other  two  principal  stress  axes.  The 
uncertainty  arises  because  the  location  and  shape  of  the  "loading  surface"  are  not 
known.  In  view  of  these  considerations  and  the  reasonably  good  agreement  between 
the  data  and  the  model  for  the  circular  stress  paths,  criticism  of  the  model  based  on 
perceived  notions  of  the  response  of  concrete  to  loading-to-the-side  appears  to  be 
unjustified. 
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(b)  Test  2  in  which  a  =  4  ksi  and  r  =  2  ksi. 
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(c)  Test  3  in  which  a  —  8  ksi  and  r  =  1.5  ksi. 
Figure  9.5  Circular  stress  paths  in  the  deviatoric  planes. 
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Tert«  4,  5  and  6 

These  tests  were  part  of  a  larger  group  of  tests  designed  to  explore  several 
aspects  of  the  response  of  plain  concrete  to  complex  stress  paths  for  which  two  of 
the  principal  stresses  are  equal.  While  the  stress  paths  for  Tests  4.  5  and  6  were 
quite  different,  they  nevertheless  had  a  common  stress  state  of  —  8  ksi  and 
r  =  4  ksi.  A  comparison  of  the  strains  developed  in  these  tests  at  this  common 
stress  state  revealed  the  very  significant  dependence  of  the  deformation  on  the 
stress-path.  Comparisons  between  the  predicted  and  measured  behavior  of  Tests  4.  5 
and  6  are  shown  in  Figures  9.6  to  9.8.  where  the  prescribed  stress  histories  are  also 
depicted.  An  inspection  of  these  figures  reveals  that  the  model  describes  the  observed 
behavior  quite  well,  with  an  accuracy  that  appears  to  be  well  within  the  data  scatter. 
This  demonstrates  the  ability  of  the  model  to  realistically  account  for  the  effect  of 
stress  path  on  the  behavior. 

Testa  7,  8  and  9 

The  purpose  of  these  tests  was  to  investigate  the  response  of  plain  concrete  to 
unsymmetric  stress  paths  in  a  fixed  deviatoric  plane.  The  stress  paths  consisted  of 
hydrostatic  compression  to  the  4  ksi  deviatoric  plane,  then  proportional  loading  in  the 
r-plane  along  the  s  -axis  until  tq  =  2  ksi.  followed  by  linear  load  paths  which  made 
angles  of  30°.  60*  and  90°  with  the  triaxial  compressive  axis,  as  shown  in 
Figure  9.9(a).  The  predicted  and  measured  responses  for  these  tests  are  shown  in 
Figure  9.9(b).  (c)  and  (d).  From  an  inspection  of  the  figures,  it  is  apparent  that  the 
location  on  the  e  -axis  at  which  the  non-proportional  portion  of  the  deviatoric  loading 
begins  is  consistently  higher  than  the  data  in  all  three  tests.  It  appears,  therefore, 
that  the  model  is  too  soft  for  proportional  excursions  from  the  hydrostatic  axis  out 
along  the  triaxial  compression  axis,  confirming  the  same  conclusion  drawn  earlier  in 
conjunction  with  the  circular  stress  paths.  Despite  these  small  differences  the  model 
provides  an  excellent  description  of  the  observed  behavior  of  plain  concrete  in  the 
deviatoric  plane. 
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(c)  Octahedral  shear  stress  versus  octahedral  normal  strain. 
Figure  9.7  Measured  and  predicted  responses  for  Test  5. 
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Principal  Strains  x  I0J 

(a)  Major  principal  stress  versus  principal  strains. 


(b)  Octahedral  shear  stress  vs. 
octahedral  shear  strain 
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(c)  Octahedral  normal  stress 
versus  octahedral  normal 
strain. 


Figure  9.8.  Measured  and  predicted  responses  for  Test  6. 


Figure  9.9  Measured  and  predicted  responses  for  Tests  7,  8  and  9, 


Test  10 


In  this  test,  the  response  of  plain  concrete  to  the  piece-wise  linear  loading  path 
shown  in  Figure  9.10(a)  was  explored.  The  loading  history  was  designed  so  that  all 
possible  uniaxial  and  equibiaxial  stress  states  at  a  peak  stress  of  3.6  ksi  was 
achieved.  The  predicted  and  measured  responses  to  this  applied  stress  history  are 
depicted  in  Figure  9.10(b).  Considering  the  usual  scatter  in  concrete  data,  and  the 
complexity  of  the  stress  path,  the  agreement  between  the  model  and  experiment  is 
considered  excellent. 

9.4  Remarks. 

The  success  with  which  the  endochronic  model  passed  the  various  proof-tests 
described  above  reveals  that  the  model  provides  an  excellent  description  of  the 
nonlinear,  inelastic  behavior  of  plain  concrete  for  stress  states  below  failure.  There 
are.  however,  several  limitations  of  the  model  that  should  be  kept  in  mind.  First,  by 
virtue  of  the  linear  expression  adopted  for  the  function  F  (ep)  in  Eq.  (9-11).  the 
model  is  limited  to  hydrostatic  pressures  which  lie  on  or  below  the  linear  portion  of 
the  virgin  hydrostat.  For  the  medium  strength  concrete  considered  here,  the  peak 
pressures  are  therefore  limited  to  about  15  ksi.  To  extend  the  model  to  encompass  a 
much  wider  range  of  pressures,  a  more  general  expression  for  FH(ep)  is  required. 
Such  an  expression  is  discussed  in  Section  9.6,  where  the  application  to  plain  concrete 

data  covering  a  wider  range  of  hydrostatic  pressure  is  illustrated. 

Secondly,  because  the  fine  details  of  the  failure  surface  are  not  expected  to  have 
a  significant  effect  on  the  behavior  of  the  model  for  peak  stress  states  that  are 
sufficiently  far  from  failure,  a  simple  failure  surface  was  adopted  in  which  the  function 
F  was  taken  to  depend  linearly  on  o.  It  can  be  shown  that  such  a  failure  surface  is 

of  the  Drucker-Prager  type,  with  the  trace  of  the  surface  in  the  x-plane  being  a  circle. 

A  more  realistic  failure  surface  for  plain  concrete  would  allow  F  to  depend  not  only 
on  a  but  also  on  J'.  The  incorporation  of  such  a  failure  surface  into  the  endochronic 
model  is  described  in  Section  9.5  and  illustrated  through  application  to  a  variety  of 
plain  concrete  failure  data. 

Inasmuch  as  the  above  model  is  isotropic,  it  cannot  account  for  the  anisotropy 
that  develops  when  significant  macrocracking  with  preferred  orientation  occurs.  Also, 
when  there  is  shearing  under  a  fixed  hydrostatic  pressure,  the  model  exhibits  only 
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compaction.  Thus,  the  dilatant  behavior  usually  observed  when  cracked  concrete  is 
sheared  cannot  be  described  by  the  above  model. 

The  model  described  above,  however,  has  been  recently  extended  by  Valanis  [9.3] 
to  include  the  capability  to  treat  developing  damage,  fracture  and  dilatancy.  The 
evolution  of  damage  is  described  by  a  differential  equation  which  depends  upon  the 
tensile  strain  state.  As  damage  develops  in  preferred  directions,  the  model  becomes 
anisotropic  and  exhibits  dilatancy.  Inasmuch  as  this  model  is  in  the  early  stages  of 
development,  a  more  detailed  discussion  of  it  will  be  given  in  the  upcoming  second 
volume  of  Endochronic  Plasticity  by  the  present  co-authors. 

9.5  A  Third  Invariant  Failure  Surface  for  Plain  Concrete. 

When  the  shear  kernel  p(zj  is  of  such  a  form  that  a  failure  surface  exists  (see 
Section  3.2.6  for  requirements),  the  shear  hardening  function  F  defines  the  properties 
of  the  failure  surface.  For  isotropic  media,  the  most  general  form  of  the  failure 
criterion  can  be  expressed  in  terms  of  the  three  independent  invariants  of  the  stress 
tensor,  namely: 

9  =  tr  (2) 


(9-22) 


3  J3 

2  (^2/3 


where 


(9-23) 


Here,  the  notation  det(g)  denotes  the  determinant  of  the  components  of  %.  The 
most  general  form  of  the  failure  criterion  for  isotropic  media  can  therefore  be 
expressed  in  the  form: 


l 
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PI  =  t 


(9-24) 


To  determine  the  relation  between  the  functons  F  and  #.  consider  the  case  of 

s  7 

radial  deformation  at  constant  hydrostatic  pressure  of  a  plastically  incompressible  solid. 
For  this  case,  we  can  write 


dSP  =  |d2P 


=  Q  d£s 


(9-25) 


so  that 


fz 
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2  = 
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de^ 


fZ 
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(9-26) 


During  the  initial  hydrostatic  loading  process  for  which  0  <  z  <  z°.  we  have  £  =  0. 
Thus,  if  we  set 

w  =  zs  -  Z°%  .  (9-27) 

it  follows  that 


z  =  w  ♦  z 
s  s 


(9-28) 


As  a  result.  Eq.  (9-26)  can  be  rewritten  in  the  form 
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(9-29) 


It  vvas  shown  earlier  in  Section  4.3.2  (Eq.  (4-74))  that  when  the  hydrostatic  hardening 
function  F.,  is  of  the  form: 
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where  p  is  a  positive  constant,  we  have 


F  (2 
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cw  ♦ 


(1  ♦  cw) 


(9-31) 


where 


c 


=  £  F 
k  s 


(9-32) 


and  p.  k  are  material  constants.  Substitution  of  Eq.  (9-31)  into  Eq.  (9-29)  gives 


^w 


5  =  D  F 


/j(w  -  w') 


[2  cw'  ♦  c^(w')^] 


1/2 


(1  ♦  cw) 


dw' 


(9-33) 


Using  the  results  of  Section  4.3.4,  it  can  be  shown  that 


p(w  -  w') 


[2  cw '  ♦  c 2  f w  ) 2] 
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dw'  =  M. 


(9-34) 


'0 


where 


M. 


Pi*)  dx 


(9-35) 


'0 


Thus,  from  Eqs.  (9-33)  and  (9-34).  we  can  write 
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where  the  superscript  f  denotes  failure.  It  then  follows  that  at  failure  we  have 


FsM» 


(9-37) 


The  relation  between  the  functions  F  and  f  is  then  obtained  by  eliminating 
between  Eqs.  (9-24)  and  (9-37).  with  tfie  result: 


F  .  12  jteJl 


(9-38) 


Therefore,  to  define  Fg  for  a  particular  material,  the  function  ^(a.J)  must  be  specified. 
This  is  done  below  for  plain  concrete. 


There  are  a  number  of  advanced  failure  criteria  for  plain  concrete  which  have 
been  proposed  in  the  literature  that  have  the  general  form  of  Eq.  (9-24)  (see  Refs. 
[9.4]  to  [9.9]).  Considering  the  large  scatter  in  data  between  experimenters,  as  well 
as  between  different  testing  devices  (see  Ref.  [9.10]),  most  of  the  advanced  failure 
criteria  noted  above  provide  satisfactory  descriptions  of  existing  plain  concrete  failure 
data.  For  critical  assessments  of  most  of  the  above  failure  models,  the  reader  is 
referred  to  References  [9.6]  and  [9.9]. 

Inasmuch  as  all  of  the  failure  models  noted  above  are  reasonably  accurate,  and 
none  appear  to  have  significant  advantages  in  predictive  capability  over  the  others,  we 
select  the  model  proposed  by  Peyton  [9.8]  for  specific  consideration  in  this  section 
because  of  our  greater  familiarity  with  it.  A  description  of  this  failure  model  is  given 
below,  where  the  corresponding  form  of  the  function  f(o,9)  is  defined.  The  model  is 
then  applied  to  failure  data  for  plain  concrete. 


The  failure  criterion  proposed  in  Reference  [9.8]  is  given  by  the  expression: 
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where  r  and  a  are,  in  general,  smooth  monotonic  functions  of  the  hydrostatic  stress 


a.  i.e.. 


r  =  t(q)  . 
a  =  a(a)  . 


(9-40) 


The  role  of  the  function  t[o )  is  to  describe  the  effect  of  pressure  on  the  meridians  of 
the  failure  surface,  while  the  function  a(<r)  determines  the  manner  in  which  the  trace 
of  the  failure  surface  in  the  ir-plane  changes  with  a.  In  order  for  the  trace  to  be 
convex,  it  is  necessary  that  0  £  a  £  1.  If  a  is  a  continuous  decreasing  function  of  a. 
the  trace  of  the  failure  surface  in  the  r-plane  changes  smoothly  from  a  triangle 
(a  =  1)  to  a  circle  (a  =  o)  with  increasing  a. 

To  express  Eq.  (9-39)  in  the  form  of  Eq.  (9-24).  we  note  that  by  defining  an 
angle  9  in  the  f-plane  as  shown  in  Figure  9.11  it  follows  that: 


J  =  -sin  3 6 

Solving  Eq.  (9-22b)  for  J  and  combining  the  result  with  Eq.  (9-27)  gives 


(9-41) 


“5  -  S  =  1  . 


which  is  of  the  form: 


(9-42) 


x2  -  q  x3  =  1. 


(9-43) 


if  we  set: 


_  2aJ  _  2 

q  =  ~  .  x  =  ~2 

3f3 


With  the  change  of  variable 


(9-44) 


y  ’ 


(9-45) 
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Figure  9.11  Deviatoric  stress  plane,  showing  the  manner  in  which  the  angle  6 
is  defined. 


Eq.  (9-43)  can  be  written  in  the  form: 


y3  -  y  +  1  =  0  .  (9-46) 

With  a  further  change  of  variable. 

y  =  X  sin  ^  .  (9-47) 

Eq.  (9-46)  becomes 

sin3^-^rsin^+9r=0  .  (9-48) 

X^  X3 


We  observe  that  this  equation  has  the  form  of  the  following  trigonometric  identity: 

sin3  0  |  sin  ^  ^  sin  3  0  =  0  ,  (9-49) 

if  we  set 

_2 

X=f3  *  sin  3  ^  =  a  J  .  (9-50a,b) 


From  Eq.  (9- 50b).  it  follows  that 


'*3 


sin  3  (aJ)  *  2  t 


(9-51) 


Upon  combining  Eqs.  (9-44b),  (9-45).  (9-47).  (9-50)  and  (9-51),  we  can  write 


(9-52) 


which  is  of  the  form  of  Eq.  (9-24).  To  apply  this  expression  to  a  specific  set  of 
data,  the  functions  a(o)  and  r(c)  must  be  specified.  A  procedure  for  doing  this  is 
described  below. 
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Generally,  failure  data  are  obtained  from  triaxial  compression  and  triaxial 
extension  tests  and,  with  this  in  mind,  we  define  the  ratio  r  as 


r  = 


(9-53) 


where  the  subscripts  c  and  e  refer,  respectively,  to  compression  and  extension  and 
both  values  of  f are  taken  at  the  same  hydrostatic  pressure.  Considering 
Eq.  (9-52)  with  J  =  +1  for  compression  and  J  =  -1  for  extension,  it  can  be  shown 
that 


f  .  2*  1  .  -1  ) 

[s.n  -3  -  3  s,n  aj 

r  =  T~.  2t  1  .  -lj 

[s.n  -3  ♦  3  s.n  aj 

Upon  solving  for  a.  we  find 
a  x  sin  |3tan  *  ^f3 


(9-54) 


(9-55) 


Therefore,  if  we  know  the  manner  in  which  (fT^  and  (J7^)e  depend  on  a  from  data, 
then  r(a)  is  known  from  Eq.  (9-53)  and  o(o)  can  be  found  from  Eq.  (9-55). 

To  determine  r(a).  we  solve  Eq.  (9-52)  for  r(a)  and  set  J  =  +1  to  obtain 


r(a) 


-  —  sin  [4  sin-1 
15  13 


(9-56) 


Therefore,  since  a(a)  and  the  variation  of  (J"J^)C  with  a  are  known,  the  function  r(a) 
can  be  found. 

The  procedure  described  above  was  used  to  determine  the  forms  of  a(a)  and 
t(<7 )  for  plain  concrete,  using  the  failure  data  shown  in  Figure  9.12.  Here,  data  from 
both  triaxial  compression  and  triaxial  extension  tests  on  plain  concretes  conducted  by 
several  investigators  on  several  different  strengths  of  concrete  are  depicted.  In  this 
manner,  it  was  found  that  the  data  could  be  well  represented  by  setting 
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T0/fc' 


Figure  9.12  Comparison  between  predicted  and  measured  failure  states  for 
plain  concrete. 


I 
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(9-57a,b) 


i 


where 


a  =  0.83 

o 

r  =  -i.9i  r 

0  c 

(9-58) 

P„  •  >■»  ^ 

7  =  -2.69  f' 

'o  c 

The  excellent  ability  of  the  failure  model,  with  only  four  material  parameters,  to 
correlate  the  failure  data  is  shown  in  Figure  9-12. 

To  determine  the  corresponding  expression  for  the  shear  hardening  function  Fs. 
we  first  note  that,  since  the  shear  kernel  function  p(z  )  is  assumed  to  be  of  the  form 
of  Eq.  (9-7).  it  follows  from  Eq.  (9-26)  that 

»  Hr  (9-"> 

r 

Upon  substituting  the  values  for  Af  and  given  earlier  in  Eq.  (9-21).  we  find 

=  17.5  ksi  .  (9-60) 

Equations  (9-24).  (9-25)  and  (9-40)  may  be  combined  to  give  the  following  expression 

for  F  : 

s 


F 

s 


c  r 
o 


s  i  n 


x  sin~*(aJ)  + 


2* 

3. 


(9-61) 


where  o(a)  and  t(o)  are  defined  by  Eqs.  (9-57)  and  (9-58)  and  cq  =  0.07  ksi 
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9.6  A  Hydrostatic  Model  for  High  Pressures. 

Under  monotonically  increasing  pressure,  it  is  observed  that  the  hydrostatic 
behavior  of  plain  concrete  is  characterized  by  an  initially  convex  stress-strain  curve, 
which  eventually  becomes  concave  and  finally  (asymptotically)  linear  as  depicted  earlier 
in  Figure  4.1.  The  linear  portion  is  reversible,  indicating  that  the  material  has 
reached  an  elastic  state.  As  the  elastic  state  is  approached,  the  stress  and  slope  of 
the  hydrostatic  pressure  -  plastic  volumetric  strain  curve  tend  to  infinity  as  the  plastic 
volumetric  strain  tends  toward  a  critical  value.  ep.  which  corresponds  to  complete 
compaction.  Further  compression  occurs  elastically  with  dep  =  0. 

The  role  of  the  hardening  function  FH  is  to  account  for  the  effect  of  compaction 
on  the  hydrostatic  behavior  and.  since  compaction  is  reflected  through  the  plastic 
volumetric  strain.  ep.  it  is  natural  to  take  FH  =  FH(ep).  It  can  be  shown  that,  for 
monotonic  loading  above  the  initial  convex  portion  of  the  stress-strain  curve,  the 
hydrostatic  stress  a  and  FH(ep)  are  related  by  an  expression  of  the  form: 

«  =  K  fh(£P)  ■  (9-62) 

where  is  a  positive  material  constant.  Therefore,  except  for  the  constant  multiplier 
the  function  FH(ep)  describes  the  monotonic  hydrostatic  loading  curve  for  all 
pressures  above  the  initial  convex  part  of  this  curve. 

The  general  restrictions  that  the  function  FH  must  satisfy,  in  addition  to  being  a 
monotonically  increasing  function  of  ep.  are. 

Fh(0)  =  1 

(9-63) 

lim  Fr  =  » 

ep-*ep 

c 

The  first  restriction  follows  simply  from  convenience  and  allows  us  to  set  i  =  o  . 
where  a  is  the  intercept  on  the  a-axis  shown  in  Figure  4.4.  With  ^  set  to  a  in 
Eq.  (9-62).  the  virgin  hydrostatic  compression  curve  from  A  to  C  is  then  described  by 
the  equation 
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(9-64) 


which  proves  convenient  in  applying  the  model  to  specific  materials.  The  second 
restriction  arises  from  the  fact  that  it  takes  an  infinite  pressure  to  close  all  pores, 
that  is: 

lima  =  «  (9-65) 

ep*ep 

c 


In  view  of  Eq.  (9-64),  condition  (9-65)  is  satisfied  by  taking  F  such  that 
condition  (9-63b)  is  fulfilled. 

The  hydrostatic  data  to  which  the  endochronic  model  was  applied  in  Section  9.2 
covered  the  range  of  pressures  up  to  15  ksi.  Over  this  range,  it  was  found  that  the 

simple  linear  expression  given  by  Eq.  (9-11),  which  satisfies  condition  (9-63a),  led  to 

an  excellent  description  of  the  hydrostatic  data.  For  higher  pressures,  however,  this 
linear  form  for  FH  is  inadequate  and  a  more  general  expression  which  also  satisfies 
condition  (9-63b)  is  required. 

To  extend  the  range  of  the  model  to  high  pressures,  including  elastic  behavior 
beyond  full  compaction,  a  suitable  expression  for  Fu  is  as  follows. 

n 

Fh  =  1  +  4>fP  +  7.  K  -  l9-66) 

where  pQ,  7q  and  m  are  positive  constants.  This  expression  satisfies  conditions  (9-63) 
and  is  a  monotonically  increasing  function  of  ep.  There  are.  of  course,  other 

expressions  that  satisfy  these  general  requirements,  also,  but  that  given  by  Eq.  (9-66) 

appears  to  capture  the  behavior  of  plain  concrete  quite  well,  as  shown  in  Figure  9.13. 
Here,  the  response  of  the  endochronic  hydrostatic  model,  with  FH  defined  according  to 
Eq.  (9-66).  to  pure  hydrostatic  compression  of  plain  concrete  up  to  65  ksi  is 
compared  with  the  corresponding  data  reported  in  Reference  [9. 1 1 J.  which  unfortunately 
provided  very  limited  unloading  data.  The  agreement  between  the  model  and  the  data 
is  considered  quite  good. 

Finally,  if  high  pressures  that  nearly  cause  complete  compaction  are  not  of 
interest,  the  following  simple  expression  for  FH  has  been  found  to  be  adequate  in 
many  cases: 
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Fh  =  (9-67) 

This  expression  satisfies  only  the  first  of  the  two  conditions  in  Eq.  (9-63).  Also,  it 

reduces,  for  small  ep.  to  the  linear  expression  for  Fu  adopted  in  Section  9.2. 

n 


a  (ksi) 
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10.  NUMERICAL  METHODS 


In  this  chapter,  numerical  methods  for  computationally  dealing  with  several 
aspects  of  the  endochronic  theory  are  presented.  Included  are  an  incremental 
approach  for  integrating  the  endochronic  equations  for  the  case  in  which  there  is  no 
yield  surface,  and  a  numerical  approach  for  determining  the  shear  kernel  function  p{ z). 
using  data  obtained  from  shear  tests  conducted  at  fixed  hydrostatic  stress.  A 
numerical  algorithm  developed  by  Valanis  and  Fan  [10.1])  to  deal  with  the  endochronic 
equations  within  a  finite  element  framework  under  the  conditions  of  plane  stress  and 
plane  strain  was  described  earlier  in  Section  3.5.1,  A  much  more  extensive  discussion 
of  numerical  methods  for  computationally  treating  the  endochronic  equations  is  given 
in  the  upcoming  second  volume  of  Endochronic  Plasticity  by  the  present  authors. 

10.1  An  Incremental  Approach  for  Numerically  Integrating  the  Endochronic 
Equations. 

An  incremental  scheme  is  presented  in  this  section  for  numerically  integrating  the 
system  of  equations  which  govern  the  basic  endochronic  plasticity  model  without  a 
yield  surface.  The  scheme  is  explicit  and  based  on  Euler’s  method.  Accordingly,  care 
must  be  taken  in  applying  the  method  to  ensure  that  the  prescribed  increments  are 
sufficiently  small  so  that  the  computed  behavior  does  not  depend  upon  the  increment 
size.*  Otherwise,  the  scheme  is  straightforward,  efficient  and  easy  to  implement. 

Two  different  versions  of  the  scheme  are  described  below,  namely,  one  which 
assumes  prescribed  strain  increments  as  input  and  one  which  assumes  prescribed 
stress  increments  as  input.  Both  versions  have  had  widespread  application  in  the 
past  in  studies  of  various  materials. 


The  basic  equations  which  govern  the  endochronic  model  under  consideration 
have  been  given  earlier  in  Eqs.  (3-1)  to  (3-8).  but  are  repeated  below  for  ready 
reference: 


2  = 


P  z< 


z'  — r  dz' 
Jdz 


(10-1) 


*  An  approach  for  increasing  the  computational  speed  of  this  method  by  over  an 
order  of  magnitude  has  been  developed  by  Murakami  and  Read  [10.2], 


o 


(10-2) 


m 


o 


dS  *  2^(de  -  dgp] 


(10-3) 


k' 


d a  =  K  (de  -  dep] 


(10-4) 

(10-5) 


a 


dzs  =  dz/Fs 
dzH  =  dz/(kFH) 


(10-6a,b) 


The  weakly  singular  kernel  functions  can  be  expressed  in  terms  of  Dirichlet  series: 

•  -a  z 

Pi*)  =  Z  A  e  r  (10-7) 

r=l  r 

«  -p.z 

*(z)  =  Z  B.e  1  ,  (10-8) 

i=l  ' 

where  in  order  to  satisfy  the  Clausius-Duhem  inequality,  it  is  necessary  that  >  0. 
/?.  2  0  and  A  l  0.  B.  t  0.  Moreover,  to  ensure  that  p[z)  and  ^(z)  are  singular  at 
the  origin  anJ  integrate  over  a  finite  domain,  we  must  have 


Z  A  =  HB.  =  -  (10-9) 

r=l  r  i=l  1 


I 
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and 


Z  A  /a  <  •  ,  ZB,//?:  <  *  • 

r=l  i=l 


(10-10) 


in  applications  of  the  theory  to  date,  it  has  been  found  that  two  or  three  terms 
of  the  series  (10-7)  and  (10-8)  are  usually  quite  adequate  for  representing  the  kernel 
functions.  In  such  cases,  however,  care  must  be  taken  to  ensure  that  the  infinitely 
large  values  of  p( 0)  and  ^(0)  are  approximated  by  suitably  large  finite  values.  When 
this  is  done,  we  can  write: 


„  n  -a  z 

p(i)  =  Z  A  e  r 

r=l  r 


*(z)  •  Z  B.e 


’ Pi 2 


i =1 


where  n  is  finite. 


(10-11) 


(10-12) 


It  then  follows  that  the  expressions  for  g  and  a  given  by  Eqs.  (10-1)  and  (10-2) 
can  be  alternately  written  as 


2  = 


Y  Sr 

r=l  r 


M 

■  . 


i=l 


(10-13) 

(10-14) 


where  and  P.  satisfy  the  following  ordinary  differential  equations: 

■<9r  d«P 

dz  *  ar  dz 

s  s 


dP.  .  p 

-rr  +  p-  P.  *B.  f 
dz^  '  i  i  i  dz^ 


(10-15) 


(10-16) 
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From  Eqs.  (10-13)  to  (10-14).  we  can  write: 
dg  =  A  dep  -  g  dzs 

da  -  B  dep  -  P  dz^ 


where 

A 


n 

H  A 
r=l  r 


8  = 


2I«r8r 

r=l 


B  = 


n 


p  = 


Y.  P ■  p 
i-i  r 1  ' 


(10-17) 

(10-18) 


(10-19) 


Equations  (10-17)  to  (10-19)  provide  a  simple  approach  for  incrementally  integrating 
the  stresses  g  and  a,  which  is  considerably  more  attractive  from  a  computational 
standpoint  then  numerically  coping  with  the  hereditary  integrals  in  Eqs.  (10-1)  and 
(10-2) 

In  that  which  follows,  explicit  numerical  schemes  are  presented  for  incrementally 
updating  the  endochronic  equations  given  above  when  either  the  strain  increments  or 
the  stress  increments  are  given.  Because  of  the  explicit  nature  of  the  scheme,  it  is 
necessary  that  the  increments  be  taken  sufficiently  small  to  ensure  accuracy. 

10.1.1  Prescribed  Strain  Increments  Ag. 

It  is  assumed  that  g.  a,  g,  gp.  e.  ep.  Qr  and  P.  are  known  at  the  beginning  of 
each  prescribed  strain  increment.  Ag.  From  Eqs.  (10-^7)  and  (10-18),  we  can  write 


10-4 


(10-20) 


Ag  =  A  Agp  -  g  Azg 


Aa  =  B  Aep  -  P  AzH 


(10-21) 


If  we  now  combine  these  equations  with  the  incremental  Hooke's  Law.  Eqs.  (10-3) 
and  (10-4).  and  introduce  Eqs.  (10-6a.b).  it  follows  that 


Aep  = 


(A  ♦  2G) 


is  ♦  a  r1 

s. 


(10-22) 


Aep  = 


(B  ♦  K) 


KAe  ♦  P 


A  z 
kFL 


(10-23) 


Upon  substituting  these  results  into  Eq.  (10-5).  the  following  quadratic  expression  for 
Az  is  obtained: 


a  A zc  *  b  Az  *  c  -  0  , 


(10-24) 


where 


a  =  1 


a  •  9 


(A  .  20)  2F2  (B  .  K)2F^ 


b  =  -  2 


f2G  g  •  Ae 


kKP 

♦  - - —  Ae 


[(*  *  2C)2Fs  ’  (B  .  K)2Fh  J 


(10-25) 


« *  -  •  4g .  (rMf)24£2) 


Equation  (10-24)  provides  two  roots  Az1  ..  the  one  of  interest  being  the  one  for  which 
Az  >  0.  Once  Az  is  known,  Agp  and  Aep  can  be  obtained  from  Eqs.  (10-22)  and 
(10-23),  after  which  Ag  and  A  a  can  be  obtained  from  Eqs.  (10-20)  and  (10-21). 
Finally.  Eqs.  (10-15)  and  (10-16)  are  used  to  update  the  and  P..  This  approach, 
therefore,  permits  one  to  determine  the  stress  increments.  a£.  for  prescribed 
increments  in  the  strain  Ag. 


in_R 


10.1.2 


Prescribed  Stress  Increments  Ag. 


In  this  case.  g.  a.  g.  gp.  e.  ep.  and  P.  are  assumed  to  be  known  at  the 
beginning  of  each  prescribed  stress  increment  Ag.  From  Eqs.  (10-6a.b).  (10-17)  and 
(10-18).  we  can  obtain  the  expressions: 


(10-26) 


4<p  *  i  (4*  *  ^  41 


(10-27) 


Upon  substituting  these  results  into  Eq.  (10-5).  the  following  quadratic  expression  for 
Az  results: 

o 

a  Az  ♦  b  Az  +  c  =  O  (10-28) 

where 


(10-29) 


Again,  the  root  of  interest  from  Eq.  (10-28)  is  that  for  which  Az  >  0.  Once  Az  is 
found  from  Eq.  (10-28).  Agp  and  Aep  can  be  determined  from  (10-26)  and  (10-27). 
after  which  Ag  and  Ac  may  be  found  from  Eqs.  (10-3)  and  (10-4).  The  Q  and  the 
P.  are  updated  on  the  basis  of  Eqs.  (10-15)  and  (10-16).  This  approach,  therefore, 
permits  one  to  determine  the  strain  increments  Ag  for  prescribed  increments  in  the 
stress  Ag. 


10.2.  A  Numerical  Procedure  for  Determining  the  Shear  Kernel  Function. 

In  Section  4.3,  it  was  shown  that  in  the  case  of  shear  at  a  fixed  hydrostatic 
stress  a.  the  shear  stress  r  is  given  by  an  expression  of  the  form 


f(y) 


y 

p( y  -  y')  G(y')dy' 
o 


(10-30) 


where 

dy  =  dw  =  dz 


(10-31) 


From  experimental  data  obtained  from  shear  tests  at  fixed  a.  the  functions  r(y)  and 
G(y)  can  be  found  When  this  has  been  done.  Eq.  (10-30)  becomes  a  Volterra 
equation  of  the  first  kind  for  the  unknown  kernel  function  p( y).  In  that  which 
follows,  a  numerical  procedure  is  given  for  obtaining  p[ y)  from  Eq.  (10-30).  given  the 
functions  r(y)  and  G(y). 

Let  y^  be  a  generic  value  of  the  variable  y.  We  divide  the  interval  [O.y]  into 
suitably  small  equal  subintervals  A  such  that 

yn  =  nA  (10-32) 


The  integral  on  the  right-hand  side  of  Eq.  (10-30)  can  then  be  written  in  the 
form 


r 


r 

n 


y')g(y')<*y'  ♦  ••• 


p[yn  -  y')g(y')dy' 

J (n-l)A 


(10-33) 


or 


r  ♦  1) A]  -  M[(n  -  r)Aj)  , 


(10-34) 
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where  by  virtue  of  the  mean  value  theorem 


9r 


(10-35) 


(r  -  1) A  <  y*  <  rA 


and 


,rA 


M(rA)  = 


I  Pi y')dy' 
Jo 


(10-36) 


(10-37) 


The  function  gf  may  be  determined  to  the  required  degree  of  accuracy  by  making  the 
interval  A  sufficiently  small. 

In  consequence,  we  have  the  relations 

Tj  -  A9lM(A) 


t2  =  AgxM(2A)  ♦  Ag2M(A) 

Tn  =  Ag^M(nA)  ♦  Ag2M[(n  -  1)A]  ♦  ...  ♦  AgRM(A) 


(10-38) 


where 


Agr  =  gr  -  gr-1  (10-39) 

This  is  a  system  of  a  linear  simultaneous  equations  in  M(A).  M(2A)  ...  M(nA).  Since 
the  Ag  are  known,  then  knowing  r^.  r  ...  r  allows  one  to  determine  M(rA). 
r  =  l.$  ...  n.  by  successive  substitution.  The  following  algorithm  applies: 

If 


r 

n 


(10-40) 
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then 


Knowledge  of  M(y)  thus  allows  the  determination  of  p( y)  since 

,(y)  -  ^ 


(10-41) 


(10-42) 
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